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I Abstract. This is the third of a sequence of four papers [21], [23], [21] dedicated 

CN ■ to the construction and the control of a parametrix to the homogeneous wave equation 
^ ■ Og(f) = 0, where g is a rough metric satisfying the Einstein vacuum equations. Controlhng 
, such a parametrix as well as its error term when one only assumes bounds on the 
curvature tensor R of g is a major step of the proof of the bounded curvature conjecture 
proposed in [12], and solved by S. Klainerman, I. Rodnianski and the author in [T7]. On a 
more general level, this sequence of papers deals with the control of the eikonal equation on 
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■ a rough background, and with the derivation of bounds for Fourier integral operators 



O 



on manifolds with rough phases and symbols, and as such is also of independent interest. 



1 Introduction 



^ ! We consider the Einstein vacuum equations, 
O 

l> : Ra0 = O (1.11 

where Rq^ denotes the Ricci curvature tensor of a four dimensional Lorentzian space time 
. i-M, g). The Cauchy problem consists in finding a metric g satisfying (11. ip such that the 
metric induced by g on a given space-like hypersurface Eg and the second fundamental 
form of So are prescribed. The initial data then consists of a Riemannian three dimen- 
sional metric Qij and a symmetric tensor kij on the space- like hypersurface Sq = {t = 0}. 
' Now, (II. ip is an overdetermined system and the initial data set (Sq, g, k) must satisfy the 
. constraint equations 
^ ■ ^ V'h, - V{Tik = 0, 

i?- + (TrA;)2 = 0, ^ > 

where the covariant derivative V is defined with respect to the metric g, R is the scalar 
curvature of g, and TrA; is the trace of k with respect to the metric g. 

The fundamental problem in general relativity is to study the long term regularity and 
asymptotic properties of the Cauchy developments of general, asymptotically fiat, initial 
data sets (Eo,5', fc). As far as local regularity is concerned it is natural to ask what are 
the minimal regularity properties of the initial data which guarantee the existence and 
uniqueness of local developments. In [T7], we obtain the following result which solves 
bounded curvature conjecture proposed in [T2]: 
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Theorem 1.1 (Theorem 1.10 in |17] ) Let (A^,g) an asymptotically flat solution to 
the Einstein vacuum equations fll.ip together with a maximal foliation by space-like hy- 
persurfaces defined as level hypersurfaces of a time function t. Let Vyoii^t, 1) the volume 
radius on scales < 1 o/sj^. Assume that the initial slice {T,Q,g^k) is such that: 

\\R\\l^{t.o) < II^IU2(So) + II VA;||l2(Eo) < ^ and r^oK^o, 1) > ^• 

Then, there exists a small universal constant > such that if < e < Eq, then the 
following control holds on < t < 1: 

||K||l-^jL2(2,) < e, ||A;||l-^jL2(2,) + || VA;|Uc»^^jL2(2,) < e and ^mf^ j^oii^tA) > ^• 

Remark 1.2 While the first nontrivial improvements for well posedness for quasilinear 
hyperbolic systems (in spacetime dimensions greater than 1 + 1), based on Strichartz esti- 
mates, were obtained in J^, J^, 12^ . J2^, JM/, IIB/, fl9f . Theorem \l.l\ is the first result 
in which the full nonlinear structure of the quasilinear system, not just its principal part, 
plays a crucial role. We note that though the result is not optimal with respect to the 
standard scaling of the Einstein equations, it is nevertheless critical with respect to its 
causal geometry, i.e. bounds on the curvature is the minimum requirement necessary 
to obtain lower bounds on the radius of injectivity of null hypersurfaces. We refer the 
reader to section 1 in J77| / for more motivations and historical perspectives concerning 
Theorem 



Remark 1.3 The regularity assumptions on Sq in Theorem \l.l\ - i.e. R andVk bounded 



in L^(Eo) - correspond to an initial data set {g, k) G Hf^JJlo) x Hl^^(T,c 



Remark 1.4 In [17^ , our main result is stated for corresponding large data. We then 
reduce the proof to the small data statement of Theorem \1.1\ relying on a truncation and 
resettling procedure, the control of the harmonic radius of 'Eq based on Cheeger-Gromov 
convergence of Riemannian manifolds together with the assumption on the lower bound 
of the volume radius of Sq, and the gluing procedure in f^, f^. We refer the reader to 
section 2.3 in 111] for the details. 

Remark 1.5 We recall for the convenience of the reader the definition of the volume 
radius of the Riemannian manifold S^. Let B^{p) denote the geodesic ball of center p and 
radius r. The volume radius r^oiip^r) at a point p E Et and scales < r is defined by 



rvoi{p,r) = inf 



\Br'{p)\ 



r'<r r"^ 



with \Br\ the volume of B^. relative to the metric gt on S^. The volume radius rt,o/(St,r) 
o/Sj on scales < r is the infimum of ryoi{p,r) over all points p EEt. 

The proof of Theorem II. H obtained in the sequence of papers [17], [21], [22], [23], [21], 
|16] . relies on the following ingredient^: 



^See Remark 11.51 below for a definition 

^We also need trilinear estimates and an L'^{Ai) Strichartz estimate (see the introduction in jl7) ) 
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A Provide a system of coordinates relative to which f ll.ip exhibits a null structure. 



B Prove appropriate bilinear estimates for solutions to Og(f) = 0, on a fixed Einstein 
vacuum background. 

C Construct a parametrix for solutions to the homogeneous wave equations Dg^ = 
on a fixed Einstein vacuum background, and obtain control of the parametrix and of 
its error term only using the fact that the curvature tensor is bounded in . 

Steps A and B are carried out in [17J. In particular, the proof of the bihnear estimates 
rests on a representation formula for the solutions of the wave equation using the following 
plane wave parametrix^: 

/r+oa 
/ e^^"(*'^'"V(Aw)A2rfArfa;, (t,a;) G (1.3) 
_2 Jo 

where u{.,.,ijj) is a solution to the eikonal equation ^"^daudjiU = on such that 
m(0,x,ci;) ~ x.uj when |x| — ?■ +oo on Ec0. Therefore, in order to complete the proof of 
the bounded curvature conjecture, we need to carry out step C with the parametrix 
defined in (11.31) . 

Remark 1.6 Note that the parametrix (II. 3p is invariantly define^, i.e. without reference 
to any coordinate system. This is crucial since coordinate systems consistent with 
bounds on the curvature would not be regular enough to control a parametrix. 

Remark 1.7 In addition to their relevance to the resolution of the bounded curvature 
conjecture, the methods and results of step C are also of independent interest. Indeed, they 
deal on the one hand with the control of the eikonal equation g'^'^daudpu = at a critical 
leve^, and on the other hand with the derivation of IF' bounds for Fourier integral operators 
with significantly lower differentiability assumptions both for the corresponding phase and 
symbol compared to classical methods (see for example WD^ and references therein). 

In view of the energy estimates for the wave equation, it suffices to control the 
parametrix at t = (i.e. restricted to So) 

//• + 00 
/ e'^"(°'"'"V(Ac^)A2dAda;, a; e So (1.4) 
_2 Jo 



■^Note that the first bihnear estimate of this type was obtained in [13] 

^ (|1.3p actually corresponds to a half- wave parametrix. The full parametrix corresponds to the sum of 
two half-parametrix. See |22j for the construction of the full parametrix 

^The asymptotic behavior for u{Q^x^uj) when |a;| +oo will be used in [22^ to generate with the 
parametrix any initial data set for the wave equation 

®Our choice is reminiscent of the one used in [TO] in the context of solutions of quasilinear wave 

equations. Note however that the construction in that paper is coordinate dependent 

Us we will see in this paper, we need at least bounds on the curvature to obtain a lower bound 
on the radius of injcctivity of the null level hypersurfaces of the solution u of the eikonal equation, which 
in turn is necessary to control the local regularity of u 
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and the error term 

Ef{t,x) = ngSf{t,x) = e^^"(*'^''^)ngM(t,x,w)/(Aa;)A3dAdw, {t,x) e M. (1.5) 

This requires the following ingredients, the two first being related to the control of the 
parametrix restricted to Sq (11. 4p . and the two others being related to the control of the 
error term (11.51) : 

CI Make an appropriate choice for the equation satisfied by u{0, x, u) on Sq, and control 
the geometry of the foliation generated by the level surfaces ofu{0,x,u) on Sq. 

C2 Prove that the parametrix at t = given by (ll.4p is bounded in £(L^(M'^), L^(So)) 
using the estimates for u{0,x,u) obtained in CI. 

C3 Control the geometry of the foliation generated by the level hypersurfaces of u on 
M. 

C4 Prove that the error term (11.51) satisfies the estimate ||i?/||i2(_^) < C|| A/||i2(]g3) 
using the estimates for u and DgW proved in C3. 

Step CI has been carried out in [2]^ and step C2 has been carried out in [22]. In the 
present paper, we focus on step C3. This step was initiated in the sequence of papers 
[14j . [10] . [TT] where the authors prove in particular the estimate DgW G L°°(A^) using 
a geodesic foliation. In view of achieving step C4, we actually need to work in a time 
foliation. We start by reproving the estimates obtained in [H], [10], [11] in the case of a 
time foliation. We also obtain new estimates which will be crucial for the proof of step 
C4. Let us mention in particular 

• a lower bound for the radius of injectivity of the null level hypersurfaces of u, 

• the control of the second fundamental form /c, 

• the control of the null lapse associated to u, 

• a second order derivative of Dg-u requires an estimate, 

• the control of the regularity of the w-foliation on M. with respect to the parameter 
w G which requires estimates for first and second order derivatives with respect 
to uj of various geometric quantities related to u. 

The difficulty will be to obtain the aforementioned estimates when assuming only 
bounds on the curvature tensor R. Indeed, this level of regularity for R is critical for 
the control of the eikonal equation. In turn, at numerous places in this paper, we will 
encounter log-divergences which have to be tackled by ad-hoc techniques taking full advan- 
tage of the structure of the Einstein equations. More precisely, we will use the regularity 
obtained in Step CI, together with null transport equations tied to the eikonal equation, 
elliptic systems of Hodge type, the geometric Littlewood-Paley theory of [TU], sharp trace 
theorems, and an extensive use of the structure of the Einstein equations, to propagate 
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the regularity on Sq to the space-time, thus achieving Step C3. 

The rest of the paper is as follows. In section |2l we state our main result. In section 
131 we derive embeddings with respect to the foliation generated by t and u on Ai which 
are consistent with the level of regularity we are considering. In section HI we investigate 
the regularity with respect to {t, x) of the foliation generated by m on A^. In sectional we 
derive estimates for certain second order derivatives of the w-foliation on A^. In section 
IHl we derive estimates for first order derivatives with respect to u of the -u-foliation on 
A4. In section [71 we derive estimates for second order derivatives with respect to u of 
the M-foliation on A4. In section |H1 we investigate the dependence in a; of certain norms 
associated to the m- foliation on Ai. Finally, additional estimates are derived in section O 

Acknowledgments. The author wishes to express his deepest gratitude to Sergiu Klain- 
erman and Igor Rodnianski for stimulating discussions and constant encouragements dur- 
ing the long years where this work has matured. He also would like to stress that the 
basic strategy of the construction of the parametrix and how it fits into the whole proof 
of the bounded curvature conjecture has been done in collaboration with them. The 
author is supported by ANR jeunes chercheurs SWAP. 



2 Main results 

2.1 Maximal foliation on A4 

We foliate the space-time Ai by space-like hypersurfaces Sj defined as level hypersurfaces 
of a time function t. Denoting by T the unit, future oriented, normal to St and k the 
second fundamental form 

kij = - <B,T,dj> (2.1) 

we find, 

kij = -^^TSij 

with Cx denoting the Lie derivative with respect to the vectorfield X. Let Tr(/c) = g^^kij 
where g is the induced metric on Et and Tr is the trace. In order to be consistent with 
the statement of Theorem II. ![ we impose a maximal foliation 



Tt{k) = 0. (2.2) 

n-^ = T{t). (2.3) 

DtT = n" Vn, (2.4) 

where V denotes the gradient with respect to the induced metric on S^. To check (12. 4p 
observe that dt = riT and therefore, for an arbitrary vectorfield X tangent to St, we easily 



We also define the lapse n as 
We have: 
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calculate, < DtT,X >= n-'^X^ < TiQ^dt.di >= -n'^X^ < dt,'DaA >= -n'^X' < 
dt^BaA >= ~n-'X'^di < dtAt >= n-^X'ld.,{n^) = n~'X{n). 

Finally, the lapse n satisfies the following elliptic equation on St (see |1] p. 13): 

An=\kW (2.5) 

where one uses (12. ip . (12. 4p . Einstein vacuum equations fjl.ip and the fact that the foliation 
generated by t on is maximal (12. 2p . 



2.2 Geometry of the foliation generated by u on A4 

Remember that m is a solution to the eikonal equation ^'^^daudpu = on depending 
on a extra parameter u G S^. The level hypersufaces u{t, x,u) = u of the optical function 
u are denoted by "H^. Let L' denote the space-time gradient of u, i.e.: 

L' = -g'^f'dpudo^. (2.6) 

Using the fact that u satisfies the eikonal equation, we obtain: 

Bl'L' = 0, (2.7) 

which implies that L' is the geodesic null generator of Tiu- 
We have: 

T{u) = ±|Vu| 

where |VmP = Yl'i=i relative to an orthonormal frame Cj on Since the sign of 

T{u) is irrelevant, we choose by convention: 

T(m) = |Vm|. (2.8) 

We denote by Pt^u the surfaces of intersection between and Tiu- They play a funda- 
mental role in our discussion. 

Definition 2.1 (Canonical null pair) 

L = bL' = T + N, L = 2T - L = T - N (2.9) 

where L' is the space-time gradient ofu (\2.6\) . b is the lapse of the null foliation (or shortly 
null lapse) 

b-^ = - < L',T >=T{u), (2.10) 

and N is a unit normal, along S^, to the surfaces Pt^u- Since u satisfies the eikonal 
equation g'^^daudfiU = on A^, this yields L'{u) = and thus L{u) = 0. In view of the 
definition of L and (12. Sp . we obtain: 
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Remark 2.2 u is prescribed on Sq as in step CI. For any (0,x) on Eq, L is defined as 
L = T + N where T is the unit normal to Sq at (0, x) and N = — Vn/| Vu| at (0, x), and 
b is defined as b~^ = |Vm|. Let Kx{t) denote the null geodesic parametrized by t and such 
that /€a;(0) = (0,a;) and k^.(0) = b~^L. Then, we claim that 

K'^it) = b{K,{t))-^L^^^t) for all t. (2.12) 

Indeed, L' = b^^L is the geodesic null generator ofHu (see (12. 7p ). 

Definition 2.3 A null frame 61,62,63,64 at a point p G Pt^u consists, in addition to the 
null pair 63 = L,e4^ = L, of arbitrary orthonormal vectors 61, 62 tangent to Pt ^. 

Definition 2.4 {Ricci coefficients) Let 61,62,63,64 be a null frame on Pt^u as above. 
The following tensors on St^u 

Xab =< 0^64, 6b >, =< 0^63, cb >, (2.13) 

Ca = ^ < D364, eA>, = ^ < D463, CA >, 

= ^ < 0363, 6a > • 

are called the Ricci coefficients associated to our canonical null pair. 
We decompose x O'nd x in-to their trace and traceless components. 

trx = g^^'xAB, trx = g^^'x^^, (2.14) 

Xab = Xab -^trxgAB, = ^ab ~ ^^^Sab, (2.15) 

Definition 2.5 The null components of the curvature tensor R of the space-time metric 
g are given by: 

aab = R{L,ea,L,eb) , /3a = ^R{ea, L, L, L), (2.16) 

p = ^R{L,L,L,L), a = ^*R{L,L,L,L) (2.17) 

= ^R(6„L,4^), «a6 = R(4ea,4eb) (2.18) 

where *R denotes the Hodge dual of R. The null decomposition of *R can be related to 
that of R according to the formulas, see : 

a(*R) = -^a(R), /3(*R) = -fO^R), p(*R) = a(R) (2.19) 
oi^R) = -p(R), ^C'R) = -*^(R), a(*R)=''a(R) (2.20) 

Observe that all tensors defined above are Pf^^-tangent. 
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Definition 2.6 We decompose the symmetric traceless 2 tensor k into the scalar 6, the 
Pt^u-tangent 1-form e, and the Pt^u-tangent symmetric 2-tensor rj as follows: 

kNN = S 

kAN = eA (2.21) 
kAB = Vab- 

Note that Tr{k) =tr{ri) + 6 which together with the maximal foliation assumption (12. 2p 
yields: 

tr{ri) = -S. (2.22) 

The following Ricci equations can be easily derived from the properties of T (12. ip 
(12.41) . the fact that L' is geodesic (12. 7p . and the definition (12.131) of the Ricci coefficients 
(see [U p. 171): 



(2.23) 



0^64 = 


Xab^b — ^^64, 


0^63 




0464 = 


-664, 


0463 


= 2C^eA + ^63, 


0364 = 


'^CaGa + {S + n~^VNn)e4, 


0363 


= 2^^eA - (5 + n~^VNn)e3, 


046^ = 


f^eA + C^ei, 




= f^CA + (^63 +^^64, 




^ 1 1 

= Jb^a + ^Xab 63 + 2 e4 







where, ^3, J/^ denote the projection on Pt^u of D3 and D4, y denotes the induced covariant 
derivative on Pt^u and 6, e are defined by: 

5 = 5 -n-^N{n),eA = eA-n-^VAU. (2.24) 

Also, 

Kab = ~ 

= --^A, (2.25) 

L = eA + n-^f^n- (a- 

Remark 2.7 We also have the identity: 

CA = b-y^b + eA. (2.26) 

Indeed, recall from the definition of b (I2.10p that b~^y/b = —by/T{u), which together with 
the fact that eA{u) = implies: 

b-^yj) = -bf^T{u) = -b[eA,T]{u) = (De^T - BTeA){u). 

Now, using the ricci equations (I2.23P for Dg^T and T)t^a o-nd the fact that L{u) = 
CAiu) = and T{u) = b-^ yields dOH]). 
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2.3 Null structure equations 

Below we write down our main structure equations. 

Proposition 2.8 The components trx, Xy C ^'^^ the lapse b verify the following equa- 



tion. 
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L{b) = -bS, (2.27) 

Htrx) + ^{trxY = -IxP - Strx, (2.28) 

f4X + trxx = ~Sx-a, (2.29) 

fiCA + litrxKA = -(es + Cb)xab - \trxeA - Pa, • (2.30) 



Remark 2.9 Equation (I2.28P is known as the Raychaudhuri equation in the relativity 
literature, see e.g. fEI- 

Proof The proof is derived from the formulas (12.231) above (see |1] chapter 7). We 
briefly sketch the proof for convenience. We start with fl2.27p . Using the fact that L' is 
geodesic (12. 7p and the fact that L = bV by (12. 9p . we obtain: 

T>lL = b-^L{b)L 

which together with the Ricci equations (I2.23P for D^L yields (I2.27p . 
To obtain ^TM and ([229]), we compute: 

VlXab = Hxab) - xifi^^A, en) - xi^A, ^l^^b) 

= g(DiDe^L, cb) - xifi^^A, gb) + g(De^L, T^lCb) - xi^A, ^l^b) 
= g(De^DLL, Cb) + g{'D[L,eA]L, Cb) - xifi^^A, es) + Rlalb 
+g(De^L,DieB-y^eB) 

= g(D,^DiL, Cb) + g(DD,e.4-y,e^-D.^L^' + 

+g(De^L,DieB -y^es) 
which together with the Ricci equations (I2.23P yields: 

fiXAB = -XacXcb - '^Xab - oab- (2.31) 

Decomposing (12.311) into its trace and traceless part yields respectively (I2.28P and (12.291) . 
Finally, we derive (I2.30p . We compute: 

f^CA = L(a)-c(y^e^) 

= ^g(Dz.D^L, ca) + ^g(DiL, BlCa) - a^L^A) 

= ^giPiPLL, ca) + ^g(D[L,L]L, ca) + ^Rllal + ^giPiL, BlCa - y^e^) 
= ^sCDiPlL, Ca) + ig(DDiL-DiL^, Ca) - (3a + ^g(DL^, DlCa - y^e^). 



®which can be interpreted as transport equations along the null geodesies generated by L. Indeed 
observe that if an P tangent tensorfield 11 satisfies the homogeneous equation ^41! = then 11 is parallel 
transported along null geodesies. 
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which together with the Ricci equations (I2.23P yields ( I2.30p . ■ 

To obtain estimates for x, we may use the transport equations (12.281) fl2.29p . However, 
this does not allow us to get enough regularity. Instead, we follow [I5] [Hj and consider 
f l2.28p for trx together with an elliptic system of Hodge type for £. 

Proposition 2.10 The expression {dfvx)A = S^Xab verifies the following equation: 



{dfvx)A + Xab^b = T^ifA^^ + ^Atrx) - (3a- (2.32) 



Proof The proof is derived from the formulas fl2.23p (see [Ij chapter 7). We briefly 
sketch the proof for convenience. We compute: 

fcXAB = eciXAB) - Xifec^A, 65) - x(eA, fec^^s) 

= g(DecDe^^, cb) - xifec^A, Cfi) + giP^^L, De^eij) - x{eA, fec^s) 

= g(De^DepL, Cb) + g(D[ep,e^]L, Cfi) - xifec'^A, Cfi) + RcBLA 

= fAXCB - Si^ecL, B^.CB - f^^eB) + g(DD.^e.-y^^e,-D.,eo+ye.ee^' 
+'R.CABL + gCDe^L, BlCb - f l^b) 

which together with the Ricci equations fl2.23p yields: 

fcXAB = y bXAC — XAB^C + RcBLA + XAC^B- 

Contracting in the previous equality yields fl2.32p . ■ 

Finally, we consider the control of C and lAxx- To this end, we follow again [15] |14] : 
we derive an elliptic system of Hodge type for and a transport equation for Ltr^. 

Proposition 2.11 We have: 

L{trx) + frxtrx = 2dfvC + {6 + n'^V Nn)trx - X ■ X + '^C ■ C + 2p, (2.33) 

fsX + ^trxx = f^C + {S + n-^VNn)x-^trxx + C®C, (2-34) 

where for F, G Pt,u-tangent 1 forms, we denote by '^®F the traceless part of the sym- 
metrized covariant derivative of F, i.e. J/^Fab = V a-^b + Vb-^a — dfvFSAB and by 
F^G the traceless symmetric 2-tensor F®G ab = FaGb + FbGa — ^FcGcSab- Also, the 
expressions dfvC = y^C,B o,nd cufK, =E^^ ^aC-B verify the following equations: 

dfvC = ^ (/^ + \^'OCtrx + X ■ £ - 2|Cr) - P, (2.35) 
cn/-;C = -^XAx + cT, (2.36) 
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where for F, G symmetric traceless Pt^u-to,ngent 2-tensors, we denote by F AG the tensor 
F AGab =&ab FacGbc- Furthermore, we have the Gauss equation, 

K = ^X-X-^trxtrx- p. (2.37) 

Finally, setting, 

p = L{trx) - {5 + n'^V Nn)trx (2.38) 

we find 

L(/i) + trxp = 2(C - C) • ftrx - 2£ ■ {f®C + C®C " ^x) 

- trx{2dfu: + 2C ■ C + 4(e - C) ■ n~^fn - 2~5{5 + n'^V nu) + 4p (2.39) 

- \trxtrx + 2|e|2 + 3|x|' + 4x ■ - 2\n-^N{n)\^ 

Proof To obtain ([533]), (EMD, (ESSD and (ESSD, we compute: 

^lXab = Uxab) - xifi^A, es) - xi^A, VlPb) 

= g(DLDe^L, cb) - xifiJiA, es) + g(De^L, DlCb) - x(eA, ^^6^) 
= g(De^DiL, Cb) + g(D[i,e^]L, es) - ^(^^6^, Cb) + Rlalb 

+g(De^L,Dz^eB-y^eB) 
= 2y^CB - g(D^L, De,e^ - f^^CB) + g(D^^^^_y^^^_^^^^L, e^) 

+P^AB - Cr Gab +g(De^L, DiCB - f jCb) 

which together with the Ricci equations fl2.23p yields: 

VlXab = 2f^(B + Xab{S + n-'VNn) + 2(aCb - X^c^cb + P^ab - (y ^ab ■ (2.40) 

Taking the symmetric part of (12.401) . and decomposing into its trace and traceless part 
yields respectively ( 12:^ and (EMD- follows from flOHj) . Finally, taking the 

antisymmetric part of (I2.40p yields (I2.36p . 

We now focus on obtaining (I2.39p . Differentiating the Raychaudhuri equation with 
respect to L yields: 

^(^trx) = [L,L]trx + L(Ltrx) (2.41) 
= 5L(trx) - (5 + V^n)L(trx) - 2(C - C) ■ ^trx - ^(trx)trx - 2y^(x) • X 

-L(5)trx - 5L(trx) 
= -((5 + n-V^n)L(trx)-2(C-C)-ytrx 

-trx (^-^trxtrx + 2dK + (5 + V^n)trx - £ " £ + 2C ■ C + 2p 
-22 ■ f-^trxx + ygC + (<5 + n-^V;vn)£-^trxx + C®Cj - WY^^X. 
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where we used f l2.33p and fl2.34p in the last equahty. 

In view of the last term in the right-hand side of f l2.4ip . we need to compute L[5). 
We first compute T{6). We have: 

T{6) = -g{BTB^T,N)-g{Br,T,BTN) 

= -g(D;vDTT, N) - g(D[T,7v]T, N) + Rntnt - g(D,vT, BtN) 
= -g(D^DTr, N) - g(DD^^-D^rr, N)+p- g(D^r, BtN), 

which together with the Ricci equations fl2.23p yields: 

T{6) = -n-^Vln + p+ \e\^ + 6^ + 2e-{C- n-^fn). (2.42) 

Now, since L = T + N,L_ = T — N and 6 = 6 — n^^VNn, we have: 

T{6) = + ^L{6 + n~^VNn) - n-'V%n + \n-^N{n)\\ 

which together with fl2.42p yields: 

L(6) = -L{6 + u-^Vnu) + 2p + 2\e\'^ + 26^ + 4e ■ (C - n-yn) - 2\n-^N{n)\'^ . (2.43) 

Therefore taking /i = L{tTx) — {6 + n~^N{n))tTx, and plugging fl2.43p in fl2.4ip . we derive 
the desired transport equation f l2.39p . ■ 



2.4 Commutation formulas 

We have the following four useful commutation formulas (see ^ p. 159): 
Lemma 2.12 Let be an m-covariant tensor tangent to the surfaces Pt^u- Then, 

fj,fJiA-fJ/B^A = XBcyc^A-n-^fj^nfJlA (2.44) 

+ '^{xa.b^c - Xbc'^a, - ^a,c *(^b)^a^..c..a^^ 

i 

fj,y,UA~f,yB^A = X^JJlA-ij,yjlA-h-^VBhf,IlA (2.45) 

i 

+ ^A,C *^^)nAi..C'..A„? 

y^y^TlA - fJ^^i^A = -'6f^IiA + {6 + n-^VNn)y^IiA + 2(Cb - ij,)f b^A 

+ 2 5^(C^,Cc-C^CA.+ e^,c V)n^^.,^..^^. (2.46) 

i 

Finally, (ESD, fl^^ together with the fact that N = \{L - V) yield: 

yBfN^A-fNfB^A = {XBC + kBc)fc^A-b-ysbfj^UA (2.47) 

i 

-^AC*{(3B+^^))n^,..C..A^. 
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For some applications we have in mind, we would like to get rid of the term containing 
a derivative in the RHS of (12.441) . This is achieved by considering the commutator 
W^fnL] instead of 

yBfnJ^A-f^LfB^A = UXBcf c^A (2.48) 



f l2.48p yields for any scalar function /: 

[nL, f ]/ = -2nxf^f + n{2xABeB - e^trx - n-y^ntix + ftTx)fJ. (2.49) 

Also, we would like to get rid of the term containing a derivative in the RHS of (12.471) . 
This is achieved by considering the commutator [y, y^^] instead of [y , : 

fsfm^A-frnfE^A = Kxbc + kscWc'^A (2.50) 

+ 2 X^^^^^-B^^c* + ^fj) - Xbc{^a,n + + Xj^^b'^c - Xbc^a, 

i 

-&A.C*{(3B+^^m^,..C..A^- 



2.5 Bianchi identities 

In view of the formulas on p. 161 of [4], the Bianchi equations for a, (3, p, a, (3 are: 



Hp 
Up 

L{a 



d^a - 6(3 + {2e -e) ■ a 



d]^(3--x-a + {e-2e)-(3 

-dv(.^-^X-a + 2e-/3 + (e-2C)-^ 

-cu/l/3 + ^X*a + (-e + 2e) *(3 

-cn0 - *« - 2Cf3 + (e - 2() *§_ 
-fp + {fay + 2x-f3 + 6/3- 3(Cp - *C^) 



(2.51) 



fp + {fay + 2x-(3 + {5 + n-^VNn)[3 + ^ ■ a + 3(Cp + *C(y) (2.52) 



(2.53) 

(2.54) 

(2.55) 

(2.56) 
(2.57) 



2.6 Assumptions on R and u\^^ 
2.6.1 Assumptions on R 

We introduce the curvature flux TZ relative to the time foliation: 



n 



\a\ 



+ 



(2.58) 



In view of the statement of Theorem 11.11 the goal of this paper is to control the geometry 
of the null hypersurfaces T-Lu of u up to time t = 1 when only assuming smallness on 
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||R'||L°°L2(St) and IZ. In the rest of the paper, we still denote by l-iu the portion of the 
hypersurface of u between t = and t = 1, and we assume for some small £ > 0: 

||R'||L^L2{St) < ^ and sup 7^ < e, (2.59) 

UJ,U 

where the supremum is taken over all possible values n G M of u{t,x,u) and over all 
possible u in with u solution to the eikonal equation g'^^daudpu = on A^, and 
depending on a extra parameter a; G S^. Note that fl2.59p corresponds to a bootstrap 
assumption!^ in the proof of Theorem 11.11 in [l^ under which steps C3 and C4 must be 
achievecj^. We refer to section 5.3 in 1^7\ for the bootstrap assumption corresponding to 
f l2.59p in the proof of the bounded curvature conjecture. 

Remark 2.13 Note that in f l2.59p . all components o/R are controlled in L'^L'^iTjt), while 
all components hut a are controlled in L'^L'^{'Hu)- Thus, it will be crucial to avoid a in 
our estimates in order to obtain suitable control on "H^. This will be possible due to the 
specific form of the null structure equations of the u-foliation on Ai (see section \27^ "1. 



Remark 2.14 As a byproduct of the reduction to small initial data outlined in Remark 
Jm and performed in section 2.3 of /77| /, we may choose (Sq, g, k) to be smooth, small and 



asymptotically flat outside a compact set U o/Sq of diameter of order 1 (see section 2.3 in 
fT7^ for details). In turn, using the finite speed of propagation, we may assume that {Ai, g) 
to be smooth, small and asymptotically flat outside of compact set U of Ai H {0 < t < 1} 
of diameter of order 1. This allows us to avoid issues about decay at infinity, and to 
solely concentrate on establishing regularity of the u-foliation on the compact set U of 
n{0 < t < 1}. 



2.6.2 Assumptions on 

Recall that m is a solution to the eikonal equation g^^^cMc^^u = on depending on a 
extra parameter w G S^. Now, for u to be uniquely defined, we need to prescribe it on Sq 
(i.e. at t = 0). This issue has been settled in Step CI (see [21]). In that step, the choice 
of ^(0, X, (jj) is such that ^(0, x, u) has enough regularity to achieve step C2. At the same 
time, it is also such that u is regular enough for t > to achieve step C3. More precisely, 
the regularity of u for t > will involve transport equations - see for instance Proposition 
12.81 - and will therefore require the same regularity at t = 0. We denote this regularity at 

^There should be a large enough universal bootstrap constant in front of e in the right-hand side of 
(|2.59p , which we omit for the simplicity of the exposition 

^°Recall that step C3 corresponds to the control of the m- foliation on M., while step C4 corresponds 
to the control of the error term (|1.5p 

^^The only exception is the transport equation (|5.105p satisfied by LL (b) which contains an a term, 
and leads to the weak estimate (|2.74p 
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t = by the quantities Xq and Xqj, j G N, which are defined by 

Jo = ||6(0,.)-11|l^(So) + I|V6(0,.)||l„-l^(Po.„) + I|V6(0,.)||l„-l4(Po,„) (2.60) 
+ ||trx(0, .)I|l-{Eo) + ||Vtrx(0, OIU-l^CPo,.) + \\d.N{0, .)I|l-{Eo) 
+ \\Vd^N{0, .)IU-L2(Po,.) + \\d.b{0, .)1Il-(So) + II W(0, OIUsfL^CPo,.) 

+ l|5o.X(0, .)||l-L2(Po,.) + l|5o.C(0, .)||l-L2{Po,„) + l|5SAr(0, .)||l-l2(Po,„) 

+II^SKo,.)IIl-l2(Po,„), 

and 

To,, = ||P,-(iViV(trx))(0,.)||L^(Eo) + ||P,(iViV(fe))(0,.)IU^(Eo) + ||P,(y^nax))(0, .)IU^(Eo) 

+||p,(y^(n(9»))(o,.)||L^(Eo) + ll^,(n(9^c))(o,.)||L^(Eo), (2.61) 

where P, denotes the geometric Littlewood-Paley projections Pj which have been con- 
structed in [in] using the heat flow on the surfaces Po,„ (see section [32]) • This regularity 
Iq and Xoj-required for u{0, x, u) is consistent with the estimates derived in step CI, where 
the following estimate for the initial data quantities Xq and Xqj has been derived under 
the curvature bound assumption (12.591) (see [2T]): 

Xo < e, (2.62) 

and 

Xo,, <£25, Vj>0. (2.63) 

From now on, we assume that u is the solution to the eikonal equation g,°'^daudpu = on 
M. which is prescribed on Eq as in step CI, and such that it satisfies on Eq the smallness 
assumption (I2.62p and (I2.63p . 

2.7 Main results 

We define some norms on T-Lu- For any 1 < p < +oo and for any tensor F on 7{„, we 
have: 

1 r \ p 



I^IUp(w„) = \ [ dt ! \F\^d^lt,u 

\ Jo JPt.u 



'Pt.u 

where dfj,t,u denotes the area element of Pt^u- We also introduce the following norms: 

M(P) = ||P|U2(^„) + ||yP|U2(^„) + \\f^F\\L2^n.), 

A/'2(P) = ^(P) + WfFWmn.) + ||yy^P|U.(^„). 

Let x' a coordinate system on Po,u. By transporting this coordinate system along the 
null geodesies generated by L, we obtain a coordinate system (t,x') of "H^. We define the 
following norms: 

II^IIl-l?= sup (/ \F{t,x')\^dt 



sup |P(t,a;'))| 

0<t<l 
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Remark 2.15 In the rest of the paper, all inequalities hold for any w G with the 
constant in the right-hand side being independent of u. Thus, one may take the supremum 
in u everywhere. To ease the notations, we do not explicitly write down this supremum. 

Remark 2.16 Let a function f depending onu eM.. In the rest of the paper, all estimates 
on Hu will be either of the following types 

\f{u)\<e, (2.64) 

or 

\f{u)\<2^e + 2h^{u), (2.65) 

where is a function of L'^{M) satisfying \\'y\\L2(M.) < 1- For instance, the inequalities 
fl2:66|) - fl2TT]) . fl2T5|) . fl2T6D . and fl2T9D - fl2i5|) below are of the first type, while the in- 
equalities fl2.72p - fl2.74p . (12.771) and (12.871) below are of the second type. All inequalities of 
the first type hold for any u with the constant in the right-hand side being independent of 
u. Thus, one may take the supremum in u in these inequalities. To ease the notations, 
we do not explicitly write down the supremum in u for all estimates of the type fl2.64p . 

Remark 2.17 The contribution 2i'-){u) to fl2.65p will always come from the initial data 
term of a transport equation estimate which is controlled using (12.631) . In the particular 
case of the estimate fl2.74p below, it will also come from the presence of an term involving 
a in the transport equation satisfied by LL (b) (see fIS.lOSp ). 

The following theorem investigates the regularity of u with respect to {t,x): 

Theorem 2.18 Assume that u is the solution to the eikonal equation g'^^daudisu = 
on Ai such that u is prescribed on Sq as in section \2.6.2\ where it satisfies in particular 
fl2.62p . Assume also that the estimate fl2.59p is satisfied. Then, null geodesies generating 
T-Lu do not have conjugate points (i.e. there are no caustics) and distinct null geodesies 
do not intersect. Furthermore, the following estimates are satisfied: 

\\n - l|U-(iw„) + ||Vn||Loo(^^) + \\Vn\\L^Ll, + II V^n||Lj>oi2^ + || VT(n) ||ioo^2^ < e, (2.66) 



^^lik) + ||y^e|U2(^„) + WmWiHu^) + l|e||L-L? + PIIl-l? < e, (2.67) 

\\b - Ih^iu^) +Af2ib) + \\LmLl,Lr + WmhrLl, < e, (2.68) 

Wtrxh^iu.) + \\ftrx\\Ll,Lr + II^^^IIl^,l- < e, (2.69) 

I|x||l^,l- + ^fiix) + WfLXhHH^) < ^, (2.70) 

\\Chl,L-+^i{0<e. (2.71) 



We introduce the family of intrinsic Littlewood-Paley projections Pj which have been 
constructed in [10] using the heat flow on the surfaces Pt^u (see section [3l2|) . This allows 
us to state our second theorem which investigates the regularity of LLtry, and LL b. 
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Theorem 2.19 Assume that u is the solution to the eikonal equation g,°'l^daudpu = 
on Ai such that u is prescribed on Sq as in section \2.6.2\ where it satisfies in particular 
fl2.62p and (12.631) . Assume also that the estimate (12.591) is satisfied. Then, there exists a 
function 7 in L^(M) satisfying W^Wl'^^m.) < 1, such that for all j > 0, we have: 

WPjLLtrxWmu^) < 2% + 2^£7(m), (2.72) 

\\PjfLiOhHn.)<e + 2-ie^{u), (2.73) 

and 

||P,.LL6|Lr>L^ < + 2^£7(w). (2.74) 
The following theorem investigates the regularity with respect to the parameter a; G S^. 



Theorem 2.20 Assume that u is the solution to the eikonal equation g'^^daudpu = 
on M. such that u is prescribed on Sq as in section \2.6.S\ where it satisfies in particular 
(I2.62P and (I2.63p . Assume also that the estimate (12.590 is satisfied. Then, we have the 
following estimates: 

||5.iV|U^(^„) < 1, (2.75) 
\\Bd^N\\L2^L^ + ||6'^6|U^(«„) + \\fdJ\\Ll,Lr + \\du.x\\Ll,Lr + I|o'-CIIl^,l- < e, (2.76) 
and 

\\PjfJl{d^x)\\LUl, ~ 2^'^ + 2h^{u), (2.77) 

where p is any real number such that 2 < p < +00, and where is a function of L^(M) 
satisfying ||7||L2(ig) < 1. 

^4/30, we have the following decomposition for x- 

X = Xi + X2, (2.78) 
where X\ ^'^^ X2 ^i"^ two symmetric traceless Pt^u-tangent 2-tensors satisfying: 

WduXlWhf^Ll + A/'i(X2) + Wf l>C2\\l^{'Hu) + IIX2||l-L2 + II X2 II ^ ^ (2-79) 

and for any 2 < p < +00, we have: 

||yXl||L-L2, + IIXi||l?L- + ||5,.X2||^P^4_ + ||9^X2|L6-(«„) + \\fd^X2\\LHHu) ^ ^- (2-80) 

^ t' x' 

Furthermore, for any 2 < q < A, we have: 

\\fLXl\\L^Ll,+L^,Ll, + \\fLXl\\L^Ll,+^Ll, ^ ^- (2-81) 

Finally, let u and u' in . Then, there holds the following lower bound 

\N{.,u)-N{.,u;')\>\u;-u;'\. (2.82) 
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Remark 2.21 Notice from f l2.79p that Xi O'nd X2 have at least the same regularity as £■ 
Now, the point of the decomposition (12.781) is that both xi ^.''^d Xi have better regularity 
properties than x- Indeed, in view of (12.801) . xi has better regularity with respect to {t,x) 
while X2 has better regularity with respect to u. 

Remark 2.22 Let u and u' in S^. The estimate (I2.75P for N yields the following upper 
bound for N{-,u) — N{-, u'): 

\N{.,co)-N{.,co')\<\u-co'\. 

Note that (12.821) establishes the corresponding lower bound. 

Finally, the following theorem contains estimates for second order derivatives with 
respect to u. 

Theorem 2.23 Assume that u is the solution to the eikonal equation g'^^daudpu = 
on Ai such that u is prescribed on Eq as in section \2.6.2\ where it satisfies in particular 
(I2.62P and (I2.63p . Assume also that the estimate (12.590 is satisfied. Then, we have the 
following estimates: 

II^^IL^Lr ^ 1> (2-83) 
<e. (2.84) 

WdlbWr^TL^^^^ (2-85) 
\\P,n{dlx)\\LrLl<'^'e, (2.86) 

and 

\\P,fJl{dlN)\\^Ll + \\P,Tl{dlO\\LiLl < 2% + 2ie^{u), (2.87) 
where p is any real number such that 2 < p < +oo, and where 'y is a function o/L^(M) 
satisfying ||7||l2(r) < 1- 

Remark 2.24 Our assumption on curvature (I2.59P is critical with respect to the control 
of the Eikonal equation as can be seen throughout the paper where numerous log-losses 
are barely overcome. In order to prove Theorem \2.18\ Theorem \2.19^ Theorem \2.2(J\ and 
Theorem \2.23\ we will rely in particular on the null transport equations and the elliptic 
systems of Hodge type on Pt^u of section \2.3\ the geometric Littlewood-Paley theory of 
flB/, sharp trace theorems, and an extensive use of the crucial structure of the Bianchi 
identities ([531]) -([237]). 

Remark 2.25 The regularity with respect to {t, x) foru is clearly limited as a consequence 
of the fact that we only assume LP' bounds on R. On the other hand, R is independent of 
the parameter u , and one might infer that u is smooth with respect to uj. Surprisingly, this 
is not at all the case. Indeed, we are even not able to go beyond estimates for the second 
order derivatives with respect to u which are given in Theorem \2.23[ This is due to the 
fact that we rely in a fundamental way on the null transport equations of Proposition \2.8i . 
Now, the commutator between L and u gives rise to a tangential derivative with respect 
to Pt^u (see (16. 5p ) for which we have less control. This leads to a loss of one derivative 
for each derivative taken with respect to u for all quantities estimated through transport 
equations. This is best seen by comparing the estimate (I2.69P (12.701) for x, the estimate 
(I2.76P for dcoX o,'>T'd the estimate (12.861) for d'^x- 
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2.8 Dependance of the norm L'^L?'iJ-Lu) on oj G 



Let u and u' in §^ such that 



\u-uj'\ < 2-5. 



Let u = u{.,u) and u' = u{.,u'). In this section, we compare the norm in L'^L^iTi^) 
with the norm in L'^L'^{'Hu') for various scalars and tensors, relying on the estimates of 
the previous section. Let us first stress the difficulty by considering the decomposition 
for trx in Proposition 12.271 below. A naive approach consists in writing the following 
decomposition 

trx(t, x, u) = trx(t, x, u') + (trx(t, x, u) - trx{t, x, u')) = fl + 
fl does not depend on uj and satisfies, in view of the estimate f l2.69p 

l|/i^lU^<l|trx(.,c^')IU^<^- 

Also, we have 

fl = [oj - J) I d^tixit, X, uja)da, 
Jo 

which together with the fact that |a; — ^2^2 yields 



l|/2iU-L2(^„) < 2 2 



d^tTx{t,x,uJa)da 



Unfortunately, we can not obtain the desired estimate for since we have 5^trx(., Wo-) G 
L^L^('H„^), and L'^L'^iTiu) and L^L^('H„^) are not directly comparable. Nevertheless, 
relying on the geometric Littlewood-Paley projections of (TU], on well-suited coordinate 
systems, and on various commutator estimates, we are able to improve on this naive 
approach in order to obtain the decompositions below. 

Proposition 2.26 Let lo and u' in §^ such that \uj — uj'\ < 2^2. Let N = N{.,uj) and 
N' = N{.,uj'). For any j > 0, we have the following decomposition for N — N' : 

N-N' = {Fi + Fi){io - io') 

where F( only depends on u' and satisfies: 

11-^1 IU°° ~ 1) 

and where F^ satisfies: 

Proposition 2.27 Let u and lo' in §^ such that \u — cu'l < 2^2 . For any j > 0, we have 
the following decomposition for trx{-, to): 

trx{.,uj) = fi + fi 



19 



where fl does not depend on ou and satisfies: 

\\mL-<s, 

and where /| satisfies: 

Proposition 2.28 Let cu and cu' in Let p e Z. For any j > 0, we have the following 
estimate for lf{.,uj) — lf{,uj'): 

r(.,a;)-6^(.,^')llLs=L^(«.)<l^-^'k- 
Lemma 2.29 Let ui and ui' in & . For any j > 0, we have the following estimate for 



Proposition 2.30 Let u and uj' in §^ such that |a; — < 2 2 . For any j > 0, we have 
the following decomposition for and .' 

X{.,uj),x{-:CU)=X2{.:C0')+Fl+Fi 

where F( does not depend on ou and satisfies for any 2 <p < +00: 
and where satisfies: 

Proposition 2.31 Let uj and u' in such that \uj — uj'\ < 2~i . For any j > 0, we have 
the following decomposition for x{-y^) o.^'^d £(., cu) ; 

x{..u),x{:^)^Fi + Fi 

where Fl does not depend on ou and satisfies: 

and where satisfies: 

Proposition 2.32 Let cu and uj' in such that \u! — uj'\ < 2~2 . For any j > 0, we have 
the following decomposition for £(., cj)^; 

xUcof = X2{.,u;'f + X2{.,u;')Fi + X2{.,u;')Fi + Fi + Fl + F| 

where F( and F| do not depend on uj and satisfy: 

II^/I|l-,L?Loc(P*,„^,) + ||^||U-,L2Loc(p^„^j < e, 
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where F| and Fl satisfy: 
and where Fl satisfies 

\\Fi\\mM)<e2-^. 

Proposition 2.33 Let u and u' in & such that \u — u'\ < 2~i . For any j > 0, we have 
the following decomposition for a;)^; 

xi.,cof = X2{.,cor + X2i-,corF! + X2{-,corFi+X2{.,co')Fi + X2i.,co')Fi 
+X,{.,u')Fi + Fi + F^ + Fi + Fi 

where F(, F| and Fg do not depend on u and satisfy: 

\\FI\\l^ L^,L^{Pt,u^,) + II^IIIl- L?L-(P«,„^,) + ll^elU- l2loc(p ) < e, 
where F^, Fl and Fj satisfy: 

WFIWl^l^Hu) + WFIWl^l^ch^) + \\F^\\l^l2(^^) < 2-2£, 
where Fl and Fl satisfy 

\\Fl\y^M) + \\Fl\W^M)<e2-^. 

and where Fg satisfies 

II^9^IIl-(a.)<£2-¥. 

Proposition 2.34 Let u and u' in such that \u — uj'\ < 2~i . For any j > 0, we have 
the following decomposition for ou) and y/b{., ou) : 

C{.,u;),fb{.,u) = Fl + Fi 

where Fl does not depend on u and satisfies for any 2 < p < +oo: 

and where satisfies: 

WFih^mnu) ^ 2-4£. 

Proposition 2.35 Let u and uj' in such that \uj — uj'\ < 2~2 . For any j > 0, we have 
the following decomposition for b{., u) — h{.,uj') : 

b{.,u;)-b{W)^{fl + fD{uJ-uj') 
where f( does not depend on ui and satisfies: 

\\mL-<s. 

and where fl satisfies: 
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2.9 Additional estimates for trx 



In this section, we state estimates for trx involving the geometric Littlewood-Paley pro- 
jections Pj on Pt^u constructed in [10], that are not direct consequences of the estimate 
fl2.69p for trx and basic properties of Pj. 

Proposition 2.36 trx satisfies the following estimates 



and 



and 



x' ^ 

P,{nLtrx)\\L'^,Ll<2-'e. 

x' ^ 

\\fP<j'trx\\Ll,L^ 
fP<,{nLtrx)\\Li,Ll<e. 



(2.88) 
(2.89) 

(2.90) 
(2.91) 



Proposition 2.37 try satisfies the following estimates 



The rest of the paper is as follows. In section [3l we derive several embeddings on Pt^u, 
Hu and which are compatible with the regularity stated in Theorem 12.181 We also 
discuss the Littlewood-Paley projections of [lOj as well as several elliptic systems of Hodge 
type on Pt^u- In section IU we prove Theorem 12.181 In section [5l we prove Theorem 12.191 
In section [6l we prove Theorem 12.201 In section [7] we prove Theorem 12.231 In section [HI 
we derive the various decompositions of section 12.81 Finally, we prove Proposition 12.361 
and Proposition 12.371 in section [91 



3 Calculus inequalities on P^^, 1-iu cind 

In this section, we first recall some calculus inequalities from [10] on the 2-surfaces Pt^u- 
We then discuss the Littlewood-Paley projections of [IQ] as well as several elliptic systems 
of Hodge type on Pt^u- We establish calculus inequalities on l-Lu. Finally, we establish 
calculus inequalities on S^, and we construct geometric Littlewood-Paley projections on 
Sf in the spirit of |10j . 

3.1 Calculus inequalities on Pt u 

We denote by 7 the metric induced by g on Pt^u- A coordinate chart U C Pt^u with 
coordinates x^^x^ is admissible if, relative to these coordinates, there exists a constant 
c > such that, 

c~^\i? < 1ab{p)^^^^ < c|er, uniformly for all p e U. (3.1) 

We assume that Pt^u can be covered by a finite number of admissible coordinate charts, 
i.e., charts satisfying the conditions (13. ip . Furthermore, we assume that the constant c in 
(13. ip and the number of charts is independent of t and u. 
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Remark 3.1 The existence of a covering of Pt^u by coordinate charts satisfying (13.1 1) with 
a constant c > and the number of charts independent oft and u will he shown in section 



4.2.1 



Under these assumptions, the following calculus inequality has been proved in [TU 
Proposition 3.2 Let f be a real scalar function. Then, 

ii/iiw,.) < iiy/iUi(P,„) + ii/iiLi(P,.). (3.2) 

As a corollary of the estimate (13. 2p . the following Gagliardo-Nirenberg inequality is derived 
in m-. 



Corollary 3.3 Given an arbitrary tensorfield F on Pt^u o^nd any 2 < p < oo, we have: 



\\F\\lhp..) < II)^^IIl^(p,„)II^III^(p,„) + (3.3) 

As a corollary of (13. 2p . it also classical to derive the following inequality (for a proof, see 
for example [7] page 157): 

Corollary 3.4 For any tensorfield F on Pt^u O'nd any p > 2: 

W^h^iPt.u) ~ l|V-F||LP(Pt,„) + ||-^||LP(Pt,„)- (3.4) 

We recall the Bochner identity on „ (which has dimension 2). This allows us to 
control the norm of the second derivatives of a tensorfield in terms of the norm 
of the laplacian and geometric quantities associated with P^^u (see for example [TU] for a 
proof). 

Proposition 3.5 Let K denote the Gauss curvature of Pt^u- Then \) For a scalar func- 
tion f : 

[ \f'f\'d^it,u= [ m\'d^it,u- [ K\ff\'d^it,u. (3.5) 

JPt.u JPt,u JPt,u 

ii) For a vectorfield Fa: 

[ \f^F\^dfit,u = [ \m^dfit,u- [ K{2\fF\''-\dfvF\^-\cuf'F\^)dfit,u 

+ [ K''\F\^dfXt^^, (3.6) 

JPt,u 

where dfvF = i^'^f^^Fa, cufF = dfv{*F) =eab f^Fb- 

Using (13.31) and (13. 6p . the following Bochner inequality is derived in [10] for a tensor 
F. For all 2 < p < +oo, we have: 

WtnLHP.,.) < WmLHP...) + (II^IU^(P,.) + \\K\\l,^p^J\\fF\\L^p,^^) (3.7) 

+ii^iii|p,„)(iiyi^iiS,„)iii^iii;p,,„) + iii^iiL^(A,„)). 
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3.2 Geometric Littlewood Paley theory on ^ 

We recall the properties of the heat equation for arbitrary tensorfields F on Pj^„. 

drU{T)F - ^U{t)F = 0, U{0)F = F. 
The following estimates for the operator U (r) are proved in [TO] . 
Proposition 3.6 We have the following estimates for the operator U{t): 

rM^lli^(P,„) + Til Wr')i^||i.(P,,„)rfr' < (3.8) 
Jo 

IIWr)F|li.(P,„)+ / \\mr')F\\ dr' < \\fF\\ (3.9) 

^0 

r||y^(r)F||i.(p^^^) + r r'\\mr')F\\h^p^^^^dr' < \\F\\l^p^^^y (3.10) 

Jo 

We also introduce the nonhomogeneous heat equation: 

drV{r)-^V{r) = F{T), V{0) = 0, 
for which we easily derive the following estimates: 

Proposition 3.7 We have the following estimates for the operator V{t): 

m{r)\\h^P,^) + r\\mr')\\h^P,^)dr' < / V(r')lli.(P. (3.11) 
Jo 'Jo 

rWlli^(P.„)+ riiyV^(r')lli^(P.„)^r'< r / V{T')F{T')df,,,^dT'. (3.12) 

Jo ' Jo JPt,u 

We now recall the definition of the geometric Littlewood-Paley projections Pj con- 
structed in pUJ: 

Definition 3.8 Consider a smooth function m on [0,oo), vanishing sufficiently fast at 
oo, verifying the vanishing moments property: 



j T'''d';^m{T)dT = 0, + |A;2| < iV. 
Jo 



(3.13) 



We set, mj{T) = 2"^^ m{2'^^ t) and define the geometric Littlewood -Paley (LP) projections 
Pj, for arbitrary tensorfields F on Pt^u to he 

POO 

PjF= / mj{T)U{T)FdT. (3.14) 
Jo 

Given an interval I G 1^ we define 

Pi = Y.P,F 

In particular we shall use the notation P^ki P<ki P>ki P>k- 
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Observe that Pj are selfadjoint, i.e., Pj = P*, in the sense, 

< PjF,G>=< F,PjG >, 
where, for any given m-tensors F, G 

<F,G>= [ Y'^^ . . . 7^™^™F,,..,„G,,...,„d/i„ 

JPt,u 

denotes the usual scalar product. Recall also from [10] that there exists a function m 
satisfying f l3.13p such that the LP-projections associated to m verify: 

5^P,=/. (3.15) 

j 

The following properties of the LP-projections Pj have been proved in [lU]: 

Theorem 3.9 The LP-projections Pj verify the following properties: 
i) LP-boundedness For any 1 < p < oo, and any interval I G Tj, 

\\PiF'\\LPiPt,u) ~ \\P\\Lp(Pt,u) (3-16) 

a) Bessel inequality 



|2 

\L^iPt,u) 

j 



Hi ) Finite band property For any 1 < p < oo. 

||fP,F|U.(P,,„) < 22^-||F|U.(p,„) 
WPjFhr'iP^.u) < 2-2^||AF|Up(p,„). 

In addition, the L"^ estimates 

WfPjFhHP,^.) < 2^'II^IIl2(p,.) 

hold together with the dual estimate 

iv) Weak Bernstein inequality For any 2 < p < oo 

\\PjFhnP.^.)<i^^'''^' + mF\\LHP.,.). 

l|-P<0-^||LP(Pt,„) < \\F\\l2{P,^^) 

together with the dual estimates 

||^<0^||L2{Pt,„) < II^IIlp'(P,„) 



(3.17) 



(3.18) 
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We also recall the definition of the negative fractional powers of = / — on any 
smooth tensorfield F on Ptu used in [10] . 



A"F = / T~^''e-^U{T)FdT (3.19) 

r(-a/2) Jq 

where a is an arbitrary complex number with ^{a) < and F denotes the Gamma 
function. We extend the definition of fractional powers of A to the range of a with 
^{a) > 0, on smooth tensorfields F, by defining first 

A°F = A"-2 . (/ - ^)F 

for < 3?(a) < 2 and then, in general, for < ^{a) < 2n, with an arbitrary positive 
integer n, according to the formula 

With this definition. A" is symmetric and verifies the group property A°A^ = A""^^. We 
also have by standard complex interpolation the following inequality: 

W^'-^'^'-'^'FWl^p,.) < ||A"F||^,(^^^^)||A''F||i;;;,^^^). (3.20) 

We now investigate the boundedness of A^" on L'^{Pt u) spaces for < a < 1. For any 
tensor F on Pt^u and any a G M, integrating by parts and using the definition of A, we 
get: 

l|A'^^lli^(p.„) + liyA'^^||i.(P^„) =/ A^F-A'^Fdfit,u+ [ fA'^F-fA^Fdfi,,^ 

JPt,u JPt,u 

(1 - A)A"F ■ A-Fdfit^u = [ A^A-F ■ A^Fd/x,,, 

(3.21) 

Taking a = — 1 in f l3.2ip . we obtain: 

\m''nLHP,,.) < \\F\\LHP.,uy (3.22) 

Below, we deduce several estimates from f l3.22p . Taking the adjoint of (13. 22 p . we obtain 
for any tensor F: 

||A-iyF|U.(P,,„) < l|F|U.(p,_„). (3.23) 
Also, (13. 3p and fl3.22p imply for any tensor F on Pt „: 

I|A-'F||lp(p,„) < ||i^||L2{A,„) for all 2 < p < +oo. (3.24) 
Taking the adjoint of fl3.24p yields: 

I|A-'F||l2(A,„) < \\FhHP.,u) for all 1< p < 2. (3.25) 
Interpolating between the identity and A~^, we deduce form fl3.25p : 

I|A-'^F||l2(a,„) < ||F||lp(p,„) for all < a < 1, < p < 2. (3.26) 

1 + a 

The proposition below completes the estimates for the heat flow recalled at the beginning 
of the section: 



Pt,u JPt,u 

IIA"+^i^lli.(P,„). 
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Proposition 3.10 Let a G M and d > 0. We have the following estimates for the non- 
homogeneous heat equation: 

^r(r)F|li.(P,.„) + Tr liyf/(r')i^||i.(p,,„)rfr' < || A-^F||i.(p^,^), (3.27) 

^0 

l|A"l^(r)||i.(p,„)+ /VA"V^(r')||i.(p,„)rfr'< T/ A"^V{r')F{T')df^^dT' , (3.28) 

Jo Jo JPt,u 

r''\\V{r)\\h^P,^) + rr"1yV^(r')lli.(P,„)rfr' < T [ r"'V{r')F{r')d^^udr' 

Jo Jo JPt,u 

+ f r"'-'\\V{r')\\l,^p^^^dT'. (3.29) 
Jo 

Finally, we conclude this section by recalling the sharp Bernstein inequality for scalars 
obtained in yi)J. It is derived under the additional assumption that the Christoffel symbols 
Vjj(j of the coordinate system (13.1 p on verify: 



I \Tj,c?dxMx^ <c-\ 



(3.30) 



A,B,C' 

with a constant c > independent of u and where f/ is a coordinate chart. 



Remark 3.11 The existence of a covering of Pt^u by coordinate charts satisfying (13. ip 
and (I3.30p with a constant c > and the number of charts independent of u will he shown 



in section 4-2.1 



Let < 7 < 1, and let be defined by: 

K, := ||A-^ir|U.(p,,„). (3.31) 

Then, we have the following sharp Bernstein inequality for any scalar function / on Pt^u, 
< 7 < 1, any j > 0, and an arbitrary 2 < p < oo (see |10j): 



\Pjf\\L^(Pu.) < 2^-(l + 2-^(ir,^<^-'+ir,^'')+l)||/|U.(P,„) (3.32) 



l|i^<o/||L^(p.„) < {l + K^ +K^^)\\fU^P,^^y (3.33) 

Also, the Bochner identity ( 13. 5 p together with the properties of A implies the following 
inequality (see [TU]): 

/ \tf\' < [ mr + iKf'+K,)! \rf\\ (3.34) 

JPt,u JPt,u JPt,u 

Thus, we need to bound in order to be able to use fl3.32p . fl3.33p . and fl3.34p . For 
3ft(a;) < 0, we will use the fact that for any tensor F on Pt^u'- 

+00 

l|A-"F|li.(P,.) < l|i^<oF|li.(P,.) + J2^~'"'\\P^nhiP,.y (3.35) 

j=0 

which follows from the methods in [TU] . 
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Remark 3.12 The starting point for the proof of the estimates fl3.32p - (13.341) in 11 OJ is 

the following estimate for the norm of any tensor F on Pt,u: 



2 1 p-2 1. p-1 



which is valid for any 2 < p < +oo. This estimate requires the assumption f l3.30p . 
3.3 Hodge systems 

We consider the following Hodge operators acting on 2 surface Pf u. 

1. The operator Vi takes any 1-form F into the pairs of functions (dy(^F, cu/LF). 

2. The operator V2 takes any Pt^u tangent symmetric, traceless tensor F into the Pt^u 
tangent one form d]^F. 

3. The operator *Vi takes the pair of scalar functions {p, a) into the Pf^^-tangent 1-form 
-fp+ifay. 

4. The operator takes 1-forms F on Pt^u into the 2-covariant, symmetric, traceless 
tensors —^Cpl with Cpl the traceless part of the Lie derivative of the metric 7 
relative to F, i.e. 

Observe that *T'i, resp. *T'2 are the adjoints of Pi, respectively V2. 

We record the following simple identities, 

*Vi -Vi = -^ + K, Vi- *Vi = -f , (3.37) 
*V2-V2 = -\^+K, V2-*V2 = -]^{^ + K). (3.38) 

Using integration by parts, this immediately yields the following identities for Hodge 
systems: 

Proposition 3.13 Let {Pt.uil) be a two dimensional manifold with Gauss curvature K. 

i. ) The following identity holds for vectorfields F on Pt^u- 

[ {\fF\^ + K\F\^)=[ {\dfvF\^ + \cuf-lF\^)= f \ViF\^ (3.39) 

JPt,u JPt,u JPt,u 

ii. ) The following identity holds for symmetric, traceless, 2-tensorfields F on Pt^u- 

I [\yF\^ + 2K\F\^) =2 f \dfvF\^ = 2! [PsPp (3.40) 

JPt,u JPt,u JPt,u 
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iii. ) The following identity holds for pairs of functions {p,cr) on Pt^u- 

[ {\fp\' + \W)=[ \-fp+if^r\'= [ m{p,cT)\' (3.41) 

JPt,u JPt.u JPt,u 

iv. ) The following identity holds for vectors F on Pt.u, 

[ {\yF\^ - K\F\^) =2 f \*V2F\^ (3.42) 

We recall the following estimate from [10]. Let < 7 < 1 and let F a Pf^^-tangent 
tensor. Then, we have 

/ K\F\^< ||A-i^|U.,.J|yF||it(\„)||Fl|i-X„)- 

^ Pt,u 

Together with Proposition I3.13[ we immediately obtain the following corollary. 

Corollary 3.14 Assume that ||A^'''/^ ||j;^oo^2^ < e for some < 7 < 1. The following 
estimates hold on an arbitrary 2-surface Pt ^: 

i. ) Let a Pt^u-tangent 1-form H, and let the pair of scalars F = (p, cr) such that 
dfvH = p, cuflH = a. Then, we formally write H = V^^F , and we have the following 
estimate 

liy-i)riF|u.(P,„) < i|F|U2(p,,„) + £||i?r^F|U2(p,,„) (3.43) 

ii. ) Let a Pt^u-tangent symmetric, traceless, 2-tens or fields F , and let the Pt^u tangent 
1- forms H such that dfvF = H . Then, we formally write F = T>2^H , and we have the 
following estimate 

\\y ■ V^^FWlhp,,^) < ||F|U.(p,„) + e\\V,'F\\L^^p,^^) (3.44) 

iii. ) Let (p, cr) a pair of scalars on Pt^u, o-nd let the Pt^u-tangent 1-forms F such 
that —yp + (^cr)* = F . Then, we formally write (p, a) = *V^^F, and we have the 
following estimate 

liy.*i?r'^IU.(P,,„)<llF|u.(P,,„) (3.45) 

iv. ) Let a Pt^u tangent 1-form H , and let F the Pt^u-tangent 2-forms such that 
*'D2H = F. Then, we formally write H = *T>2^F , and we have the following estimate 

||y-*P2"'^|U.(P,,„) < ||F||L^(P,„)+5r2^2"^F||L^(P,„). (3.46) 



In view of ([S33D, (ESD, flH^ and (E3S]), we have schematically 

||y-P-iF|U.(P,,„) < ||F|U2(p^„)+£||I?-iF|U.(p,„), (3.47) 

where T) = Vi, V2, *'Di or *I?2- Note that Pt^u is a non compact two dimensional surface, 
so that ||P"-'^F||i2(pj ^) is not controlled by ||F||i2(pj However, recall from Remark 12.141 
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that there is a compact set f/ of fl {0 < t < 1} of diameter of order 1, such that (A^, g) 
is smooth, small and asymptotically flat outside of U. Then, relying on the coordinate 
charts on Pt^u satisfying (13. ip . we easily obtain for any scalar / on Pt^u 

WfWL^Pt.unU) ~ \\ff\\L\Pt,u)- 

Choosing / = \F\, we deduce for any tensor F 

ll^llL2(Pt,„nf/) ~ \\fF\\LHPt,u)- 
In view of (13.471) . this yields, schematically 

\\f ■ I?-^F|U.(p,,,„) + \\V-'F\\,.,^p^^^^fj^ < ||F|U.(p,„) + ^p-^i^lL.(p,,„\p,„nc/)' (3-48) 

where V = Vi, V2, *Vi or *V2- Due to the fact that (A^,g) is smooth, small and 
asymptotically fiat outside of U as recalled above, all scalars and tensors estimated in 
this paper will be sufficiently smooth and decaying in outside of U so that the last term 
in the right-hand side will always be harmless. For the simplicity of the exposition, we 
omit this term. Thus, by a slight abuse of notation, we will use the following estimate in 
the rest of the paper 

liy ■P-iF|U2(p, „) + ||p-iF|U2(p, „) < ||F|U.(p,,„), (3.49) 
where V = Vi, V2, *Vi or *I?2- 

Remark 3.15 The estimate (I3.49P together with the Gagliardo-Nirenberg inequality (13. 3p 
yields for any 2 < p < +00: 

where F is a Pt^u-tangent tensor and V^^ denotes one of the operators T>i^ , T>2^, *'D]^^ , 
*T>~^ . We also obtain the dual inequality for any 1 < p <2: 

W^^'^FWi^iPt^^) < \\F\\LP{Pt,u)- 
The following lemma generalizes Remark 13.151 
Lemma 3.16 For alll<p<2<q< +00 such that ^ < ^ + ^ we have: 

\\'^''^F\\Li{Pt^^) < ||-^||LP(Pt,„), 

where F is a Pt^u-tangent tensor and T>~^ denotes one of the operators T)^^ , 1)2^, *T>]^'^ , 

Proof Let F,p,q as in the statement of Lemma [3.161 We decompose ||D~^F||i9(p^ ^) 
using the property (13.151) of the geometric Littlewood-Paley projections: 

l|2^"'i^lk.(P.,.) < ||P<o^^-'F||l.(p..) + $^||P^2^-'F|U,(p,„). (3.50) 

l>0 
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We focus on the second term in the right-hand side of fl3.50p . the other being easier to 
handle. Since 2 < q < +00, we may use the weak Bernstein inequahty for Pi: 

||P,I?-iF|U,(P,,„) < 2'(^-f)||P,I?-iF|U.(p,,„) (3.51) 

< 2"^^ '^^\\Pl'^''^\\c{LPiPt,n),L2{Pt,u))\\F\\LP{Pt,n) 

< 2^^^"^^\\T>-'^Pl\\c{L^Pt,^),Lp'{Pt,^))\\F\\LP{Pt,u) 

where p' is the conjugate exponent of p, i.e. ^ + = 1, and where we used the fact that 
^ is the adjoint of V~^. 

Next, we evaluate \\T^i'^ Pi\\ c{L'^Pt u),Lp'{Pt „))• Using the Gagliardo-Nirenberg inequality 
fl3.3l) . we have for any scalar function / on Pt u'- 

\\1^-'Plf\\LP'iP,.) ^ ll^^"'^'/lll^L)ll^"'^'/llt(P,„) 

2 

< \\i^''^Pi\\c(mPtJfhHPt,u) 

< \\Pl1^''^\\c(LHPt,^))\\f\\LHPt,u) 
\L^{Pt,u)^ 



21 

< 2"? 



where we used the boundedness and the finite band property for Pi, the estimate fl3.49p 
for T)~^ and the estimate fl3.49p for This yields: 

11^1 Pl\\ciL2{Pt,^),Lp'iPt,u)) 

which together with fl3.50p and (13.510 implies: 



+ 

V l>0 J 

^ l|-^l|LP{Pt,„), 



|if(Pt,u) 



1^1,1 

J. Liie lacL Liiai 

Lemma 13.161 



where we used the fact that - < - + 2 in the last inequality. This concludes the proof of 



We end this section with an algebraic expression for the commutators between L and 
T)-i 75-1 *T)^^ 

Lemma 3.17 Let V^^ he any of the operators , 1^2^ , *'D^^ . Then, 

[L, V-^] = V-^ [V, L\V'^ (3.52) 
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3.4 Calculus inequalities on 'Hu 

For all integrable function / on Hu, the coarea formula implies: 



fdn= f f fbdfit,udt. (3.53) 
n Jo Jpt,u 



It is also well-known that for a scalar function /: 

d 
dt 



fdfit,u = / inL{f) + ntixf) d^it^u- (3.54) 

Pt,u I JPt,u 



We have the classical Sobolev inequality on "H: 
Lemma 3.18 For any tensor F on l-i, we have: 

\\F\\l^^u^^<Mi{F), (3.55) 

and 

\\F\\LrL^ <M(F). (3.56) 

Proof Using (13. 2p . we have: 

ii^(^,-)iii.(P,„) = iiii^(t,.)nii^(P,„) 

< ||yF(t,.)-F(t,.)|F(t,.)|||ii(p^^^) 

< iiyi^(t,-)iii.(P,.)iii^(t,.)iiv,.), 

which yields: 

mLHn.)<\\yF\\i^^jF\\l^^,. (3.57) 
Using fl3.54p and fl3.55p . we have: 

\m.-)\\Up...) = 11^(0,. )iiv,.) 

+4 / / n-DLF{T,x')-F{T,x')\FiT,x')\^dTdfXr,u 

+ j j tTx\F{T,x')\^dTdflr,u (3.58) 

< \\m-)\\ 

+ ||trx||L-CH„)||i^||i4(^„) 

< iim-)iiv„)+M(^r+ii^rL«(«.)- 

Replacing F with (p{t)F where is a smooth function such that V'(O) = 1 and ^p{l) = 0, 



and proceeding as in (13. 58 p . we obtain 



limOllVo.) = -4 r / nv{ryBLF{T,x')-F{T,x')\F{T,x')\'dTdfir, 

Jo JPr,u 

rl r 



-4 / / y,\T)y,{Tf\F{T,xTdTdfir,u 

Jo JPr,u 



tix^pir) \F{t,x)\ dTdfir,u 
< ^!{Fr+\\F\\t,^n.)^ 
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which together with (I3.58P yields: 

l|i^(i,-)llL4(P,„) <M(F) + ||F|U6(H„). 

Taking the supremum in t yields 

WnL^Ll, <mF) + \\F\\LHH.)- (3.59) 
Finally, f l3.57p and f l3.59p imply (I3.55p and f l3.56p . This concludes the proof. ■ 

Lemma 3.19 For any tensor F: 

1 1 

^ ||DLi^|ll2(^^)||i^|ll2(^^) + ||F||i2(^^). (3.60) 
Furthermore, ifF{0,.) belongs to L'^{Pqu), we have: 

WFhrLl, < mo, .)IU^(Po,„) + 1|D,.F1U2(^„). (3.61) 
Proof Using fl3.54p . we have: 

\\nt,.)\\h,p,^^, = iii^(o,.)iii2(p„,„) 

+2 / / nDiF(r, x') ■ F{t, x')dTdfir,u 

Jo JPr,u 

+ J j tTx\F{T,x')\^dTdfir,u (3.62) 

< l|i^(0,.)ll£{Po,J + \\^LF\\mnJ\F\\LHH^) 
+ l|trxlU-(w.)||i^|li2(^„) 

Replacing F with (p{t)F where is a smooth function such that (p{0) = 1 and </?(!) = 0, 
and proceeding as in (13. 62 p . we obtain: 



\\F{o,.)r 



2 / / ^{TfnBLF{T,x')-F{T,x')dTdfir,u 
2 / / ip{T)'ip{T)\F{T,x')\^dTdlir,u 

JO JP-r,u 

trxv? (t^) '^\F{t,x')\ '^dTdiJ,r,u 



'0 JPr,u 

^ WDlFWl^HuMFWl^Hu) + \\F\\l^Hu)^ 
which together with f l3.62p yields: 

ll^(i,-)lli^(P,„) < I|DlF|U2(^„)||F|U2(^„) + (3.63) 

Taking the supremum in t yields (13. 60 p . 

To obtain (I3.6ip . we combine f l3.62p with Gronwall's lemma. This concludes the proof. 



The following lemma will be useful to estimate the various transport equations arising 
in the null structure equations. Its proof is immediate. 
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Lemma 3.20 Let W and F two Pt^u-tangent tensors such that jW = F. Then, for 
any p > I, we have: 

\\whi,Lr < IIw^(o)IIl.{po,.) + (3.64) 

3.5 Calculus inequalities on 

Recall that g is the metric induced by g on St . A coordinate chart U G "Et with coordinates 
X = {xi,X2,X2,) is admissible if, relative to these coordinates, there exists a constant c > 
such that, 

c"^|^P < < c|^P, uniformly for all p G [/. (3.65) 

We assume that can be covered by a global admissible coordinates system, i.e., a chart 



satisfying the conditions fl3.65p with U = T^t- Furthermore, we assume that the constant 
c in fl3.65p is independent of t. 

Remark 3.21 The existence of a global coordinate system satisfying fl3.65p with a 



constant c > independent oft will be shown in section \4.2.2 
Lemma 3.22 Let f a real scalar function on S^. Then: 



< l|V/|Ui(E.)- (3.66) 



Proof We may assume that / has compact support in S^. In the global coordinate 
system x = {xi,X2,X3) on Sf satisfying fl3.65l) . we have: 



XI i'X2 rxs 

difiy,X2,X3)dy / d2fixi,y,X3)dy / d^fixi, X2,y)dy 

OO J —CO J —oo 



|/(Xi,X2,X3)|2 = 

\dif{y,X2,X3)\dy] { I \d2f{xi,y,X3)\dy] { I \d3f{xi,X2,y)\dy] . 



< 



Hence, 



< 



|/(a;i, X2, xs) 1 2 dxidx2dx3 

\dif{xi, X2, X3)\dXidX2dx3 ] ( / \d2f{xi, X2, Xs)\dXidx2dX'c 



1^^3/(3^1; ^2, X2,)\dxidx2dx 



< 



I V/(a;i, X2, X3)\dxidx2dx 



2 



Now in view of the bootstrap assumption (14. ip (14.41) . and the coordinates system proper- 
ties (I4.23P and (I4.24p . we have | < \/\gt\ < 5 which together with the previous estimate 
yields: 



\fix)\2^y\g^\dxldx2dx3j < / \V f{x)\^/\gt\dxldx2dx3 
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as desired. ■ 
As a corollary of the estimate f l3.66p . we may derive the following Sobolev embeddings. 

Corollary 3.23 Given an arbitrary tensorfield F on Ef, we have: 

\\Fh-H^.) < l|VF||^3^^^^ (3.67) 

and 

< ||VF|U2(s,). (3.68) 

Proof We use (Kmtf with / = iFp: 

l|i^lli3(E.) = lll^nLi(^,) < II^VF|U.(,,) < ||VFl|^3^^J|F|U3(,o 
which yields fIXBTD . To obtain f lXBS]) . we use ^M\f with / = 

l|i^llie(EO = ^ lll^r^VF|U.(s,) < l|VF|U.(s,)||F||ia(^^) 

which yields 03.681) . ■ 

As a corollary of f l3.66p . it is classical to derive the following inequality (for a proof, 
see for example [7j page 157): 

Corollary 3.24 

II^IU-(E.) < ||VF|Up(eo + ||i^||L.(EO, (3.69) 
where p is any real number p > 3. 

As a corollary of fl3.68p and fl3.69p . we immediately obtain: 

||i^||L-(E.) < ||V2F|U2(s,) + (3.70) 
Lemma 3.25 For any tensor F on Ai: 

||-^||ls°l2(p^_^) < ||VF||iooi2(Sj) + ||-F||Lf>L2(so- (3-71) 

and 

Proof We first recall the analogous formula to f l3.53p (I3.54p . For all integrable 
functions on E^, the coarea formula implies: 



fdT^t = fbdfit,udu (3.73) 

St Ju JPt.u 

Also, we have for all integrable scalar functions /: 

/ fdfit,u]= [ b{VNf + tie f)dfit,u (3.74) 

JPt,u J JPt,u 
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d_ 

du 



where 9 is the second fundamental form of Pt^u in Sj, i.e. 9ij = ViNj. Note that from the 
definition of k, x and 6, we have: 

XAB =< D^L, cb >=< VaT, eB> + < VaN, cb >= -kAB + Oab- (3.75) 

The proof of (13.711) is easier, so we focus on fl3.72p . Using fl3.73p - fl3.75l) . we obtain: 

1^1 W ^ [ [ {2F-VNF + tTe\F\^)dfXt,udx' 



+ 1 tr A; 1 2,^cc ^6 (St ) I -F I ^3 (s, ) I -F I L-L2 ) 



^ |Vi^lL.3... + l^lW(E.) (3.76) 



where we have used the bootstrap assumptions (14. 3 p (14.41) and the Gaghardo-Nirenberg 
inequahty fl3.67p in the last inequality. Since the order in which we take the supremum 
over if: and u does not matter, we obtain (13.720 by taking the supremum over t in (13.760 . 



We have the following corollary of the estimate f l3.72p : 
Corollary 3.26 For any tensor F on M., we have 

\\F\\l^lI^ < ||VF||iooi2(Sj) + ||F||ic,oi2(Si). (3.77) 
Proof Using fl3.72p with F replaced by we obtain 

< \\F\\LTL^Ci^t)\\^F\\LTL^^t) + ll^lll-L6(S,)ll^llLr^2(2,) 

< ||VF||iooi2(2,) + ||-F||Lt°°L2{St), 

where we used in the last inequality the Sobolev embedding fl3.68p . This concludes the 
proof of the corollary. ■ 

Proposition 3.27 For any tensor F on T,t, we have the following inequality: 

\\V'F\\m^^) < ||AF|U2(2,) + ||F|U2(so. (3.78) 
Proof We recall the Bochner identity on the 3 dimensional manifold for a tensor 



F: 



I iV^FprfSi = I |AF|2f/Si- I {Rt),,ViFiV,FidEt (3.79) 

+ / {Rt)ijlrn^ mFjV iFidTjt — l {Rt)ijlm{Rt)inmlFmFndT,t 
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where Rt is the curvature tensor of the induced metric on S^. The bound ( I4.30p on B4 
together with the Sobolev inequahty fl3.68p and fl3.79p imphes: 



/ iV^FprfS, < ||A/||i.(^^) + ||i?,|U.(s,)||VF||i.(^^) + ||i?,||i.(^J|F||i.(^^ 



< II AF||i.(^^) + .11 VF|||,(^^) II VF|||e(^,) + 5^(11 V^F||i.(^^) + ||F||i.(^^): 



< ||AF||i.(,^) + ||VF||2.(,J|V^F|||.(^ 



3 

) 



which yields fl3.78p . 



Proposition 3.28 For any tensor F on Tit, we have the following inequality: 

\\F\\L-i^.) < l|i^llL^(EO + ||VF|U2(s,) + ||yVF|U2(so. (3.80) 
Proof Using (13.41) with p = 4, we have: 

II^IU-(EO < \\fFh?^LHP..u) + II^IU,?>L4(P,„). (3.81) 

Pick any real number uq. Now, using the coarea formula f l3.73p and (13.741) . as well as the 
Sobolev embedding (13.681) . we have: 

\\fFiu,-)\\l?^LHP.,.) + ll^(«>-)llisoL*(P,„) (3.82) 

< ||W«o,.)||ts=x4(p,„) + ||F(«o,.)||is=i4(p,„)+ / VNfF-fF\fF\' 

+ j \fF\\iie + h-^yNh)+ j WnF-f\f\^+ j |F|^(tr^ + rV^6) 

< ||yF(wo,.)||is.L4(p,_„) + ||F(no,.)||igoi4(p,,„) + imyF||L^(Eoliy^llia(EO 

+ ||y^i^||L^(Eol|i^lli6(EO + iWfnU^,) + l|i^lUo(Eo)(l|tr^lli3(so + ||rV^6|U.(so) 

< iiyF(«o,.)iiis=L4(P,„) + iii^(%,-)iiis=L4(P,„) + ii[y;v,y]^iii^(Eo + mnUj:,) 

+ l|VF|U2(s,), 

where we used in the last inequality the estimates (I2.67p - p.69p for b and tr^. 

In view of (I3.8ip and (I3.82p . we need to estimate || [Vat, y]F||/^2(St). Using the com- 
mutator formula (I2.47p . we have: 

||[V^,y]i^||L^{EO < ll^^l|L„-L4(p,„)||yF||LSL^(P,„) + \\b-yb\\L^LHP.J\fNnLlLHP...) 

+ (||xl|L4(E,)(l|e|U^(so + |lilU4(Eo) + IIxIU4(e,)IICI|l4(eo 
+ ||/3|U^(EO + ll^llL^(so)l|i^lU-(so 

< DeWtFU^j:,) + De\\f\/NFh^^,) + 

< D5||yVF|U.(s,) + /^e||F|U^(20, (3.83) 

where we have used the curvature bound (I2.59P for /3 and /3, the bootstrap assumptions 
(I4.ip - (l4.6p for b, 9, x, X) C and ^, and the estimate: 

||i^||LS=L*(P,„) = ||^ILrL^^, <M(^), 
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which is vahd for any tensor H and follows from ( I3.59p . 

Now, in view of f l3.8ip -f l3.83p . we have for any real number uq: 



\\F\\L°°{T.t) + liy-^l|Lg°L4(Pt,„) + ||-^||Lg°L4(Pt,„) 

< ||yF(no,.)||isoi4(p,_„) + ||FK,.)||io.i4(p,,„) + ||yVF|U2(s,) + ||VF|U2(2,) 
+D£:||F||icx,(Sj), 

which yields: 

||-^||L°°{Et) + \\fF\\L^Li(Pt,u) + \\F\\L^Li{Pt,u) (3-84) 

< ||yF(Mo,.)||ic.z.4(p,„) + ||F(no,.)||i2=L4(P,„) + ||yVF|U2(s,) + ||VF|U2(2,). 

Let a smooth compactly supported scalar function on S^. Applying fl3.84p respectively 
to ipF with uo outside of the support of and then to F with uq inside the support of 
(p finally yields f l3.80p . This concludes the proof of the proposition. ■ 

For the following proposition, we assume that for each 5 > 0, there exists a constant 
C{5) > and a finite covering of by charts U with coordinates systems relative to 
which we have 

(1 + 5)-'ier < gMce < (1 + mi', p^u (3.85) 

and 

' \d^g,/^/\i\dx<C{6). (3.86) 
u 

Remark 3.29 The existence of a finite covering ofJ^t by coordinates systems relative to 
which we have fl3.85p f l3.86p with C{6) and the number of charts being independent oft 
will be shown in section 4-2.3 . 

Proposition 3.30 Assume that for each 6 > 0, there is a finite covering of by coordi- 
nates systems relative to which we have fl3.85p fl3.86p . For an arbitrary tensorfield F on 
Ej, we have the following inequality: 

\\'^'nj,^^,<\\AF\\j^^^^ + \\VFU.,^,y (3.87) 

Proof (13.871) may be reduced by partition of unity to the case where F has compact 
support in a coordinate chart U. Let x = {xi,X2,X3) a coordinate system on U satisfying 
flXRHj) dSSH]). We have: 



L2(c/)(1 + \\dg\\mu))\\F\\L<^{u) 
< S\\d'F\\j^^^+C{6)\\VFU.^u), 



38 



where we have used the Sobolev embedding (13.681) in the last inequahty. Thus, we now 
fix 5 > small enough such that for a constant C > 0, we have: 

1 



\V'F-d'F\\ . < -WF\\ 3 



C||VF|U2(^). 

Note that C = C(5) > is now a fixed number. Similarly, we also have: 



Li(U) 



1 

< - 

- 2 



+ C^||VF|U2 



{[/), 



(3.^ 



(3.89) 



Li{U) 



where X]j=i ^| usual Laplacian in R'^. Now, from usual Calderon-Zygmund theory, 

we have: 



which together with fl3:88|) and (13:891) yields flHISTI) . 



Finally, we have the following useful commutation formula for any scalar function / 
on M: 

[A, Dt]/ = -2WV + VnVr(/) + n-^AnT{f) - VkV f - 2n-^kVnVf (3.90) 



where we used the fact that we are on a maximal foliation (see (12. 2p ). so that the term 
Tr(A;)A/ vanishes. We also used the fact that the Einstein equations (II. ip are satisfied, 
so that the term of type RV/ vanishes as well. We also provide commutation formulas 
with tensors. Let 11^ be an m-covariant tensor tangent to Sf. Then, we have: 

VjDTnA - DtV^Ha = kjiS/iIiA + n-^VjuDTTiA + Y^in-^kAa^m (3.91) 

i 

-n-'k,iVA,n + RTAXgtYj - RTi{9t)t)IlAU.A^- 

For some applications we have in mind, we would like to get rid of the term containing 
a derivative in the right-hand side of (13.910 . This is achieved by considering the 
commutator [V,D„7-] instead of [V,Dr]: 

V,D„rn^ - D^tV^Ha = nkjiViUA (3.92) 

+ Y^^kAaVin - kjiVA^n + TiRTAXaty, - nRTi{gt)f)^A,.L.A^- 



3.6 Geometric Littlewood-Paley theory on 
3.6.1 The Gagliardo-Nirenberg inequality on 



We first consider the case of -L^(St) with 2 < p < 6. Using the Sobolev inequality (I3.68P 
and interpolation implies for any tensor F on 



Lk-^l) V2 < p < 6. 



(3.93) 



Next, we derive the following analog of Lemma [3.221 
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Lemma 3.31 Assume that for 5 = |, there is a finite covering of by coordinates 
systems relative to which we have fl3.85p (13 .86 p . Let f a real scalar function on S^. Then: 

||/IU^(EO < l|VVlli(s,)llV/|li(s,) + l|V/|U^(EO- (3.94) 

Proof The statement may be reduced to the case where / has compact support in 
an admissible local chart U of satisfying flS.SSp (13.861) with S = ^. Let x = {xi,X2,X3) 
denote the corresponding coordinate system. We start by proving the following estimate 
on 

< \\df\\LHR^)\\d^f\\LHR^). (3.95) 

To this end, we introduce a standard Littlewood-Paley decomposition on M^. Let a 
positive function in C^(R^) equal to 1 for |^| < 1/2 and to for |^| > 1. For all 
integer p we define the Littlewood-Paley projection by Ap/(^) = '?/'(2~^^)/(^) where 

= (^(^/2) -(^(O- We also define A_i by aIj(0 = <^(0/(0- The Littlewood-Paley 
decomposition of / is: 

/ = J2 ^p(/)- 

p>~i 

Using the Littlewood-Paley decomposition for we have: 

ll/'IU^(M3) < 5^||A,(/2)||^^(i,3) (3.96) 
i>-i 

< ^2¥||A,(/2)|U.(M3) 
i>~i 

< Yl 2^||A,(AJA„/)|U2(M3). 

j,l,m> — l 

The expression being symmetric in {l,m), we may assume m <l. We consider the two 
cases / < i and j < I separately. If j < I, we use the boundedness of Aj on L^(R^) and 
the Bernstein inequality for A^ to obtain 

||A,(AJA™/)|U2(M3) < 2'i'||AJ||i2(K3)||A„/|U2(K3). (3.97) 

If / < j, we use the finite band property for Aj, A/ and A^, and the Bernstein inequality 
for Am to obtain 

||A,(AJA„/)|U2(M3) < 2-2^||A(AJA^/)|U2(M3) (3.98) 

< 2-2^||A(A,/)A„/|U2(M3) +2-2^||A,/A(A„/)|U2(i,3) 
+2-2^||V(AJ)V(A„/)|U2(K3) 

< 2-2^-(22'+^ +2'+^ +2^)||A,/|U.(M3)||A„/|U.(M3) 

< 2-2^'+2'+^||AJ|U.(K3)||A,„/|U.(M3), 

where we used the fact that m < / in the last inequality. Now, (I3.97P and (I3.98P imply 

2^||A,(AJA„/)|U2(K3) < 2-^-^(22'||AJ|U2(K3))(2-||A^/|U2(M3)). 
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Together with (13.961) . we infer 



^Z>-1 / \m>-l 



which is fl3.95p . Now in view of the assumptions ( I3.85P f l3.86p with 6 = ^, we have 
I < \/\9t\ < 8 and the estimate ||r||j;^3(^) < 1 where T is the corresponding Christoffel 
symbol, which together with (I3.95P yields: 



L°°(M3) 



< ([ i\\/'fix)\ + \Tix)\\Wfix)\rVh\dxy ( [ \\/fix)\'^\dx 

< ((^jVV(a:)rv^rfxy + (^jV/(x)rv^da:yj (^JjV fix)\'^\dx^ 



Coming back to St, we obtain 

< (l|vVlli(s,) + liv/|lia(s,))l|v/||i(^^) + ||v/|U.(Eo, 

which together with the Sobolev embedding fl3.68p yields fl3.94p . ■ 
Let F a tensor on Sj. Then fl3:Mll with the choice f = \F\^ yields 

< (l|i^llLoo(s,)||V^F||,.(^,) + ||VF||i.(^^))^(||F|U..(s,)||VF|U.(^J^ 
+ ||i^iU-(E.)l|VF|U2(2,). 

Using the Gagliardo-Nirenberg inequality fl3.93p to evaluate || VF||i4(2t), we deduce 

+ ||i^||L-(sol|VF|U.(20. 
Thus, we finally obtain for any tensor F on St 

+ l|VF|U.(s,). 

Interpolating with the Sobolev embedding (13.680 on St, we finally obtain the following 
Gagliardo-Nirenberg inequality on St 

\\F\\Ln^.) < l|V'F||y^)||VF||i,'(|^) V6 < p < +00. (3.99) 
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3.6.2 Heat equation on 

In this section we study the properties of the heat equation for arbitrary tensorfields F 
on St. 

drU{r)F - AU{t)F = 0, W(0)F = F. 

Observe that the operators W(r) are selfadjoint and form a semigroup for r > 0. In other 
words for all, real valued, smooth tensorfields F, G, 

[ U{t)F-G= [ F-U{t)G, U{Ti)U{T2)=U{ri + T2). (3.100) 

We have the following L^(Sj) estimates for the operator U{t). 

||W(r)F|U2(s,) < (3.101) 
||VW(r)F|U.(s,) < ||VF|U2(s,). (3.102) 

They are obtained after multiplication of the Heat equation satisfied by U{t)F respectively 
with IA{t)F and AU{t)F, and then integration over Sf. 

In the next proposition we establish a simple L^(St) estimate for U{t). 

Proposition 3.32 For every 2 < p < oo, we have 

||W(r)F|U.(EO < ||i^||L.(EO- 

Proof : The proof is identical to the one in |10| on compact 2-surfaces. We reproduce 
it here for the convenience of the reader. We shall first prove the Lemma for scalar 
functions /. We multiply the equation drU{T)f — AU{T)f = by (U{T)fY^ ^ and 
integrate by parts. We get, 

^-^mr)f\\%^^,) + {2p-l) J \VU{r)fmr)f\'^-' = 0. 

Therefore, 

||W(r)/|U..(s,) < ||/||l^.(eo- 

The case when F is a tensorfield can be treated in the same manner with multiplier 
(|W(r)F|2)^"'w(r)F. ■ 



3.6.3 Invariant Littlewood-Paley theory on 

In this section we shall develop an invariant, fully tensorial, Littlewood-Paley theory on Sj. 
We follow the analog construction in [10] for two dimensional compact manifolds. Now, the 
results essentially rely on the properties of the heat flow discussed in the previous section. 
Since these properties are true for manifolds of arbitrary dimensions, both compact and 
noncompact, the results in [TU] extend in a straightforward fashion. Thus, we recall below 
the main objects introduced in [10], and we refer to [10] for the proofs. 
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Definition 3.33 Consider the class QJl of smooth functions m on [0, oo), vanishing suf- 
ficiently fast at oo, verifying the vanishing moments property: 

POO 

/ r'=i(9^2m(r)rfr = 0, + l^sl < (3.103) 
Jo 

We set, mfc(r) = 2^'^m(2^^r) and define the geometric Littlewood -Paley (LP) projec- 
tions Qk, associated to the LP- representative function m G 971, for arbitrary tensorfields 
F on St to he 

POO 

QkF= / mk{T)U{T)FdT (3.104) 
Given an interval I G 1^ we define 

kei 

In particular we shall use the notation Q<k, Q<k, Q>k, Q>k- 
Observe that are selfadjoint, i.e., Qk = Ql, in tlie sense, 

<QkF,G>=<F,QkG>, 
where, for any given m-tensors F, G 



<F,G>= g'^^^ . . . g'-'-F,,,„,^Gj,„,^dyo\, 



g 

St 



denotes the usual L'^{T,t) scalar product. 

We have the following lemma (see [10] for the proof) 

Lemma 3.34 If a,b E DJl so does a-kh defined by 

a*6(r)=/" dn a{Ti)b{T -n). (3.105) 
Jo 

Also, (a -k b)k = ttk-kbk- In particular if we denote by ^"'^Qk and ^''^Qk the LP projections 
associated to a, b then, 

^''^Qk-^'^ gfc=("^') Qk 



Motivated by this Lemma we define: 

Definition 3.35 Given a positive integer i we define the class VJlg C Tl of LP- represen- 
tatives to consist of functions of the form 

ffi = m'km-k...'km = [m-kY, 

for some m G 97t. 
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We have a Littlewood-Paley decomposition thanks to the following lemma (see [TD] 
for the proof) 

Lemma 3.36 For any i > I there exists an element m G Wli such that the LP-projections 
associated to rh verify: 

Y,Qk = I- (3.106) 

k 

Moreover, the functions rh = {-kmY and m can be chosen to have compact support on the 
open interval (0, oo). 

Finally, the following theorem summarizes the main properties of the Littlewood-Paley 
decompositions Qk- 

Theorem 3.37 The LP-projections Qk associated to an arbitrary m E A4 verify the 
following properties: 

i) LP{Tit)-boundedness For any 1 < p < oo, and any interval I G "Z, 

WQiFhn^,) < (3.107) 

a) LP(T,t)- Almost Orthogonality Consider two families of LP-projections Qk,Qk 
associated to m and respectively m, both in Ai. For any 1 < p < oo; 

\\QkQk'F\\L.ij,,) < 2-2|'=-^'l||F|U.(so (3.108) 

Hi) Bessel inequality 

k 

iv) Reproducing Property Given any integer i > 2 and rh G Tli there exists m E ^Xft 
such that such that rh = m -k m. Thus, 

^"^^Qk =^"^^ Qk-^""^ Qk. 

Whenever there is no danger of confusion we shall simply write Qk = Qk ' Qk- 
v) Finite band property For any 1 < p < oo. 

||AQfcF||ip(Ej) < 2^''||F||lp(2j) 
\\QkF\\LP(^t) ^ 2"^''||AF||iP(2t) 

Moreover given m E Wl we can find m G OJt such that AQk = 2'^^Pk with Pk the LP 
projections associated to rh. 

In addition, the L'^(T,t) estimates 

||Vg,F|U2(s,) < 2^||F|U.(s,) 
WQkFhHj,.) < 2-iVF|U.(s,) 
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hold together with the dual estimate 

IIQfeVF|U2(s,)<2'=||F|U.(s,) 
vi) Bernstein inequality For any 2 < p < +00 

lig.F|u.(s,)<(2^(W)'= + i)||Fiu.(s,), 

\\Q<oF\\LP{T:t) ^ l|-P'l|L2{St) 

together with the dual estimates 



Proof We refer to [10] for the proof of i)-v). Next, we turn to the proof of vi). In the 
case 2 < p < 6, it is an easy consequence of the Gaghardo-Nirenberg inequahty f l3.93p : 

3(---) -- + - 

\\QkF\\LP{j:t) ^ l|V(5fe-^|lL2'(s/) \\QkF\\^2^j.^^ 
< 2^(^^)lF|U.(,„ 

where we used the finite band property and the boundedness on L^iT^t) for Qk- Next, we 
consider the case 6 < p < +00. Using the Gaghardo-Nirenberg inequahty (13 .99 p . we have 

1_3 - + - 

II Qfc-^ II LP (Sf) < ||V QkF\\l2i^^A\\\/QkF\\l2^^. 



1_3 /I , 3 



1 , 3 



< iWAQ.FU^j,,) + ||g,F|U.(s,))^-?2'=(^+^)||F||2. ^ 

< (2^(^i)'^ + l)||F|U.(^,) 



(SO 



where we used the Bochner inequahty f l3.78p . and the finite band property and the bound- 
edness on L^(St) for Q^. This concludes the proof of vi), and of the theorem. ■ 



3.6.4 Besov spaces on 

Using the Littlewood-Paley projections of the previous section, we introduce Besov spaces 
on St. 

Definition 3.38 Let a > 0. We define the Besov norms 



\Fh^ = J2^'''\\QjF\\LH^,) + \\FU^,:,), 

j>Q 



where F is an arbitrary tensor on S^. 



45 



In view of the definition of and the Bernstein inequahty for Qj, we immediately 



obtain the following embedding 



|i^lU-(E.) < \\F\\gs^^^^ (3.109) 



where F is an arbitrary tensor on S^. 

Next, we consider the action of V on . 

Lemma 3.39 Let f a scalar function on S^. Then, we have the following estimate 

l|V/||^^3< 11/11^.5. (3.110) 

Proof We have 

IIQ,V/|U.(EO < ||Q,VQ<o/||l^(eo + $^||Q.VQJ|U2(s,). (3.111) 

Z>0 

Next, we estimate the right-hand side of (13.1111) . We start with the case j < I. Using the 
finite band property for Qj, we have 

||QiVQJ|U2(E,) <2^1|gjlU^(E0- (3.112) 
Next, we consider the case I < j. Using the finite band property for Qj, we have 

IIQiVgj|U2(2,) < 2-2^||Avgj|U2(s,). (3.113) 

Furthermore, we have [A, V]h = RtVh for any scalar h on Sj, where Rf is the curvature 
tensor of the induced metric on Ej. Thus, we obtain 

l|Avgj|U.(Eo < ||VAgj|u.(so + l|[A,v]gjiU2(s,) (3.114) 



< 



|VAgj|u.(2o + l|i?iVg,/llL^(s. 



< ||vAgj|u.(s,) + ||i?i|lL^(Eollvgj|U^(Eo 

< 23^||g,/|U2(Eo + l|vg,/|U^(Eo, 

where we used in the last inequality the finite band property for Pi and the bound (I4.30p 
for Rt. Next, we evaluate the second term in the right-hand side of (I3.112p . Using the 
Gagliardo-Nirenberg inequality (13.991) with p = +00, we have 

l|vgj|u^(E,) < I|v3gj|it(^^)||v2gj|ii^(^^) + wv'Qifh^^^,). 

Together with the Bochner inequality (13.781) on S^, we obtain 

l|vgj|U^(E,) < (||Avgj|U2(Eo + l|Agj|U2(so + ||vgj|U2(so)^ (3.115) 
x(||Ag,/|U2(s,) + ||vg,/|u^(E,))^ + WAQifhH^,) + wvQjh^^^^,) 



< 



I Avgj||i.(^^)2'||g,/||i.(^^) + 2^'||g,/|u.(Eo 
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where we used the finite band property for Qi in the last inequality. ( I3.114p and (I3.115P 
imply 

which yields 

l|AVQJ|U.(so<2^'IIQJIU^(EO- 
Together with fl3.113p . we obtain 

||Q,VQ,/|U.(EO < 2-^^-+^'||Q,/|U2(s,)- (3.116) 
Finally, using fl3.112p for j < I and (13.1161) for j > I, we obtain 

2^||Q,VQ,/lU2(s,) < 2-^(2f ||Q,/|U.(s,)), 

which together with (I3.11ip and the definition of implies (I3.110p . This concludes the 
proof of the lemma. ■ 

We conclude this section with two estimates for the product in the Besov space . 
Lemma 3.40 We have 

llli^nig^ <(l|VF|U.(so + ||F|U^(sor (3.117) 

for any tensor F onT^t- 
Proof We have 

\\QA\F?)\\L-i^.) < E WQ^iQiP ■ QmF)\Wi^^,), (3.118) 

l,m>0 

where we dropped the terms involving (5<o which are easier to handle. Next, we estimate 
the right-hand side of (I3.118p . By symmetry, we may assume m <l. We start with the 
case j < m. Using the dual Bernstein inequality for Qj, we have 

||Q,(Q,F-Q„F)|U2(s,) < 2^||Q,F-Q^F|Ui(so <2^||g,F|U.(2,)||Q„.F|U2(s,). (3.119) 

Next, we consider the case m < j < I. Using the boundedness on L'^iX^t) of Qj and 
the Bernstein inequality for Q^-, we have 

||g,-(QzF-Q^F)|U2(s,) < ||QiF|U2(s,)||Q™F|U^(so <2'?'||g;F|U2(2,)l|Q„F|U2(s,). 

(3.120) 

Finally, we consider the case I < j. Using the finite band property for Qj, Qi and Qm, 
we have 

||Q,(QzF-Q^F)|U2(s,) 

< 2-2iA(g,F-Q^F)|U2(s,) 

< 2-2^||A(Q,F) ■ QmFWm^,) + 2~^^\\V{QiF) ■ V(g„F)|U2(s,) 
+2-2^||g,F-A(g„F)|U.(2o 



47 



Together with the Bernstein inequahty for Q^, the Gaghardo-Nirenberg inequahty (I3.93p . 
and the fact that m < /, we obtain 



\\Qj{QiF-Q^F)U.^^^ 



2 ' 2 ~ ~ 2 ~ ~ 

+2 ■'IIV (5/-F||^2(Sj)||V(5ii^||^2(Sj)l|V Qm-^|li2(s^)||V(5mF||^2(2j)- 

Using the finite band property for Qi and Q^, the Bochner inequahty fl3.78p on and 
the fact that m < I, we obtain 

||Q,<QzF-Q^^F)IU^(EO <2-'^'+''+'^||QzF|U2(s,)||g„F|U2(^,). (3.121) 

In the end, (KTWf . f l3120|l and fl3J2T]l imply 

2^||g,(g,F-g„F)|U2(s,) <2-^-^(2'||g,F|U2(s,))(2'"||g™F||L^(s.)), 

which together with fl3.118p and the definition of i?^ imphes f l3.117p . This concludes the 
proof of the lemma. ■ 

Lemma 3.41 We have 

< (ll/IU^(EO + \\VhhH^^))\\h\\g^ (3.122) 

for any scalars f and h on "Et. 
Proof We have 

\mfh)\\LH^,) < J2\mfQih)\\LHi:.), (3.123) 

/>o 

where we dropped the term involving g<o which is easier to handle. Next, we estimate 
the right-hand side of fl3.123p . We start with the case j < I. Using the boundedness on 
L^(St) of Qj, we have 

Next, we consider the case I < j. Using the finite band property for Qj, we have 

\\QAfQih)\W{^.) < 2-iv(/g,/i)|U2(s,) 

< 2-^||v/iU3(s,)||g,/i||L6(Eo + 2~^||/IU^(Eollvg^/^IU2(so- 

Using the Bernstein inequality and the finite band property for Qi, this yields 

\\Qj{fQih)\\LHj:.) < 2-^'+'(||V/|Ua(so + ||/||l^(so)I|Qz/^IU^(so- (3.125) 
Finally, fl3:T2ip and fl3125|l imply 

2'iig,(/g//^)iiL^(Eo < 2-^(2i||g,/.iu2(s,)), 

which together with fl3.123p and the definition of implies f l3.122p . This concludes the 
proof of the lemma. ■ 
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4 Regularity with respect to (t, x) 



This section is devoted to the proof of Theorem 12.181 We assume the following bootstrap 



assumptions: 

\\n - l|U-(w„) + \\b - l|U-(w„) < — , (4.1) 

l|Vn|Uc»^2, + WV^Il^lI, + WVBtuWl^lI, + M2{h) + \\L{b)\\Li,Lr < De, (4.2) 

■^lik) + WfLehH-Hu) + W^LSWmUu) + l|e||L-L? + < De, (4.3) 

l|trx||L-(«„) + \\ftTx\\Ll,Lr + \\Ltrx\\Ll,L?° < De, (4.4) 

llxllL^,Lr +-^i(x) + iiyL£ilL2(«„) < (4.5) 

\\C\\Li,Lr+^iiC)<De, (4.6) 



where D > is a large enough constant. We will improve on these estimates. To this end, 
we show in section UTJthat the null hypersurfaces Hu are well-behaved for < t < 1, in the 
sense that there are neither caustics nor intersection of distinct null geodesies generating 
T-Lu- In section we construct coordinate systems on Pt^u and St needed for the validity 
of the estimates derived in section |3l In section 14. 3[ we derive an estimate for the Gauss 
curvature K necessary to obtain a useful strong Bernstein inequality, as well as a useful 
Bochner inequality on Pt^u- In sections 14.41 and |4.5[ we improve on the bootstrap bounds 
for n and k in fl4.ip - fl4.3l) . with the exception of the trace estimates for e and 6 in (14.31) . 
In section 14. 6[ we show how to infer estimates in the time foliation from corresponding 
estimates in the geodesic foliation obtained in [13]. This allows us to improve on the 
bound for trx and the trace bounds on £ and ( in the bootstrap bounds (14. 4p and (14. 6p . 
In section W77\ we improve on the bootstrap bound (14. 3 p for the trace estimates of S and e. 
In section 1131 we improve on the bootstrap bounds for b in (14. ip (14. 2p . and we also derive 
an estimate for b in L'^L^,. Finally, we improve on the remaining bootstrap bounds in 
(I43D-(|3S]) in section 14^91 

Remark 4.1 This section concerns the regularity of the foliation generated by u on Ai 
with respect to {t,x). Thus, the dependance in the angle a; G §^ plays no role in this 
section. 

4.1 Lower bound on the injectivity radius on Tiu 

The control we obtain on the geometric quantities associated to our foliation is only valid 
as long as no caustic form and null geodesies do not intersect on "H^. The goal of this 
section is to prove the absence of caustic and that null geodesies do not intersect at least 
until t = 1, i.e. the null radius of injectivity of T-Lu is at least 1. In addition to the bound 
(I2.59P on the curvature tensor R of g, we make the following regularity assumption on g. 
There exists a coordinate chart on Ai such that 

McHM) < M, (4.7) 

where M is a very large constant. 
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Remark 4.2 The assumption fl4.7p is only used to prove the absence of caustic and that 
null geodesies do not intersect at least until t = 1, which is a qualitative property. On 
the other hand, we only rely on the bound fl2.59p on R to prove the various quantitative 
bounds of Theorems \KM\KM and\EM 

For (0 , x) in Sg, recall the definition in Remark 12.21 of the null geodesic K^it). For all 
< t < 1, let $t : So ^ Si defined by $t(0,a;) = K^{t). We have $o(0,a;) = (0,a;) on Sq 
which together with (14.71) and the global inversion theorem shows that $t is a global 
diffeomorphism from Sq to Sj for < t < yoM?' define to > as the supremum of 
< t < 1 such that is bijective from So to S^. Our goal is to show that we have in fact 
to = 1- We will first show the absence of caustic which is a consequence of the fact that 

is locally injective. We will then show that S^ is covered by the w-foliation which is 
equivalent to the surjectivity of Finally, we will show the nonintersection of distinct 
null geodesies which is equivalent to the global injectivity of $f. 

Remark 4.3 As long as < t < to, there are no caustics and no distinct null geodesic 
intersections. Thus, we may assume that the u-foliation exists and satisfies the bounds 
fl4.1l) - fl4.6p given by the bootstrap assumptions. Furthermore, we may assume the identity 
(I2.12P for the null geodesies 



4.1.1 Absence of caustic 

The absence of caustic is equivalent to the absence of conjugate points and is a conse- 
quence of the fact that is locally injective. Since $t preserves the u-foliation, it is 
enough to show that is locally injective as a map from Pq.m to Pt,u- We will actually 
show that $4 as a map from Pq.m to Pt^u is a local diffeomorphism. 

Let (0,x) a point in Po,ti- From (12.121) . we have ft^(t) = h^^L^^^t) for all < t < to- 
Since $t(0,x) = Kxii), we obtain the following differential equation for the Jacobian 
matrix D^t of 

which together with the fact that x is symmetric yields: 

^ (det {D^t{D^tf)) = 26-^trxdet {D^t{D^tf) 
and after integration in time: 

det {D^t{D^tf) = exp (^2 rHrxc/r^ ~ 1 (4.8) 

where we used the bootstrap assumption (14.41) . In particular, the local inversion Theorem 
together with (14.80 and (14.70 yields the fact that $f as a map from Pq ^ to Pt^u is a local 
diffeomorphism. In particular, no caustic form for all < t < to- 



50 



4.1.2 Covering of by the w-foliation 

We will prove that for all < t < to, is covered by the w-foliation, i.e.: 

St = l-iuPt,u 

which is equivalent to the surjectivity of $f as a map from Eq to E^. 

Let A = {t / J^t = UuPt,u}- We start by showing that A is closed in < t < to- 
Consider a sequence of times tp ^ t such that tp belongs to A for all p. Let {t,x) an 
arbitrary point in E^ . There exists a sequence (tp, Xp) in E^^ such that (tp, Xp) converges 
to (t, x). Since (tp,Xp) is in E^^ and tp belongs to A, {tp,Xp) belong to UEt^ and therefore 
there is (0,Xp) in Eq such that {tp,Xp) = n^oitp). Now, the bound (14. 7p together with the 
fact that {tp, bounded sequence implies that {0,Xp) is a bounded sequence in Eq. 

Thus, up to a subsequence, it converges to (0,a;o) in Eq. Finally, using again the bound 
(14. 7p together with the fact that tp converges to t and (0, x^) converges to (0, Xq) implies 
that K,xo{tp) converges to Uxoit)- Thus, {t,x) = Kxoit) which shows that {t,x) belongs to 
UuPt,u- Therefore, t belongs to A which implies that A is closed. 

Let us now prove that A is open in < t < to- Let t G A and consider times t satisfying 
|t — 1| < Yogjg where M is the constant appearing in (14. 7p . Let (t,xo) an arbitrary point 
in Ef. We may assume t > t since the case t < t is treated in the exact same way. Let 
C~ denote the backward null cone with vertex (t, xq) (we would consider the forward null 
cone in the case t < t). Let S~ denote the intersection of the backward null cone C~ 
with Ej. Then, the assumption |t — 1| < j^]^ together with the bound (14. 7p implies that 
S~ is a compact orientable surface in E^. In particular, since any compact set of E^ is 
included in {—B < u < B} for a large enough constant B, the set {u / Pt^u H 5^ 7^ 0} is a 
bounded subset of M. Using the fact that S~ is compact, Pt^u is closed in Ef, and tE A, 
we obtain the existence of uo such that Pt^uo H 5^ 7^ and: 

uo = min{M / Pt^u fl 5" 7^ 0}. 

Let (t, xi) a point in Pt^uo H S^. Then, by definition of uq we have Pt,u H S"^ = for all 
u < Uo which implies that = —Ns- at (t, xi) where N = Vm/|Vm| is the normal to Pt^u 
and Ns- is the outward normal to S~ . In turn, this implies that L coincides with the 
null generator of the backward null cone C~ at (t, Xi). From (12. 2p . let (0,X2) on Eq such 
that b-^L = K'^^it). Since (t) coincides with the null generator of the backward null 
cone at (t, xi), we obtain Hx-zif) = (t^^o)- Therefore, (t, xo) belongs to Pt^m where 
Ml = u{0, X2). This implies that Ef = UuPt,u for all |t — t| < yoUU ^'^ ^^at A is open. 

Finally, A is closed and open in < t < to. Furthermore, Eo = U„Po,m from the 
construction of u on Eo in [21]. Therefore, A = {0 < t < to}, i.e. E^ = UuPt,u for all 
< t < to. 

4.1.3 Nonintersection of distinct null geodesies 

We would like to show that to > 1. Assume by contradiction that < to < 1. 
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Let us first show that there exist two distinct null geodesies intersecting at t = to- 
Assume by contradiction that there exists 6 > such that no distinct null geodesies 
intersect on < t < to + 1^- Then, u exists on < t < to + 6 unless a caustic forms at a 
time < ti < to + 6. Assume that ti is the first such time. Then, u exists on < t < ti 
and b and trx satisfy the bootstrap assumptions fl4.1l) (14.41) on < t < ti so that fl4.8p 
holds on < t < ti. Now, since is from the assumption (14.71) . this implies that: 

det {D^t{D^tf) ~ 1, < t < ti + 5i 

for some 6i > 0. In turn, this yields the absence of caustic for < t < ti + 5i contradicting 
the definition of ti. In particular, we obtain the absence of caustic for < t < to + S, 
the existence of u on the same time interval, and in turn = UuPt,u from section 14.1.21 
Finally, on < t < to + 5, no distinct null geodesic intersect and = UuPt,u so that $t 
which is both injective and surjective. This contradicts the definition of to. We conclude 
that there exist two distinct null geodesies that intersect at to. 

From the previous paragraph, u exists on the time interval < t < to where it satisfies 
Si = UuPt,u and the bootstrap assumptions (I4.ip - (I4.6I) . Furthermore, two distinct null 
geodesies intersect at to- Let (0,a;i) ^ (0,a;2) two points in So such that fi;^^(to) = 
f^x2(to) = (to,xo). In view of (14. 7p . there exists a coordinate chart U (Z M. which is a 
neighborhood of (tc^o) such that relative to this coordinate system, we have: 

||ga;3||c;2(f/)<M, Va,/3 = 0,...,3. (4.9) 

Now, from the Ricci equations (I2.23P we have: 

\\^lL\\l^l^{h^) + ||Dl-^^||ls°l6(w„) + \\fL\\L^L^{'Hu) (4-10) 

which together with the Sobolev embedding (13.551) and the bootstrap assumptions (14. ip - 
M yields: 

I|D^IIl„->l6(«„) < 1. (4.11) 
From the bootstrap assumption (14. 2 p and the Sobolev embedding (I3.55p . we have: 

We now estimate L{h)- Using the transport equation satisfied by h (I2.27p . the computation 
of L{5) (I2.43P and the commutation formula (12.460 . we obtain the following transport 
equation: 

L{L{h) - b{6 + n-^Nn)) = -2b{kAN - U)n-^^An + 2b\n-^N{n)\^ (4.13) 

-2bk^^k'J^ + 2{iB - i^)fBb - ^bp. 

(I4.13P together with the Gagliado-Nirenberg inequality (13. 3p and the bootstrap assump- 
tion (lllJ-dlS]) yields: 

\\L{b) -biS + n''VNn)\\LiL^ 
< \\-2bikAN - U)n~'VAn + 26|n-iAr(n)|2||^6^^i 

+ \\-2bkNmk'^ + 2{^B - ij^Web - '^bp\y^L. (4.14) 



< 



1 + IIP| 



2 r6 



52 



which again using the bootstrap assumptions imphes: 

\\Ub)\\L^LHHu) < 1 + IIpIIl-l6(«„). (4.15) 
(I4.15P together with the bound fl4.7l) imphes: 

Wmh-L^n.) < M. (4.16) 
FinaUy, i KWf . fimjl and flCTj) yield: 

\\B{b-'L)h^LHn.)<M. (4.17) 

In particular, the same bound holds in L^{Ai fl {0 < t < to}) which together with (14. 9 p 
implies in the coordinate chart U: 

\\dib-'L)\\Le^un{o<t<t,})<M. 

Together with the usual Sobolev embedding in dimension 4, this yields, in the coordinate 
chart U: 

\\b-^L\\ 1 , < M. (4.18) 

Now, using the fact that Hxiito) = i^x2{'to)j the fact that Kx{t) is continuous in t from 
(14. 7p . we have 

lim dist{Kxi{t) , Kx2{t)) = 

where dist denotes the geodesic distance in S^. Together with (14.181) . this implies that 
the distance between b~^Lf^^_^(^t) and b~^Li^^^(^t^ as vectors of in the coordinate chart U 
converges to as t — )■ to-- As b~'^L^^,(t) = f^'x^it) for < t < to and j = 1, 2 by fl2.12l) . 
and since fi:^(t) is continuous in t from (14.71) . we conclude that K^^(to) = i^'x2i'to)- From 
the classical uniqueness result for ODEs, we deduce that Hxi{t) = Hx-^it) for all t. In 
particular, taking t = 0, we obtain (0,xi) = (0,^2) which yields a contradiction. 

Finally, we have proved that to > 1. In particular, we have: 

On < t < 1, there are no caustics and no intersection of distinct null geodesies. 
In particular, u exists on < t < 1 and the bootstrap assumption (14. II) - (14. 6 p hold. 
Furthermore, Sf = UuPt,u ioT all < t < 1. 

(4.19) 

4.2 Coordinate systems on and ^ 
4.2.1 A global coordinate system on „ 

Lemma 4.4 There exists a global coordinate system x' on Pt^u satisfying: 

(1 - 0{e)m^ < 7AB(p)eV < (1 + 0{e)m\ umformly for all p e Pt,u, (4.20) 
and the Christoffel symbols F^^ of the coordinate system verify: 

J2 [ \Tic\'dxV<e. (4.21) 

A,B,C Pt,^ 



53 



Remark 4.5 Lemma \4-4\ provides the existence of a global coordinate system on Pf ^ 



satisfying assumptions (13. ip and (13 .30 p . Thus, we may use the results of sections \3. 1\ and 
\3.2\ in the rest of the paper. 

Proof : In step Bl, we have constructed a global coordinate system x' = (x^, x^) on 
Po,M (see By transporting this coordinate system along the null geodesies generated 

by L, we obtain a coordinate system x' of Pt^u, and a coordinate system (t, x') of Let 
7t denote the restriction of g to Pt^u- We claim that relative to the coordinates (t, x') on 

the metric 7t verifies: 

j^AB = 2nxAB. (4.22) 

Indeed relative to the coordinates on "H we have nL = ^ and since ■^^] = 
we infer from V„l7 = 0, and 7ab = gfa), 

d d . d d d . , d „ d , 

= (VnL7)(TT-T,l^-w) = 3T7AB-^7(Va— ^) 



dx^ ' dx^ dt 9t ' dx^ dx^ ' et Qx^ 

d 

= - 2nxAB 

as desired. 

Now, using the bootstrap assumptions (14. ip and (14. 4p (14. 5p . we have |^ — 1| < | and 
< De. Together with (I4.22p and the fact that (I4.20p is satisfied on Pq.m, this 
yields (ICTj) . 

Differentiating (I4.22p and using the fact that derivatives commute with ^, we 
obtain: 

^^dclAB = '2Vcin)xAB + 2ndcXAB 

= 2Vc{n)xAB + 2nVcXAB + (d-f) ■ x 

with (d'-f) ■ X denoting sum of terms involving only products between derivatives of the 
metric coefficients and components of x- Therefore, using the bootstrap assumptions (14. ip 
and flOl) fH3]) . we obtain: 

11^71^,-^-^/ ~ \\f^\\LHHu)\\x\\LHnu) + M\L^{Hu)\\fx\\LHHu) + WxWi^LjWdlWmHu) 

< € + £\\d-f\\L^L2, 



which yields (14.210 . This concludes the proof of lemma 14. 4[ 



Remark 4.6 Denoting = det(7AB)j we obtain from (I4.22p ." 

_log|7|=7 — 7^5 = 2ntrx 
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or, 

j^^\ = trx^\- (4.23) 



Now, relative to the coordinates t,x^,x'^, fp^ fdfit,u = f f fy[l\dx^dx^, therefore, 

^ J fdlJ.t,u = J J dx^dx^ = J (^/ + ntrxf)dnt,u 

which proves fl3.54p . 

Remark 4.7 Since the global coordinate system x' on Pt^u is obtained by transporting the 
coordinate system on Po,u along the null geodesies generated by L, it requires in particular 
that null geodesies generating T-L have no conjugate points, and that two distinct null 
geodesies do not intersect. This fact has been proved in section \4^ (see fl4.19|) ). 



4.2.2 A global coordinate system on 

Recall that we have constructed a global coordinate system on „ in section I4.2.1[ Let 
us denote x' such a coordinate system. We obtain a global coordinate system on as 
follows. First, recall from (14.191) that Ej = UPt_„ so that u is defined on Sf. To any p E T,t, 
we associate the coordinates {u{p),x'{p)) where u{p) is the value of the optical function 
u at p, and x'{p) are the coordinate of p in the coordinate system of Pt^u constructed in 
section 14.2. 1[ In this coordinate system, the metric gt on (i.e. the restriction of g on 
Ht) takes the following form: 

* -(V I), (4.24) 



7 

where 7 is the induced metric on Pt^u- Together with the estimate (14. ip for b and (I4.20p 
for 7, we obtain 

and thus, for £ > small enough, we deduce 

l\^\'<i9tUp)ee <l\^\'. (4.25) 

This coordinate system allows us in particular to get a lower bound on the volume radius 
of the Riemannian manifold S^. We recall below the definition of the volume radius on a 
general Riemannian manifold M. 

Definition 4.8 Let Br{p) denote the geodesic ball of center p and radius r. The volume 
radius r^oiip, f') (it a point p E M and scales < r is defined by 



rvoi{p,r) = inf 



\BAp)\ 



r'<r r"^ 



with \Br\ the volume of Br relative to the metric on M. The volume radius ryoi{M,r) of 
M on scales < r is the infimum of r^oi{Pi ^) over all points p G M . 



55 



Denote by B^{p) the euchdean ball of center p and radius r in the coordinate system 
f l4.25p of S(. Then, clearly B%r{p) C Br{p). Thus, we obtain a lower bound for any p G Sj: 



\Brip)\ > BUp) 



B%r iP) 



\gt\dudx' > - B%r{p) 

D 6 



> , - , 



which yields the following lower bound on the volume radius of at scales < 1: 



r„o,(Sj, 1) > 



(4.26) 



4.2.3 Harmonic coordinates on 

We will need a second coordinate system on since the coordinate system in fl4.25p 
is not regular enough for some of the applications we have in mind. Indeed, we only 
control some Christoffel symbols in this coordinate system (see for example (14.211) ). but 
no second order derivative of the metric coefficients. The second coordinate system we 
have in mind are the harmonic coordinates. To obtain an appropriate covering of by 
harmonic coordinates, we rely on the following general result based on Cheeger-Gromov 
convergence of Riemannian manifolds, see [Ij or Theorem 5.4 in |18j . 

Theorem 4.9 Given c\ > 0, C2 > 0, C3 > 0, there exists tq > such that any 3- 
dimensional, complete, Riemannian manifold {M,g) with \\R\\l2^m) < ci and volume 
radius at scales < 1 bounded from below by 02, i.e. r^oi{M, 1) > 02, verifies the following 
property: 

Every geodesic ball B^ip) with p E M and r < tq admits a system of harmonic 
coordinates x = {xi,X2,X3) relative to which we have 

(1 + C3)-'6^j < g^j < (1 + C3)5ij, (4.27) 

and 

r[ \d^gij\^V\i\dx<cs. (4.28) 

To apply Theorem 14.91 we need to bound the curvature tensor Rt on in L'^L'^iT^t). 
Since has dimension 3, it is enough to bound its Ricci tensor. Now, we have the 
following formula relating the Ricci tensor on to the curvature tensor R on and k: 

{Rt)ij = kiik^j + RiTjT 

which yields: 

||^tlU-L2(E,) < ||R|U-L2(so +Mi{kf. (4.29) 
The curvature bound (12.591) . the bootstrap assumption (14. 3 p and (I4.29P imply: 

PjLri2(2,) <£. (4.30) 
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Let 6 > 0. fl4.30p together with the volume lower bound (14.261) and Theorem fl4.9p yields 
the existence of ro{6) > and a finite covering of by geodesic balls of radius ro(5) 
such that each geodesic ball in the covering admits a system of harmonic coordinates 
X = {xi,X2, X3) relative to which we have 

il + S)-'6,,<g,, < (1 + 5)%, (4.31) 

and 

ro{S) f \d''gi,\^^\dx<6. (4.32) 

JBroip) 

Remark 4.10 is asymptotically flat and therefore admits a harmonic coordinates sys- 
tem in a neighborhood of infinity. Therefore, the problem of covering with harmonic 
coordinates charts is reduced to a compact region which explains why we may chose finitely 
many harmonic coordinates charts covering and satisfying (I4.3ip (I4.32p . 



4.3 Bound on the Gauss curvature K 

The following proposition will be crucial to obtain useful strong Bernstein and Bochner 
inequalities. 

Proposition 4.11 Let K the gauss curvature on Pt^u- Then, K satisfies the following 
bounds: 

\\K\\L^iH.)<e (4.33) 

and 

U-"^K\\L^Ll,<e. (4.34) 

The proof of Proposition 14.111 is postponed to section lA.ll The following consequence 
of Proposition 14.111 will be useful in the sequel. Proposition 14.111 and ( I3.35p with the 
choice a = 1/2 imply: 

11^1 IIl-(o,i) = l|A"5i^|L-L2, < (4.35) 

where has been defined in (I3.3ip . Together with (I3.32p and fl3.33p with the choice 
7 = 1/2, we obtain for any scalar function / on „ and any j > the following sharp 
Bernstein inequality: 

WP^fh-iP...) < 2^II/IIl^(p.,.), (4.36) 
ll^<o/IU^(p,.) < ||/IU^(P.„). (4.37) 
Also, f l4.35p and fl3.34p with the choice 7 = 1/2 imply the following Bochner inequality: 

/ \tf\'<[ m\' + e[ \ff\'. (4.38) 

JPt,u JPt,u JPt,u 

Finally, using the Gagliardo-Nirenberg inequality (13. 3p and (I4.38p . we obtain for any 
2 < p < +00, any j > 0, and any scalar function /: 

liy^./IU.(P,„) < liy'^./lll4,oll)^^:/-/lli(P,„) (4-39) 

< (||AP,/|U^(P,,„) + ||yp,/|U.(p,,„))^-i2¥||/||f,(^^^^) 

< 2^(^-i)^||/||,.(p^^^). 
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Taking the dual of ( I4.39p . we obtain for any 1 < p < 2, any j > 0, and any ^-tangent 
1-form F: 

||P,d^(F)|U.(P,„) <2l^||/|U.(P,„). (4.40) 

Remark 4.12 (14.361) and (14.371) only hold for scalar functions f on Pt,u- For tensors F 
on Pt^u, and for arbitrary 2 < p < +oo, we have the following sharp Bernstein inequality 
(see IT^ for the proof): 



J i „ i ^ 



\PjF\\L^iP...) < 2^(l + 2-^||/r||2.(p^,^) + 2-— ||ir||2^;p,.))ll^iU^{P..), (4-41) 
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ll^<oi^llL^{P.„) < (l+||i^||I.(p,^„) + ||i^|II^(X„))II^IU^(P..)- (4-42) 
4.4 Estimates for the lapse n 

The goal of this section is to improve the estimate for n in the bootstrap assumptions 

dm) (112D. 

4.4.1 Estimates for k on 

We recall the definition of E and H used in the standard electric-magnetic decomposition 
of the tensor R (see [1] chapter 7). We have: 

Eal3 = ^fiaulsT'^T'^ , Haji = *^^avl3T^T^ . (4.43) 

Then, k satisfies the following symmetric Hodge system on Sf: 

V^kij = 0, (4.44) 
Tik = 0, 

where cuilkij = |(g''" Vikmj+ V^/Cmi)- The solution k of the symmetric Hodge 
system (14.441) in 3 dimensions satisfies the following estimate (see 0] chapter 4): 

^ (^\Vk\' + 3{Rt),ik''k\ - ^Rt\k\^^ d^t = ^ \H\^d^t. (4.45) 

The bound ^M) on R, the bound fICT]) on Rt, the definition of H (ICTD and (ICTj) 
yield: 

l|Vfc||i.(s,)<e||fc||ie(s^)+.2 (4.46) 
which together with the Sobolev embedding (I3.68P implies: 

||VA;|U-L2(s,) < e. (4.47) 

Remark 4.13 To obtain (14.461) from (I4.45p . we rely on L^(St) bounds for Rt and R. 
This is enough on compacts, but not at infinity. Fortunately, is asymptotically flat so 
that Rt and R decay at least like at infinity which is fast enough to obtain (14. 46 p . 
Furthermore, the fact that is asymptotically flat also implies that k decays at least like 
at infinity which together with the Sobolev embedding (I3.68P and the estimate (I4.47P 
yields: 

||A;|U-L2(E0 (4.48) 
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4.4.2 Improvement of the bootstrap assumptions on n 

We first improve the bound for n — 1. Using the Sobolev embedding fl3.68p . f l3.69p 
and the consequence of the Bochner identity fl3.78p . we have: 

11"- — 1||l°°(a^) ^ II V?T.||ioo^6(s^) + ||n — l||ioo^6(St) 
^ ||V^n||2,^ooi2(2j) + ||V?2||l^l2(£^) 
< ||An||ioo^2(s,) + ||Vn||iCK>i2(s,). 

Together with the equation of the lapse (12.51) on Sj, the bootstrap assumption (14.1 p , the 
Sobolev embedding fl3.68l) . and the estimates fl4.47l) (14.481) . we obtain: 

\\n-l\\L--(M) ^ lhl^PllL-L2(so + l|Vn|Uri'(St) (4-49) 

^ II'^IU°°(A4)||^|Il^°oL4(2j) + ||Vn||Loo^2(St) 

< + ||Vn||ioo^2(2^) 

Multiplying the equation for the lapse fl2.5p by n — 1 on S^, integrating by parts yields: 

l|Vri||i2(2^) = / |fcpn(n - < ||A;||i2(s,)||^||L-(soll^ - l|U-(so 

< DV||n - 1||l^(so 

where we used the bootstrap assumption fl4.ll) and fl4.3l) . Together with (14.491) . this yields: 

\\n - 1||l-(^) + ||Vn||Lj>oj:2(s,) < e. (4.50) 

Furthermore, the equation for the lapse (12. 5p . the Bochner identity (13.781) . together with 
the estimates flOTD fOSD and fOO]) yields: 

||V^n||iooi2(s,) < ||An||ioo^2(s,) + ||Vn||ioo^2(s^) (4.51) 

< ||^|/i;riU-L2(so +^ 

^ ll'"'IU°°(A^)ll^llL^L4(St) + ^ 

< e. 

Using fIXTTD . fH^U]) and fH3T]) . we also obtain: 

l|Vn||ic»^2, <£. (4.52) 

We differentiate the equation of the lapse (12.51) with respect to V. We obtain: 

A(Vn) = V{n\k\^) + [A, V]n = \k\'^Vn + 2nkVk + RtVn, (4.53) 

which together with the bound (14.301) on Rt, the Sobolev embedding (13.681) . and the 
estimates flOTI) . flCTjl . fl430D and flCTjl . yields: 

ll^(V-)IL.,i(,,) (4.54) 

^ ll^llLt°°L3{St)II^^IUri'"(St) + ll^l|L°°(>!)ll^l|Lr''^'^(SOll^^lU?°''^''(St) 

+ l|-RjLf L2(2i)|| Vn||ioo^6(2() 
< r 



59 



(lXg7|) . (H3T]) and (USD imply: 

l|V^n||^^^^3^^^^ < ||A(Vn)||^^^^3^^^^ + WVMWm^.) < e. (4.55) 

We now differentiate the equation of the lapse (12.51) with respect to Dy. Using the 
commutation formula (13.901) . we obtain: 

A(T(n)) = r(An) + [A,Dr]n (4.56) 
= \k\^T{n) + nkT>Tk - 2kV^n + 2n~^VnVT{n) + n'^AnT{n) 
-VkVn - 2n~^kVnVn. 

We need an estimate for Dy/c. We have the following identity (see jl] chapter 11): 

Drkij = —n'V^nij + 2n~^'W iuV jU + {Rt)ij 

which together with the bound (14.301) . fl4.50p and (14.511) yields: 

IIDt^IIl-l^cso < ||nV^"-||L-L2(s,) + II Vn||ic»^4(s,) + WRtWifL^^^) < e. (4.57) 

We multiply (14.561) by T{n) and integrate by parts, which yields: 

l|V(T(n))||i^.„^.(^^) (4.58) 

< I ll^l|i^L3(2,)||T(n)||ioc^6(s,) + ||^||L-||/i;||L-L3(s,)||DrA;||L-L2(E0 



+ ||fc||L-L3(s,)||V n||ioo^2(s^) + ||n Vn||ioci3(s,)||VT(n)|Uoo^2(s^) 
+ ||n-^An||^^^3^^^^||T(r2)||ioo^6(E,) + || Vfc|U^oo^2(s,) || Vn||iooi3(so 



+ \\n ^A;||ioci2(s,)||Vn||iooi6(soJ II^(^)I|l-l6(so 

£ + e||r(n)||ioo^6(S0 +£||VT(n)||icoi2(s,) )||r(n)||ioo^6(s, 



< 

where we used flOTD . flOSD . fOni) . fl43T|l and fOTD in the last inequality. fH38D and 
the Sobolev embedding (13.681) imply: 

||V(T(n))|U^z.^(s,) <e. (4.59) 
We now estimate fH3B]) in Lf'Li(St): 

(4-60) 

^ ll^lli-L4(soll^(^)IUri«(sO + II^^IIl-lo(soI|DtA;||l-l2(eo 

+ ||/s|U?°l6(eoI|V^'^||l-l2(eo + ||^^Vn||iooi6(s,)||VT(n)|Uoo^2(s,) 
+ ||n-^An||Lc«i2(s,)||T(n)|U^-L6(s,) + || V/i;||L^cK>^6(E,) || Vn||i^^L2(s,) 
+ ||n-^A;||iooi3(s,)||Vn||2^^^6(20 

< e 
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where we used ( K^Hf . (ICTj) . (OU]) . ( H371) and (ICTj) in the last inequahty. ([S3ZD, 

gSSD and fra)]) imply: 

- + < e. (4.61) 

Finally, f l3T2|l . fl43T]l . f l435|l . flCTjl and fITO]) imply: 

WVMLr^Ll, + ||Vr(n)|U^^^2, < £. (4.62) 

Note that (14.501) . (14.521) and (14.621) improve the estimates for n in the bootstrap assump- 
tions dH]) M . 

4.4.3 An L°°{M) estimate for Vra 

In view of the embedding (13.1091) . we have 

||Vn||L^(so < ||Vn||g3. 

Together with the estimate (13.1101) . this yields 

l|Vn|U^(EO<ll^-l||gi- (4.63) 

Now, in view of the definition of the Besov spaces and the finite band property for Qj, 
we have 

\\n — 1 II -5 < II An|| -1 . 
II 11^3 ~ II iig^ 

Injecting the equation for the lapse (12.51) in the right-hand side, we obtain 



1^ — 1 II -5 < ||n|A; 



2|| 



'B2 ~ B2 

Using the product estimates (13.1 17p and (I3.122p . we deduce 

\\n-l\\0 < (||n||L^(^) + ||Vn||ioo^3(E,))|||A;ni^i 

< {\\n\\L^{M) + ||Vn||i^i3(E,))(||VA;||L2(Si) + \\k\\L^j:t)? ■ 

Together with the estimates (14.471) and (I4.48P for k, the estimates (14.501) and (I4.5ip for n, 
and the Sobolev embedding (13.680 . we deduce 



In view of (14.630 . we finally obtain 



4.5 Estimates for k on 



|n — lIUs < e. 

I Ilg2 ~ 



|Vn||L^(s,) < 



The goal of this section is to improve the estimate for A/i(A;), ||yie||L2(^„) and 11^^511^21-^^) 
given by the bootstrap assumption (14.31) . The improvement of ||e||L°^L2 and ||5||lo^l2 is 
postponed to section 14.71 Note that the bootstrap assumption (14. 3 p yields: 

Afii6) + Afiie) + Afiir]) < De. (4.64) 
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4.5.1 A Hodge type system on l-i^ 

The first step is to derive a Hodge type system analog to fl4.44p on 1-1. We first recall the 
formula p. 106/107 in [3] relating the derivatives of k to the derivatives of r/, e, 5: 

VNkNN = VNS + 2b'^fb-e 

3 1 3 

^skNA = fs^A + -6tT9-fAB - -trOfjAB - VAcdcB + -56ab 

^ckAB = fcVAB + Oac(^b + Obc(^a 
Va^atat = Vyi5 — 29ab^b 

^NkAN = fjveA-^Sb-'fAb + b~'fBbVAB 

VNkAB = fj^VAB-b-y^beB-b-y^beA 

where 6 is the second fundamental form of Pt^u in ^t- Since L = T + N, 6 is connected 
to the second fundamental form k of and the null second fundamental form x of Pt,u 
through the formula: 

Oab = Xab + Vab- (4.65) 
Together with the Hodge system fl4.44p . we obtain: 

d]^A + fNeA = -eABeB-tT0eA + l6b~y^b-b-'VBbr]AB 



d^e + V7v5 = -^6tre + fie-2b-y^beA 

^cVAB — ^bVAC = ^ATBC — QaC^B + Qab^C 

fNVAB - fB^A = RaTBN + b'^^jB + b'^f j^beA + IStlO^AB 

-\iiOrjAB - VAcdcB + \50ab 

fN^A-VAS = RNTAN + lSb-y^b-b-yj,br]AB-2eABeB 



(4.66) 



In order to obtain a Hodge system on "H, we need to replace the derivatives in the A^- 
direction with derivatives in the L-direction in f l4.66p . We use the following formula for 
j:)TS,fj,e,fj,ri (see g] p. 337): 

BtS = -n-'Vln + p + 6^ - (( + (e - (e 

(4.67) 



f^e = -n'yVNn + ^i^ + l3) + b-^fbn-^VNn-^{C-n'yn)5 



+ {C - n-^fn + e)fi + \5e 
f^rj = -n~^y'^n + \{a + a) ~ 5r] + ee - {C, - n~^fn)e 

Now, flTOjl and f lOTjl yield: 

d\^r]A + fL^A = l{§_ + (3) -n-y^VNU + b-y^bn-^VNU 

-|(G - n-y^n)6 - Oab^b - tiOeA + l^b'^^ a^ " b'^VBhrjAB 
di^e + 'DlS = P- n'^W%n + 5^ _ + - - |5tr^ + rje- 2b-y^beA 

fcVAB - fBVAC = - ^BC *(3a+ &BC * " OaC^B + OaB^C 

fiVAB - fB^A = \aAB - n~'^y\j^n - \6r]AB + SeACe - (Ca - n~'^f^n)eB 

-(Cb - n-^f^n)eA + b'^^beB + b-^^btA + f 5tr^7AB 

-ItiOriAB - VAcdcB + ^S9ab 
Jl^a-Va^ = PA-n'yA^Nn + b-y^bn-^VNn-l{U-n-y^n-b-y^b)S 

-b'^f^br]AB - 26ABtB 

(4.68) 
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Using the curvature bound ( I2.59p . the bootstrap assumptions (I4.ip -( H?B]1 . the bound ( I4.64p 
on ?7, e, 6 together with f l4.68p . we obtain: 

\\d]^r]A + f^eAWL^LHH.^) + lld^e + Dl5||l-l2{w„) < e + D^e^ < e (4.69) 

and 

Wfc^AB - yBVAcWh^L-^iHu) + \\f L^AB - ^g^A |U-L2(W„) + II^LeA - V A^\\l^ L^^iUu) 

< e + D\^<e. (4.70) 

4.5.2 Estimates for r], e, 5 

We start with the following identity: 

/ WcVAB - I/bVac? + ^lVab - I/b^a? + 2\f^eA - Va5\^ (4.71) 

= 2/ |yr^|2 + |y^,^|2 + |ye|2 + |djA.6p + 2|y^e| + |y5p + |Di5|2 
Jn 

-2 / ycVABl/BVAC - 4 / fLVABl/B^A " 4 / ^^6^ V^(5 

JH Jh Jh 

-2 [ |d^ep-2 / iy^ep-2 / 
Jh Jh Jh 

We compute the last terms in the right hand side of fl4.7ip using integration by parts and 
the coarea formula (13.531) on "H: 

-2 / fcVABfB^Ac - 4 / SlVabI/b^a - 4 / ^l^aVaS 
Jh Jh Jh 

-2 / |d^ep-2 / iy^ep-2 / \Dl5? 
Jh Jh Jh 

= 2/ r/^^(y^d^A+[yc''5^B]^Ac)+4 / VABil/BfL^A+WL^yBW) 

Jh Jh 

-4 / {-n-^L{n) - 5 + iix)v ab^ b^ a - 4 / vabJb^^a 
Jh Jpt,u 

+4 / 6{f,d\^e+[f^,f,]eA)~2 I jd^A^ep - 2 / W ,e\' - 2 ! \D,6\' 
Jh Jh Jh Jh 

= -2 [ IdjA/T/ + y^ep - 2 / \di^e + -DLS\' + 2 [ vab'Rab^^'vcd 
Jh Jh Jh 

+4 / VAsixfv - n-^nf^ri + (xe + *(3)ri) + 4 / 5{xfe - n-ynf^e + (xe + */3)e) 
Jh Jh 

-4 / {-n-^L{n) -S + iix)riABfB^A - 4 / i^abVb^a 
Jh Jpt,u 

-4 / {-n'^L{n) -5 + trx)5di/^e + A / Myl^e 

JPt,u 
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Together with the curvature bound ( I2.59P and the bootstrap assumptions (I4.ip -( H^ . we 
obtain: 



JH Jh Jh 

-2 [ |d^ep-2 / iy^ep-2 / \Bl6\' 
Jn Jh Jh 



-2 /" |d^r7 + y^ep-2 /" |djAre + Di5|2-4 /" T^AsfB^A + ^f M^e + 0(DV) 
Jh Jh Jpt,u Jpt,u 



'H JH JPt,. 

The bounds flCTjl gTOD together with fHTTj) and fHT2|) yield: 



/ \fr^\' + \fe\' + \f^e\' + \f6\' + \Bl6\' < 


/ VaeVb^a 


+ 


f 5d^e 


+ e^. (4.72) 


Jh 


JPt,u 




JPt,u 





We now state a lemma which will allow us to control the integrals over Pt^u in (14.721) . 
Lemma 4.14 Let F and G tensors on St such that F ■ yC is a scalar. Then, we have: 



F-fG 



Pt.u 



^ \\F\\mij:t)\\G\\mij:t)- 



(4.73) 



The proof of Lemma 14.141 is postponed to section IA.2[ We now use Lemma 14.141 to 
obtain estimates for rj, e, 6. The bounds (14.471) (14.481) for k on together with (I4.73P 
yield the following estimate: 



/ VApfB^A 


+ 


[ (5d^e 


< 


JPt,u 




JPt,u 





|2 < p2 



Together with (14.720 . this implies: 

/ \fv\' + \fe\' + |y^e|2 + \f6\' + \Bl6\' < e\ 
Jh 

Using also (I3.6ip . we finally obtain: 

M(r7)+M(e)+M(5) <£. 
Now, in view of (I4.67p . we have: 

\\^t5\\l^L-^{Hu) + Wfr^WL'S'L^lHu) ^ ^ + D'^^^ ~ ^ 



(4.74) 



(4.75) 



(4.76) 



where we have used the curvature bound (12.591) and the bootstrap assumptions (14. ip - (14. 61) . 
K7^ and fHTa yield: 



\^l5\\l^l\Hu) + Wl^Wl^l^Hu) ^ ^• 



(4.77) 



(I4.75P and (I4.77P improve the estimate for A/i(fc), \\y j^e\\L^L2(^^) and ||DL(5||icx)i2c^^) given 
by the bootstrap assumption (14.30 . 
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4.6 Time foliation versus geodesic foliation 

While we work with a time fohation, we recall that the estimates corresponding to the 
bootstrap assumptions on x and C, have already been proved in the context of a geodesic 
foliation in the sequence of papers [13] [ID] [H]- One may reprove these estimates by 
adapting the proofs to the context of a time foliation. However, this would be rather 
lengthy and we suggest here a more elegant solution which consists in translating certain 
estimates from the geodesic foliation to the time foliation, and in obtaining directly the 
rest of the estimates. More precisely, we wish to obtain the L°° bound from trx, and 
the trace bounds for £ and C by exploiting the corresponding estimates in the geodesic 
foliation. We will also obtain the trace bounds for 6 and e by reducing to estimates in 
the geodesic foliation in section 14.71 Finally, these trace bounds and the null structure 
equations will allow us to get all the remaining estimates in sections 14.81 and [4.91 We start 
by recalling some of the results obtained in the context of the geodesic foliation in the 
sequence of papers [H] [lO] [H] • 



4.6.1 The case of the geodesic foliation 

Remember that u is a solution to the eikonal equation g^'^daudjju = on A^. The level 
hypersufaces u(t, x,co) = u of the optical function u are denoted by Tiu- L' = —^^^dpuda 
is the geodesic null generator of l-iu- In particular, we have: 

Di.L' = 0, g(L',L') =0. 

Let s denote its affine parameter, i.e. L\s) = 1. We denote by P!.^ the level surfaces of 
s in Hu- 

Definition 4.15 A null frame 6^,62,63,64 at a point p & P!.^ consists, in addition to 
64 = L' , of arbitrary orthonormal vectors e[,e2 tangent to P'^^ and the unique vectorfield 
63 = L' satisfying the relations: 

g(6^, 61) = -2, g(6^, 6^5) = 0, g(6'3, e[) = 0, g(6'3, 6^) = 0. 

Definition 4.16 {Ricci coefficients in the geodesic foliation) Let 6'^, 63, 63, 64 be 
a null frame on P^ ^ as above. The following tensors on Pi. ^ 



(4.78) 



are called the Ricci coefficients associated to the geodesic foliation. 
We decompose x' o-nd x' into their trace and traceless components. 

trx' = g^\'AB, H = S^^'Kab^ (4-79) 

x'ab = x'ab - ^trx'SAB, X^^ = X^^ - ^trx^gAB- (4.80) 
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Definition 4.17 The null components of the curvature tensor H of the space-time metric 
g in the geodesic foliation are given by: 

al, = R(L', el, L', e'J , /^^ = iR(el, L', L', L'), (4.81) 
p' = 1r(L',L',L',L'), a' = ^^R(L',L',L',L') (4.82) 
P[ = iR(el,L',L',L'), a:,, = R(L',el,L',e'J (4.83) 
where *R denotes the Hodge dual of R. 

The following Ricci equations can be easily derived (see fH]): 
De^^e; = Xab^'b - CA(^'i^ ^e'/z = X^^b^'b + Os, 

Dei el = 0' ^<e'3 = -2C>A, (4-84) 

1 1 

^c'/a = fe'^A - Ol, ^e'^e'j^ = fe'^A + ^^AB 4 + ^X^j^ 

where, y^/^, ^^/^ denote the projection on P^^^ of De^^ and Dg^, and denotes the induced 
covariant derivative on P,'^. 

We now recall the main estimates obtained in the sequence of papers [H] [10] [TT] . 
We have: 

l|trx'|U-(w„) + \\x'\\lI,l^ + WChlLr ^ ^ (4-85) 

and 

\\^\\,,^,^+^^l(x')+^fiiC)<e, (4.86) 

where the norm Afl is given by 

Remark 4.18 Note that the norm L°°{'Hu) does not depend on the particular foliation. 
Now, this is also the case for the trace norm Ll,Lf . Indeed, recall the definition of the 
null geodesic Remark \2.2[ Then, we have: 



W^L2= sup ! \F{K^{t))\^dt= sup ! \F{K^{s))\'^n-^h-'^ds ^ \\F\\l^^2 
^' ' (o,x)eEo Jo (o,x)eSo Jo " 



where we used the fact that ^ = n ^ and the fact that nb ^ 1 by the bootstrap assump- 
tion dUD. 

In the next section, we will obtain the estimates corresponding to fl4.85p in the time 
foliation. For now, we conclude this section by recalling the definition and properties of 
the Besov spaces constructed in the sequence of papers [H] [TD] [H]. For P^' ^-tangent 
tensors F on Hu, < a < 1, we introduce the Besov norms: 

\\F\\b'^ = y^2^'' sup ||P;F|U2(p,j+ sup ||P4oP|U2(p,j, (4.87) 

"T" 0<s<l ' 0<s<l 

J>0 — — 

||P||p,. = 5^2^-''||P;P|U.(«„) + ||P4oP|U.(«„) (4.88) 

j>0 
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where are the geometric Littlewood-Paley projections on the 2-surfaces P,'^. Using 
the definition of these Besov spaces, we recall another estimate obtained in the sequence 
of papers [H] [lO] [11] • We have: 

IIx'IIb'O (4.89) 

We now recall some properties of these Besov spaces obtained in the sequence of papers 
PH] [TT] . We have for scalar functions on "H^ (see [H] section 5): 



\L^(n.)<\\f\\B'^<\\f\\LrLl, + \\yf\\B"^- (4.90) 
Furthermore, for any P^\-tangent tensors F, G on H^, we have: 

11^-^11^,0 < (||y'P|U^i. + ||P|U^)||G||^,o (4.91) 

and 

\\F ■ G||^,o < {WfFWL^Li + Ili^lU-) ||G||p,o. (4.92) 

To bound Besov norms, we sometime use the following non sharp embedding estimate. 
For any < a < |, we have: 

11^11^5- <K{F). (4.93) 
We also have the following non sharp product estimate: 

\\FG\\v'^ <U[{F)U[{G). (4.94) 



The following proposition is the key tool used in [14] to control the transport equations 
appearing in the null structure. 

Proposition 4.19 Assume that the scalar function U satisfies f/(0) = and the following 
transport equation along 1-Lu- 



d 

ds 



U + atrxU = Pi ■ f^,P + F2-W, 



where a is some positive number. Then, 

\\Uh'^ < {KiFi) + llFilU^Li) ■Ari{P){KiF2) + miL-L^) ■ \\W\\t.,o. (4.95) 



Finally, using the previous proposition, we may prove the following version of the 
sharp classical trace theorem which is a slight generalization of Corollary 5.10 in [T4] . 

Corollary 4.20 Assume F is an P'^ ^-tangent tensor which admits a decomposition of 
the form, f'F = Af^,P + E. Then, ' 

\\F\\l^^ < KiF)+Ari{P){\\A\\L^ + \\fA\\L2^Lr + \\fL'ML^,Lr) + \\F\\v'0- (4.96) 
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Proof The scalar function f(t) = J* |Fp verifies the transport equation, 



'0 

|2 



Lf = \F\\ /(0) = 0. 
Recall the following commutator formula in the geodesic foliation: 

[fL'^fA]f = -X'ABf'Bf- 

Differentiating and applying the commutator formula, we derive, 

f^,if'f) = 2F.fF-x'-{ff) 

= F-Af^,P + F-E-x'-{ff) 

Applying fl4.95p . we deduce: 

Wf'fho < (Ar{(FA) + ||FA|U^,i)Ar{(P)(Ar;(F) + ||F|U^^^.)||E||^,o 

+{Kix') + \\x'\\L-^)\\ff\\v'0, 

which together with the estimates fl4.85p and fl4.86p for x' ^"^^ the fact that e is small 
yields: 

WffL- < (KiFA) + \\FAU^,.)^^iiP) + mF) + \\FU^^) \\E\\^,o. (4.97) 
We have: 

MiiFA) + WFAU^r.^ < \\Af'Fh.^n.) + \\Af,,Fh^n.) + \\Ff'Ah.^n.) 

+ \\Ff^,A\\mn.) + WAFU^n.) + Ili^lU^^Li PIU^ 
< m\L-^ +Kim\\A\\L^ + + \\f,,Ahi,L^), 

which together with fl4.97p yields: 

Wf'fL- < + \\Fh^^) {{\\AU^ + WfAW,.^^^ + \\f,,Ahi,L^)AfiiP) + \\E\\^,o). 

Now, in view of estimate fl4.90p . we infer that, 

ll/IU^ < \\f\\LrLl, + \\ff\\B"^ 

< (AfiiF) + \\F\\,^L^) ((PIU. + \\fA\y^,^ + \\f^,A\y,L^)Afi{P) 

+\\E\M + \\ni^L^- 

^ x' 

Thus, recalling the definition of / = and the estimate ||F||^2^4^ < A/](-F), we 

obtain: 

+ \\E\M + AfiiFf 

which yields the desired estimate (14.961) . ■ 
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4.6.2 Estimates in the time foliation 

In this section, we obtain the bound from trx, and the trace bounds for x and C 
by exploiting the corresponding estimates in the geodesic foliation f l4.85p . We start by 
establishing the relation between the Ricci coefficients in the time and geodesic foliation. 
Recall first from the definition of L and L' fl2.9p that L = hV . Since (61,62) and (6'^, 63) 
are both orthonormal vectors in the tangent space of Hu which are both orthogonal to L, 
we may chose these vectors such that there is a tensor F' on P'^ „ satisfying: 

6A = 6^ + F;L', A = 1,2. 

Also, writing L in the frame 6'^, 63, L' , L', and using the fact that g{L, L) = —2, g{L, L) = 
and g{L, ca) = 0, A = 1, 2, we obtain: 

L = h-^U + 2h-^F'j,e'j^ + h-^\F'\^L'. 

Finally, we have established the following relations: 

L = bL', 

eA = e'A + F'aL\ a = 1, 2, (4.98) 
L = h-^V + 26-iF^6^ + 

We now use the definition f l2.13p and (14.780 of the Ricci coefficients respectively in the 
time and geodesic foliation. We first establish the relation between x ^i-nd x' ■ Using the 
definition (12.131) of x a-nd (I4.78P of x', we have: 

XAB = g(De^L, en) = g{B,,^+p^L'{bL'), e'^ + F^L') = bxAs 

where we used the Ricci equations (14.840 and the identities g{L', L') = g(L', 6^) = 0, A = 
1,2. In particular, we obtain: 

X = bx', trx = btix', X = bx'- (4.99) 
(I4.99P together with the bootstrap assumption (14.11) and the estimate (I4.85P yields: 

l|trx||L-(w„) < ||&|U-(«„)||trx'||L-(w„) < e, 

WxWl^l^^ <\\b\\L^(Hu)\\x'\\Ll,Lf 

where we have used the fact that the trace norms L'^iL'^ and L'^iLf' are equivalent by 
Remark 14.181 Note that (I4.100p is an improvement of the corresponding estimates in the 
bootstrap assumptions (14. 4p (14.51) . 

Next, we establish the relation between x and x'- Using the definition (I2.13p of x and 
dHZH]) of x', we have: ~ ~ 

\ = giB,,L,eB) = giB,'^+F',Lib-'L: + 2b-'F^e'c + b-'\FfL'),e'^ + F'^L') 
= b-' (g(D,.^+^. ^,L', e'^ + F'^L') + 2g(De^+^. e'^ + F^U) 

+ \Ffg{B,>^+p^L'L',e's + F'^L')) 
= Kb - '^^bCa - '^F'aC'b + 2g(D,,^F' , e'^,) - 2F;,Xac^c + 2^8(0^,^', 6'^) 

+\n^AB) (4.101) 
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where we used the Ricci equations f l4.84p . 

We estabhsh the relation between ( and Using the definition fl2.13p of ( and fl4.78p 
of we have: 

1 1 / / / / 

Ca = ^^(DlL, ga) = ^g(Db-^L'+2b-iFy^+b-i\F'\2uibL'), c'a + F'jyL') 

= ^g{B^'L',e'A) + x'AcF^- (4.102) 

Now, we have: 

^giB^'L',e'A) = -^giL',B^,e'A) (4.103) 

= -^g(L',[L',e'^])-^g(L',D,^L') 

= CA-ls{L'AL:,e'A]), 

where we used the definition of (' fl4.78p in the last equality. The last term in fl4.103p is 
given by: 

- ls{L\ W^e'^]) = -Iw^e'^Ku) = -^L'(e'^(n)) + ^e'^(L'(^)) = (4.104) 
where we used the fact that e'^iu) = and L'(u) = -2. Finally, fl4.1()2p -f l4:T04l) yield: 

Ca = Ca + x'acFc, 
which together with the estimate fl4.85p and Remark 14.181 implies: 

IICIU-L? < IIC'lU-Li + \\x\\L^^\\F'\\L^<e + e\\F'\\L^. (4.105) 
In view of ( I4.105p . we need to estimate ||F'||2,oc. We make the bootstrap assumption: 

IIF'IIloo < D^e (4.106) 

where D is the large constant appearing in the bootstrap assumptions f l4.ip -( l4l6|) . Our 
goal is to improve on the constant in the right-hand side of (I4.106p . We first estimate 
Dx,/F. In view of the Ricci equations fl2.23p . we have: 

Ia = -^g{BLL,eA) = -\g{BbLib-'L: + 2b-'F;,e'c + b-'\FfL'),e'A + F'AL') 
= -ig(Di,L',e:4)-g(Di,(F),e:4) 

= CA-si^L'iF),e'A), (4.107) 
where we used the Ricci equations f l4.84p to obtain the last equality. f l4.107p implies: 

\\fL^F'\\L^L.+Afiif^,F') < WCh^Vi + ||6|U^Li +^fiiC)+^fiie)■ (4.108) 
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Now, in view of the definition of A/i and TV^', and the relation (I4.98P between ^ and y', 
we have for any tensor G: 

^i{G) < (1 + ||F'|Uoo)A/;'(G) < ^[{G) and M[{G) < (1 + ||F'|Uoo)M(G) < 

(4.109) 

where we used the bootstrap assumption (I4.106p . Remark 14.18^ the estimates fl4.85p . 
(EHSD, fl4.1()8p . ( Kim^ and the bootstrap assumptions (gj]) imply: 

\\fL^F'Uo.L^^+Afiif^,F') < De. (4.110) 
We now estimate y' F' . In view of f l4.10ip . we have: 

-\\Ff^AB (4.111) 

which yields: 

WfF'Ws'O < llfexL'O + IIx'IIb'" + WF'C'Wb'^ + + lli^TL'^'lle'^ (4.ii2) 

< Ar;(6x) + llx'L'o + {WfF'w^^^.^ + ||F'|u^)||c'L'o 

+ (||FrF'|U.,., + WF'WI^WWb- + (liy'i^llLic,^, + \\F'\M\\f^,F'\\^. 

< mhx) + iix'iU'o + m'F'WL^Li, + iii^'iu^)Ari'(co 

+ ||F'|Uoo(||y'F'|U^^., + l|F'|uI)Ar;(x') 

HWfF'WLrL^, + ||F|U^)Ar;(y,,F') 

where we used several times the inequalities f l4.9ip and fl4.93p as well as f l4.109p . The 
estimates f l4.86p and fl4.89p together with the bootstrap assumptions f l4.ip - fl4.5p . fl4.110p 
and flCT2|) yield: 

||y'F'||g,o <De + De{l + \\F'\\Loo){\\f F'\\^,o + ||F'|Uoo). (4.113) 

Finally, the bootstrap assumption f l4.106p together with f l4.113p and the fact that e is 
small yields: 

\\fF'Uo<De 

which together with fl4.90p implies: 

\\F'\\L^<De. (4.114) 

f l4.114p is an improvement of the bootstrap assumption fl4.106p which shows that F' is 
indeed in and satisfies the bound (14.1141) . In particular, fl4.105p and (I4.114p imply: 



.<e. (4.115) 



Note that fl4.100p and f l4.115p are improvements of the corresponding estimates in the 
bootstrap assumptions (l4.4p -f H^ . 
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Remark 4.21 We also have an estimate for ^' F' in L'^,Lf. Indeed, (14.1 lip yields: 
\\f'F'\\Ll,L^ < \\bx\\Ll,L^ + llx'lk^,Li= + \\FX'\\lI,l^ + \\F'\'\\lI,l^ + 

+ \\F'\\U\x'\\Li,Lr + \\F'h^\\f^,F'h2,L^ 

< Wbh^AfM + e + DeN[{0 + D^e'M[{^) + DeM[{f^,F') 

< De (4.116) 

where we used (I4.109p . (ll.llOp . (14.1140 . the bootstrap assumptions (I4.ip - (l4.6p on b and 
X, and the estimates (I4.86p . 

Remark 4.22 (14.1 lip implies the following estimate for y' F' + 

K (f'F' + ^x') < ^fKbx) + ^fi{F'C) + ^fiiF'\') + KiFy^,F') 

< mbx) + (iii^'iu^ + \\fF'h.^,^)mc) + iic'iiL^^Li 

+ \\F'\\LA^fKx') + Wxh-Ld+WfL'F') + WfL'F'h-Ld 

< De, (4.117) 

where we used (14.1091) . the estimates (14.851) and (I4.86p . the estimates (14.1101) (I4.114p and 
(I4.116P for F' , and the bootstrap assumptions (14. ID - (14. 6 p for b and x- 

4.7 Trace norm bounds for 6 and e 

The goal of this section is to improve the estimate for ||5||io^i2 and ||6||l°^l2 given by the 
bootstrap assumption (14. 3p . Let us first define kii and kiA- 

kLL = -g(DiT, L), = -g(DiT, ca), A = 1, 2. (4.118) 

Then, using the definition of k (I2.24p and the computation of D-pT (12. 4p . we have: 

5 = 5-n-Vjvri = -g(D^T,iV)-g(DTT,iV) = -g(Dz.T,iV) = -g(Dz.T,L) 
= kLL. (4.119) 

and 

eA = - Va^ = -g(D;vT, e^) - g(DTT, e^) = -g(DiT, e^) (4.120) 

= kLA- 

We also define kL'L' and kL'A- 

kL'L' = -g(Di'T, L'), fciM = -g(Di'T, e:^), A = 1, 2. (4.121) 

Then, the relations (I4.98P between L, 61,62 and L',6'1,6'2 together with the definitions 
IKim and fHTml) yield: 

kLL = b^kvv and kLA = bk^A + bF'Akw (4.122) 



72 



Thus, f img]) . Srmf and (K7m\ imply: 

PIL-L? ^ II ^^L'L' II L^L2 ^ II^L'L'||l-L2 (4.123) 
II^IIl°7L2 < \\bkL'A\\L'^L2 + \\bF'y^kL'L'\\L°^L'i ~ II ^L'L' || L°?L2 + || ^L'A || L°7L2 



where we used the bootstrap assumption (14. ip . the L°° bound for F' fl4.114p and Remark 

Km 

In view of f l4.123p . it is enough to bound the trace norms ||/ci,'L'IU'^ii ||/cL'yi||L'^L2- 
First, note that the bootstrap assumptions (14.1 p (14. 3 p together with the L°° bound for F' 
fl4.114p and the identity f l4.122p yield: 

||A;l'l'||l-l2 + ||A;LM||L-Li < (4-124) 

Our goal in this section is to improve the constant D in the right-hand side of (14.1241) . 
We will rely on the trace estimate (I4.96p . The improved estimates for n (I4.52p (I4.62p and 
the improved estimate for 6, e (I4.75P imply: 

Af,{S)+Afiie)<e. (4.125) 

(EUD, (11123), (11125D, fHTTUg]) and the bootstrap assumptions dH]) (g^D for b yield: 

KikL'L')<mb''S)<e. (4.126) 

(Hm and f HJ26|l yield: 

KiF'kL'L') < \\F'\\L^^^iikL'L') + i\\f'F'\\L2^Lr + \\fL'F'\\L^Lr)\\kL'L'\\L^L^^ 

s ^ x' ^ x' ^ 

< De^ + D\^ + DeU[{y^,F') 

< e (4.127) 

where we used fimO|l . dHHD and flCTG]) . Finally, fHA20|) . fl4l22|l . f l4J25|) . ( 141271) . 
(I4.109P and the bootstrap assumptions (14. ip (14. 2 p for 6 yield: 

A/'i'(^l'a) < Mi{b-'e)+M[{F'j,kL>L') < e. (4.128) 

In order to apply the trace estimate (14. 96 p . we need to show that ^'ki'u and "^'ki'A 
admit a decomposition of the form, A^j^/P + E. We start with ki'i'- We have: 

fe'^L'L' = -De^g(DL'T, L') = -g(D,^Di'T, L') - g{BL'T, D,>^L') 

= -g(Di,De^T, L') - Re^i'TL' - g(D[e^,L.]T, L') 

-6-ig(-5iV + C^ec, - Ca^') 

= -y^, [g(D.T, L')]a - b-'F'j,a'j,j, - ^—^'^ 

+b-\'ABikBN - C^) - b-'6{2x'ABn + Ca)- (4.129) 
Relying on the Bianchi identities, the following decomposition for a', (3' were obtained in 

a' = y^,(Pi) + E,, f3' = f^,{P2) + E2, (4.130) 
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where Pi = V'^/S', P2 = V'^\p' , -a'), and 

MiiPi)+Mi{P2) + \\E,\\^,o + ||^2||p'0 < e. (4.131) 
We define the tensors Ai, ^2, P3, E3 as: 



(4.132) 



which together with fl4.129p and ( I4.130p yields: 

fkL'L' = A,f^,Pi + A2fL,P2 + fL'Ps + Ei+E2 + E^. (4.133) 

Now, we have: 

P^A = -ZiX^e'T, L') = b-'kAN - F'Ab~^6 

which yields: 

KiPs) < ^fi{b-'kAN) _ _ (4.134) 

+(||P'|U. + Wf'FW,.^,^ + \\f',,F\\,.,,^)iAf,ib-'5) + \\b-'5\\,^,.) 

< e + D\' 

< e 

where we used the bootstrap assumptions (14. ip (14.20 for 6, the bootstrap assumption (14. 3 p 
for (5, the improved estimate (I4.75P for /^atv, the estimates (14.1101) (I4.114p and (14.1 16p for 
F together with Remark [4.181 and (I4.109p . Using the bootstrap assumptions (14. ID (14. 2 p 
for b and the estimates (14.1101) (14.1141) and (14.1161) for P, we also have: 

< De. (4.135) 
The functional inequalities (14.921) and (14.941) yield: 

< e, (4.136) 

where we used the bootstrap assumptions (14. 1 1) - (14. 6 p for b, S, ksN and (, the estimates 
(14. nop (I4.114P and ( I4.116P for P, and the estimate dOejl for x' and Finally, the sharp 
trace estimate ( KM\i together with (I4.133P and the estimates (I4.126P ( I4.13ip . ( I4.134p . 
dUSSD and ( HT5B]) yields: 

l|A;L'L'||L-Li ^ A/'i'(A;L'L') + (Pl||L- + ||y'A||L^L-)A/'l'(A) + (P2||L- (4.137) 

+ ||y%|L.,^j.)Ar;(P2) + A/';(P3) + ||Pi||p,o + IIP2IIP.0 + llPallp'O 

< F 
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which is an improvement of fl4.124p for /c^'l'. 

Next, we show that ^ ki'A admit a decomposition of the form, Ay^j^/P + E. We have: 

f'e'JkL'.lu = -eMBL,T,e'^)] + g{BL'T,%/A) 

= -g(D,^D^,r, e'^) - g(Dz..r, D,>^e'^ - f^,/^) 

-b-'g{-6N + C^ec, Ix'abL: + \x:^^L') 
= -y^,[g{TiT,.)]AB-\h-'a'AB 

+ h)-\p'5AB - O' eAB +2F'c eAC *P'b - l^'r«AB) 

+b^\'A{kBN - b-'F'J) + Ixab{-^ + b''6\Ff 
+2h-\^Fi) + h-^AB^- (4.138) 



2 

Define as in [ll] p', a' as: 



f>' = p'- \x! ■x.^ = (y-\x' ^ x- (4.139) 



Relying on the Bianchi identities, the following decomposition for p', a' was obtained i 

m- 

{p',a') = f^,{P^) + E^, (4.140) 

where P4 = *V'^^^, and 

M;{P,) + \\E,\\T,,o<e. (4.141) 

We have 

g(De'^T, c'a) = -kAB + F^b-'lA + h-^F'^kEN - h-^F'AF'~6 

which yields: 

- g(D,^T, e:4) = y^,(P5) + ^^^'(^e) + i^e (4.142) 
where P5, Ag, Pe? -^'e are defined by: 

P^AB = -kAB + F'j,h-^-eA - h-''F'j,F'~6, , . 

A^B = b-'F's, P,B = ksN, E,AB = f'Lib-'F'UkBN. ^ ' ' 

We define the tensors ^4, Ay, Ag, E^ as: 

= ^b~\ Aj = b-^F', As = -b-^\Ff 
EjAB = XBcikcA - F^b-'kcN - F^b-^-eA + F^^F'^b-H) (4.144) 
+b-K'A{kBN - b~'F'j,5) + \^ab{-5 + h~H\Ff + 26-iC^P^), 
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which together with dHSHD, dESH]), fOiU]) and fOi^]) yields: 

+^6 + + iri(x' ■ X^AB - X' A x' Gab) + (4.145) 
In view of ( I4.117p . we define as: 

= \h-\^ ■ if'F' + ^-g)6AB - X' A if'F' + if) ^ab) + h-\%F'^ + ^x:^^)! (4.146) 

Note that the non sharp product estimate fl4.94p together with the bootstrap assumptions 
(i3])-(113D for h and 5, the estimate f OB]) for x' and the estimate (14.11711 for y' F' + ^x' 
yields: 

II^sIIp'O <Z}V<e. (4.147) 
Now, we recall the following result from [14J section 7: 



yV = y^,(Pio) + i?: 



10, 



with A/;'(Pio) + ll^ioll-p/o < £ which together with KTm . (HTT^ and (im^ yields: 

^^1(2' ■ %5ab - x' a x' Gab) + ^fe^'xV (4.148) 
= Anyi,(Pii) + ^11 - f{\h~\5(' ■ F'6ab - x' a P' Eab) + h'^F'~5). 

Using dHHD, the fact that A/](Pio) + ||Pio||p'0 ^ e from [H], the estimate fOHjl for x', 
the bootstrap assumptions f l4.ip - fl4.3p for h and 5, and the estimates fl4.110p f l4.114p and 
( I4.116P for P implies that An, Pn, En satisfy: 

PiilU- + WfAuW^lLT + WVl'AiiWlIlt +K{Pii) + \\Eii\\v'^^<e. (4.149) 
Now, fl4A45|) and fl4A48|) yield: 

flkuA + ^&-i(x' ■ P'<5ab - x' a P' Gab) + ^^P^^] 

= A^y^,P2 + A8yi,Pi + A4yi,P4 + ^L'P^ + A^L'^e + Aiif^,Pu 

+E^ + E2 + E4 + Ee + E7 + En. (4.150) 

(14.1430 . (I4.144p . the bootstrap assumptions (14. ip (14. 2p for b, the bootstrap assumption 
(14.30 for e, 5, the improved estimate (I4.75P for kAN, the estimates (I4.110p (I4.114p and 
(14.1161) for P' together with Remark EH] and (I4.1U9I) . the estimate (KE^ for x' and C', 
the trace estimate (I4.85p . the inequality (I4.92p and the non sharp product estimate (I4.94p 
yield: 

\\Aj\\l^ + \\fA,\\L2^Lf^ + Wfj^Ajh^^Lr ^ De for j = 4,6,7,8, 

AAi'(P,) <£for j = 5,6, ' (4.151) 

||P,||p,o <£forj = 6,7. 
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Note also that fl4.128p . the bootstrap assumptions fl4.ip (14.21) for b, the bootstrap as- 
sumption dOD for 6, the estimates f l4.11()p fl4.114p and f l4.11(ip for F' together with the 
inequahty fl4.109p . the estimate f l4.86p for x' and the trace estimate fl4.85p imply: 

K (kL'A + \b-\x' ■ F'5ab - x' a F' Eab) + h~^F'J^ < s + Dh^ < e. (4.152) 

Finally, the sharp trace estimate (I4.96P together with (I4.150p and the estimates (I4.13ip . 
fITOT]) . flTO^ . (irm]) and yields: 



kvA + ^ri(x' ■ - x' a F' Gab) + r^F^^ 



<5 + Z}V<£. (4.153) 



(14.1531) . the bootstrap assumption (14.11) for 6, the bootstrap assumption (14.31) for 5, the 
estimate (I4.114p for F' and the trace estimate (14.850 for x' imply: 

llfcL'AlU-Li <£, (4.154) 

which is an improvement of 04.1241) for k^'A- 04.1231) . 04.137p and (14.1541) yield: 

PIIl-l? + < (4.155) 

which improves the trace estimates for 5 and e given by the bootstrap assumption (14. 3p . 

4.8 Estimates for h 

The goal of this section is to improve the bootstrap assumption for h given by 04. ip and 
(14. 2p . and to derive an estimate for L{h) in Lf^L^,. Using the transport equation for b 
(I2.27P and the estimate for transport equations (13.641) . we obtain: 

< ||6(0)-l|U^ + ||W|Loo^i (4.156) 

< e+{l + \\b-lh^)\\6\\L^r.^^ 

< e + D£\\b-1\\L^ 

where we used the bootstrap assumption (14.31) for 6 in the last inequality. (I4.156P yields: 

||6-l|Uoo <£ (4.157) 

which improves the estimate for b given by the bootstrap assumption (14. ip . Using (I2.27P 
and (I2.26p . we obtain: 

X2{b) < U,{L{b))+Uim (4.158) 
< M(W)+A/l(&C)+A/'i(&e) 



< 
< 



+ A/'2(fe))(A/'i(5)+A/'i(C)+A/'i(e)) 



e + £M2{b) 
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where we used fl4.157p and the improved estimates ( I4.75P for 6 and e, and fl4.182p for (. 
f imsj) yields: 

^f2ib)<e. (4.159) 

We also derive an estimate for L{b). Differentiating the transport equation for b f l2.27p 
with respect to L, we obtain: 

L{L{b)) = [L,L]{b) - L{b)6 -bL{S) (4.160) 
= {6 + n-^VNn)6b-2{(-g-fb-bL(S), 

where we used the commutator formula fl2.46p in the last equality. This yields: 

\\LiLm\LHn.) (4.161) 

< (1 + ll&lk-) ( P + n-'VNn\\LHnjmLHn^) + IK - C\\LHnJfb\\LHn^) 



+ \\L{S)\\L^nu) 

< e + D'e^ 
< 

where we used the bootstrap assumptions fl4.1l) - fl4.6p . Together with the estimate for 
transport equations f l3.64p . we obtain: 

\\m\\Li,LT<\\L{m)\\L^in.)<e. (4.162) 

f l4.159p and f l4.162p improve the estimate for b given by the bootstrap assumption (14. 2p . 
Finally, we derive an estimate for L{b) in Lf^L'^,. In view of (I2.43p . we have 

bL(6) = -L{b{6 + n-^VNn)) + L{b){6 + n^^VNn) + 2bp + 2b\e\'^ + 2b6^ 
+4be ■ (C - n-^fn) - 2b\n~'^N{n)\^, 

which together with (14.1601) implies 

L {UP) - b{5 + n-^S/Nn)) = -2bp + h, (4.163) 

where h is given by 

= {6 + n-^V Nn)6b- 2{C -Q ■ fb~ L{b) {S + n-^V Nn) - 2b\e\^ -2b6^ 
-46e ■ (C - n-^fn) + 2b\n-^N{n)\^. 

In view of the bootstrap assumptions (I4.ip - (I4.6I) . we have the following estimate for hi 
WhihlLl, < (M(5) +M(n-Vn) + Ar2(6) +M(e) + ^(0 + ^(0)^(1 + ll&IU-) 

< 6. (4.164) 
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Next, we decompose the term involving p in the right-hand side of ( I4.163p . In view of the 
Bianchi identity fl2.57p . we have: 

(np, na) = *V^^ {S^M " y(^)P + ^i^)^ " 2nx ■ /3 - n6l3_ + 3n(Cp - *C^)) 
which yields 

{p,a) = L{*V^\^))+n-\*V^\f^^]§_ + h,, (4.165) 

where /12 is given by 

/i2 = n"^*I?r^ {-f{n)p + y{n)a - 2nx ■ /? - n5§_ + 3n(Cp - *C^)) . 

In view of the bootstrap assumptions (14. 1 1) - (14. 6 p and Lemma [3.16[ we have the following 
estimate for /i2 

II ^2 II LJL^, + II II l2l3^ (4.166) 

< \\n-^\\L^\\-y{n)p + f{n)a-2nx-(5-n5P + ?,n{Cp-X(y)\\ , § 

M\n-^\\L^\\-f{n)p + f{n)a-2nx-(i-nIl^ + ?>n{Cp-*C(y)\\ , 4 

< (M(yn)+M(x)+M(5)+A/l(0)||(/3,P,a,^)|Usoi2(^„)||r2-iio.(l + ||^ 

< Ds' 

< e, 

where we used the bootstrap assumptions (I4.ip - (l4.6p and the curvature bound (12.590 . 
Next, we estimate the commutator term in the right-hand side of (14.1650 . This is done 
in the following lemma. 

Lemma 4.23 j'^niKf^) satisfies the following estimate: 

\\m\fnLm\\^Ll, + \\m\fnLm\\LlLt, < ^- 

We postpone the proof of Lemma 14.231 to section IA.3I and conclude the estimate for 
L{b) in L^Ll,. In view of (I4.163P and (I4.165p . we have 

L [Lib) - b{6 + n-^VNn) + 2b7ii{*V^\^))) 
= 2L{h)'n,{*V^\^)) - 2h'n,{[*V^\ fniW) " '^bi^M + /^i, 

where tti denote the projection in on the first coordinate. Together with the estimate 
for transport equations (13.641) . we obtain 

||L(6) - b{5 + n-'W^n) + 2&7ri(*Pri(^))||^^^, 

* x' 

< \\L{h)U.L.JV^\m^Ll, + \\h\\LA\\m\fM\\LlLl, + \\h2\\LlLl,) + WhlW^L^, 

where we used in the last inequality the Gagliardo-Nirenberg inequality (13.31) . the boot- 
strap assumption (14. ip for b, Lemma 14. 23^ the estimate (14.1660 for h2 and the estimate 
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( I4.164P for hi. Together with the bootstrap assumption (14.21) for 6, the estimate ( I3.49P 
for *Vi^, and the curvature bound (12.591) for /3, we deduce 

-6(5 + n-^V^n) +267rirPr'(^))|Loo^4 < ^- (4-167) 

* x' 

This yields 

WmWLrL^ ^ \\-bi5 + n~WNn) + 2bnii*V^'m\\ +e (4.168) 
< \\b\\L^iAfii6)+Afiin-WNn)) + \\bho^Afii*Vi\l3)) + e 

Next, we estimate the right-hand side of (I4.168p . In view of the estimate (I3.49p for 
*Pf ^ and the curvature bound (I2.59P for /3, we have 

\\r'Di\mLHn.)<mw^H.)<e. (4.169) 

Also, in view of (I4.165p . we have 

\\L{*V^'mW^H^) < ||(p,^)||l^(«„) + \\n-'\\L-\\[*V^\f^MLHH^) + IMlHh^) 
< e, (4.170) 

where we used in the last inequality the curvature bound (I2.59P for {p,cr), the bootstrap 
assumption (14. ip for n, the commutator estimate of Lemma 14. 23^ and the estimate (I4.166P 
for h2. Finally, (HA69|l and (HTTnj) imply 

which together with (14.1681) yields the following estimate for L{b) 

\\m\\LrL^<Ds. (4.171) 



Remark 4.24 The estimate (I4.17ip contains the bootstrap constant D in its right-hand 
side. This is not an issue since such an estimate is not part of our bootstrap assumptions 

dUD-dHD. 

4.9 Remaining estimates for trx, X C 

We first estimate ^tr^. Differentiating the Raychaudhuri equation (I2.28P and using the 
commutation formula (I2.44p . we obtain: 

y^ytrx = - Qtrx + X + ^^ ytrx - 2xfx + n-^ynL{tix) - y(5)trx, (4.172) 

which together with the bootstrap assumptions (I4.ip - (l4.6p and the estimate for transport 
equations (I3.64p yields: 



r oo *^ 
-L/j. r\j 



3 ^ ^ 

-trx + X + 



x' ^ 



If^rxhHnu) + Wxh^L^JfxhHnu) 



+ ll^"T^llL?LB,||i^(trx)|L 8 + \\fi6)\\L2^nJ\tTx\\L^ 
< e (4.173) 
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where we used the Raychaudhuri equation fl2.28p . the embeddings (I3.3p and fl3.56p . and 
the bootstrap assumption to bound L(trx): 

ll^(trx)IL a < \\x\\L-L^\\x\\LTL\ + \\x\\L^,L^¥\\LrL\ <Mxf +^iC5f <e. 

* x' 

Note that f l4.173p improves the estimate for ^trx given by the bootstrap assumption fl4.4l) . 
We now estimate A/i(x). Using the transport equation for x (12.291) . we obtain: 

WfLXWi'^nu) ^ W^t^xWl^WxWlhHu) + MinnuMh^nu) + IMl^Hu) <£ + D^e^ < e 

(4.174) 

where we have used the curvature bound (12.591) for a, and the bootstrap assumptions 
(I4.2l) - (l4.5p for x and 5. Next, using the codazzi equation (12.321) for £, we obtain: 

< ||ytrx|U2(«„) + WWmu^) + WxhrnML^in^) ^ ^ + < e (4.175) 

where we have used (I4.173p . the curvature bound (I2.59P for /3, and the bootstrap assump- 
tions (I4.3p -( H3]) for X a^iid e. The Hodge estimate (I3.49P together with (I4.175P yields: 

\m\W{H.)<e. (4.176) 

f HTmp and dUTB]) imply: 

mx)<e. (4.177) 
Note that (I4.177P improves the estimate for A/i(x) given by the bootstrap assumption 

(USD. 

We now estimate Ltix- Using the transport equation for /x (I2.39P and the estimate 
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for transport equations fl3.64p . we obtain: 



- tixfi + 2(C^ - a)yA(trx) - 2xab (2f^CB + 2(aCb 

+ {6 + n~^N{n))xAB - ^trxXAS - ^tr^X^^) 
+ {6 + u-^Vnu)) {^{trxY + 121' + Stix) 
+tix(^2{kAN - CA)n-^^An + 2\n'^N{n)\^ - 2p 



cr.' t 



< 



-2kNmkN + 2\n-^N{n)\^ - 2n-^A^(n)trx 
l|trxlU-||^||L2,L- + (IICIL-L? + IICIlL-L?)||ytrx||L2(„^) 

+IIxIIl-l?(|IKIU2(w„) + IICIIi4(^„) 

+ 11(5 + n-^N{n))x\W(n..) + ||trxxl|L2(w„) + ||trxx||L2(w„) 



((5 + n^^VNTi)) {-{tixf + + 5trx) 



+ l|trx|L 



2(A;ajv - U)n'^^An + 2|n-^A^(n) p - 2p 



-2kNmkN + 2\n-^N{n)\^ - 2n-^N{n)tTX 

< DE\\fl\\L2,L^+Dh^ 



where we used the curvature bound fl2.59p . the bootstrap assumptions (14. ip - 
Sobolev inequahty f l3.55p . f l4.178p yields: 



(4.178) 
6\j and the 



which together with the bootstrap assumptions f l4.ip - fl4.6p and the definition fl2.38p of /i 
imphes: 



x' ^ 



< 



L(/i) + ^(trx)' +{S + n-^VNn)tTX 



<e + D'e'<e. (4.179) 



Note that (14.1791) improves the estimate for Ltrx given by the bootstrap assumption (14. 4p . 
We now estimate A/i(C)- Using the transport equation for (I2.30p . we obtain: 

WlCWl^h^) ^ MlhuMcWlhu^) + \nLmu)) + m\L^mu) ^ ^ + ^ ^ (4.180) 

where we have used the curvature bound (I2.59P for /3, and the bootstrap assumptions 
(I4.2l) - (l4.5p for x and e. Next, using the div-curl system of equations (I2.35P (I2.36P for ^, 
we obtain: 

W^iCWl^CHu) ^ \\i^\\l^{Hu) + \\p\\l^{Hu) + hWh^iUu) + Ilxlli4(^^) + \\k\\\i^j^^) + ||Clli4(^^) 

< e + Dh' 

< e (4.181) 
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where we have used fl4.179p . the curvature bound (12.591) for p and cr, and the bootstrap 
assumptions (14 .Sp - (14.61) for x, k and The Hodge estimate (I3.49P together with (I4.18ip 
yields: 

\m\Wi.H.)<e. (4.182) 

dUSni) and dUHl imply: 

mO<e. (4.183) 
Note that (I4.183P improves the estimate for A/i(C) given by the bootstrap assumption 

We now estimate y iX- Using the null structure equation (I2.34p . we obtain: 

\\yLX\\L^{n^) (4.184) 

< WCWlHu^) + IIxI|l4(w„)(IIxI|l4(«„) + ¥\\lHh^) + \\n-^N{n)\\L*^Uu)) + K\\l^(n^) 

< e + Dh' 

< e 

where we have used (I4.182p and the bootstrap assumptions (I4.ip - (I4.6I) for n, x, x, 5 and 
C,. Note that (I4.184p improves the estimate for given by the bootstrap assumption 

Fin al ly, ^^M . ^M . ( EZ5D, (|1ZID , (530 01), (SM), (ilSSD, fHTTgl) . fHTTTp . 

fHl79|) . ( 14.183 p . firiMp . f l4.157p . fl4:T59|) and ( in62|) improve the bootstrap assumptions 
flilD- fOj) . Thus, there exists a universal constant D > such that fH?T|) -fl476D and fl4.17ip 
hold. This yields (I2.66p - (l2.7ip which concludes the proof of Theorem 12. 181 



5 Estimates for LL try, ^/^(C) LL (b) 

This section is devoted to the proof of Theorem 12.191 We assume the following bootstrap 
assumptions. There exists a function 7 in L^(]R) with ||7||L2(]f5) < 1 such that for all j > 0, 
we have: 

WPjLLtrxWmn^) < 2We + 2^De-i{u), (5.1) 
\\PAfLiO)\\LH'H.)<D\ + 2-'^D\^{u), (5.2) 

where D > is a large enough constant. We will improve on these estimates. Using the 
estimates obtained in Theorem I2.18[ in particular for trx and Xi would yield an upper 
bound for LL tiy of the following type 

WPjLLtTxhHH.) < 2'^7(«) + E 2'2-^l!j'H'\ where 7^') G and 7^^ G ^~(N) 

l,q 

(5.3) 

which is not summable. This forces us to rely on a Besov improvement for trx, as well as 
a suitable decomposition for ^x (see (I5.40p ). This is done in section IHTTl Then, we derive 
a system of equations for LL tiy and ^^.(C) section 15.21 This allows us to improve 
on the bootstrap assumption (15. 2p in section 15. 3[ and (15. ip in section 15.41 Finally, the 
estimate for LL (b) is then derived in section 15.51 
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5.1 Besov improvement for trx in the time foliation 

In this section, we first define Besov spaces, and then explain how to adapt the ideas in 
the sequence of papers [H] [10] [H] to obtain the Besov improvement for tr^. 

5.1.1 Definition of the Besov spaces and first properties 

Following [in] [S], we introduce for < a < 1 and for tensors F on Pt,u the Besov norm: 
II^IIb5,(p.,„) = $^2^-1|P,F|U.(p,,„) + ||P<oF|U.(p,,„), (5.4) 

j>0 

where Pj are the geometric Littlewood-Paley projections on the 2-surfaces Pt^u- Further- 
more, for Pt^u-tangent tensors F on "H^, < a < 1, we introduce the Besov norms: 

||P||b. = 5^ 2^'" sup ||P,P|U2(p, „) + sup ||P<oPiU2(p,„), (5.5) 

~i 0<t<l 0<i<l 

J>0 — — 
||P||p. = 5^2^'^||P,P|U.(^„) + ||P<oP|U2(^^). (5.6) 

Note that these Besov spaces in the time foliation correspond to the Besov spaces in the 
geodesic foliation defined by the norms f l4.87p f l4.88p . The goal of section |5TT] is to prove 
the following estimates for trx and £• 

liytrxlleo (5.7) 

and 

fx = y^(P) + E with ^^l{P) < £ and \\E\\-po < e. (5.8) 

Note that the corresponding estimates in the geodesic foliation have been proved in the 
sequence of papers [H] [10] [H] • One may reprove these estimates by adapting the proofs 
to the context of a time foliation. However, this would be rather lengthy and we suggest 
here a more elegant solution which consists in identifying the key structure in [13] [TU] 
[TT] and showing that the analog structure exists in the time foliation. This will be done 
in the next section. 

We conclude this section with several functional inequalities satisfied by the Besov 
spaces B"',V"'. Note that properties of the Besov spaces on 2-surfaces derived in [10] 
apply to the Besov spaces Pf^. Indeed, these properties only depend on the fact that 
Pt^u is a 2-surface satisfying the coordinate system assumption fl3.ip and the assumption 
f l4.34p on the gauss curvature K. In particular, the following estimates are immediate 
consequences on the estimates in [10] for Pf ^ (see also section 5 in [13]): 

ll/IU^ <II/Ilm <||/||L,-L^, + |iy/IUo, (5.9) 

where / is a scalar function on "H^, 

IIP • Pll^o < [WIJFWl^li + Ili^lU-) \\H\\b^, (5.10) 
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where F and H are Pj^^i-tangent tensors, and 

\\f -V-^FW-pa <\\F\\'pa (5.11) 

where < a < 1, F is a Pt,u tangent tensor on "H^, and denotes one of the operators 
P^-^ *V-^. Also, for < a < i and 2^ < p < 2, we have: 

W^-'FWv^ < WFWl^l",- (5.12) 

a;' 

Finally, we shall make use of the following non sharp embedding and product estimates. 
For any Pj^„-tangent tensors F, G, and for any < a < |, we have: 

\\F\\isa<Af,{F) (5.13) 

\\F■G\\^.a<^^,{F)■\\G\\pa (5.14) 

\\F ■ G\\v^ < M(P) ■ miLHn.) + \\fG\\L2^n.))- (5.15) 



5.1.2 Structure of the commutators in the time foliation 

As noted at the end of the previous section, the results from the paper [10] on 2-surfaces 
immediately apply to Pt^u- We shall now show that results from the paper [TT] true 
in the geodesic foliation apply also to the time foliation due to a similar structure of 
commutators. 

Let A denote A = nx- Then, the estimates fl2.66p for n, f l2.69p for tr^ and (I2.70p for 
X of Theorem 12.181 proved in section H] imply: 



iL^^+AfiiA)<e. (5.16) 
In view of f l5.16p and the commutator identities (I2.48P and f l2.49p . we have: 

[fnL,f]f = A-ff, (5.17) 

m = A-tf + fA-ff + A-A-ff (5.18) 
where / is a scalar function on and: 

[fnL^f]F = A-fF + n(3-F + A-A-F, (5.19) 

^]F = A- f^F + fA-fF + A-A-fF + n^-fF + f{n/3 -fF + A-A-F) (5.20) 

where F is a Pj^^-tangent tensor on Hu- Note that the structure of the commutators 
f l5.17p -f l5.20p together with the estimate f l5.16p for A is the same structure as in the case 
of a geodesic foliation with the correspondence: 

L' nL, X nx and /3' n/3 (5.21) 

where L', x' and /3' have been defined in section 14.6.11 

The proofs of the sharp trace theorems in the paper [TT] rely on the following assump- 
tions (see section 3 of [llj) where we translate for the time foliation using the correspon- 
dence ( KT[\i : 
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51 The two surfaces Pf^u satisfy the coordinates system assumption fl3.ll) . the calculus 
inequalities of section 13.11 and the geometric Littlewood-Paley theory of section 13.21 

52 The Gauss curvature K of Pt,u satisfies the bound (14.331) (14.341) 

53 There is A satisfying (I5.16P such that we have the commutator structure (I5.17p - 
fl5:2n|l 

54 n/3 satisfies the curvature flux bound ||n/3||/^2(-^^) < e (which follows from the cur- 
vature bound (12.591) and the estimate (I2.66P for n) 

Since the proof of the sharp trace theorems in [11] only rely on the structural assumptions 
S1-S4, they immediately extend to the case of a time foliation. In particular, we obtain 
the following analog of the sharp trace theorems in [TTj (see section 4 of |llj): 

Proposition 5.1 Assume that the Pt^u-tangent tensor U satisfies U{0) = and the fol- 
lowing transport equation along "H^.- 

f^LU + atrxU = F^-f^^P + F2-W, 
where a is some positive number. Then, 

llt^lleo < (Mli^i) + l|i^i||L-L?) -^fiiP) + (A/'i(i^2) + l|i^2||L-L?) ■ \\W\\ro. (5.22) 
We also obtain the following useful commutator estimates: 
Lemma 5.2 For a given 1-form F , let w the solution of the scalar transport equation 

nL{w) = dfv{F), w = on Pq^u, 
and let W be a solution of the equation 

fnL^ -nx-W = F,W = on Pq,.- 

Then, for any 1 < p < 2, 

\\dfv{W) -wWlp^l^ <e\\F\\ 2^ . 

x' ^ 

Lemma 5.3 For any Pt^u-tangent tensor F and all 1 < q < 2, we have: 

+2-iy[P„y„jF|U?L^, < 2-KAri(F) (5.23) 

(by 2~2+ mean 2^°-^ for a < | arbitrarily close to ^), while for q = 1, 

m,f^,]F\\^^^.^+2-^\f[P,,f^^]F\\,.^.^<2 (5.24) 

Finally, using Proposition 15. Ij we may prove the following version of the sharp classical 
trace theorem. 

Corollary 5.4 Assume F is an Pt^u-tangent tensor which admits a decomposition of the 
form, fF = Bf^^P + E. Then, 

II^IIl-l? < M(F) + A/1(P)(||P|U^ + \\fB\\L2,L^ + \\f^B\\L2,L^) + ||P||po. (5.25) 

The proof of (15.251) is the analog of the proof of the estimate (I4.96P so we skip it. 
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5.1.3 Structure of the Bianchi identities in the time fohation 



In this section, we will show that results from the paper [14j true in the geodesic foliation 
apply also to the time foliation due to a similar structure of the Bianchi identities. We first 
enlarge the correspondence f l5.2ip with the general philosophy that L' should correspond 
to nL and IJ to n^^Lr. 

L' -> nL, L' n^^L, -> ca 

X' nx, x' n-^x (5.26) 
f3' nf3, p' ^ p, a' ^ a 

where L', L', x', x', p' and a' have been defined in section 11.6. 1[ Following [H], we 
define p,a as: 

1 1^ ^ , , 

P = P- '7 = a--xAx- (5.27) 

Multiplying the Bianchi identities fl2.53p and f l2.55p by n together with the null structure 
equations for x and x yields: 

nL{p) = di^{nl3) — e ■ (n/3) + - {nx) ■ ^y®e — eCg>e + (ntrx) ■ (n^'^x) 

+ ^(n-Hrx)-(nx)^, (5.28) 
nL{cr) = -cuf\{nf3) + e A (n/3) + ^(nx) A (^®e - e®e + (ntrx) ■ (n'^x)^ . 

We now denote A = (nx,e) which together with the estimates fl2.66l) for n, the estimates 
f l2.67p for e, the estimates fl2.69p for trx and (12.701) for x of Theorem 12.181 proved in 
section H] still imply the estimate fl5.16p for A. We also denote A = nx which in view 
of the estimates fl2.66p for n, the estimates (12.671) for k, the estimates (12.691) for trx and 
(I2.70p for X of Theorem 12.181 proved in section H] satisfies the following estimate: 

^fl{A)<e. (5.29) 

In view of the definition of A and A together with (I5.28p . we have: 

nL{p, -a) = Vi{n(3) + A ■ {n(3 + fA + A ■ A). (5.30) 

We now consider a decomposition for y7'D2^T)i^L{p, a) which is the analog of the one 
derived in section 6 of the paper [2]. It relies on the assumptions S1-S4 together with 
the following additional assumptions where we translate for the time foliation using the 
correspondence (15.261) : 

55 (p, 0") satisfies the curvature fiux bound ||p||l2(-^^) + ||(t||l2(-Hu) ^ ^ (which follows 
from the curvature bound (I2.59p . the estimate (12.671) for k, and the estimates (I2.69P 
and fl2Tm for x) 

56 nL{p, — (t) has the structure (15.301) 

57 The functional inequalities (15. lip . (I5.12p . (15. lip and (I5.15P are satisfied 
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Since the proof of the estimate derived in section 6 of the paper P3J only rely on the 
structural assumptions S1-S7, they immediately extend to the case of a time foliation. 
In particular, we obtain the following analogs of the decompositions derived in section 6 
of the paper [H]: 

n/3 = K^Pi + E, (5.31) 

and 

fV.'V^'nLip, a) = %^P2 + (5.32) 
where Pi, P2, Ei and E satisfy the bounds: 

M(Pi) +M(P2) + ll^illpo + ||^2||po < e. (5.33) 



5.1.4 Decomposition of ^{nx) 

We now in position to prove the decomposition 05.81) for y/x- We first derive an equation 
for nx- Multiplying the Codazzi type equation f l2.32p for £ by n, we obtain: 



T>2{nx) + e ■ (nx) = -{f{ntTx) + e(ntrx)) - n/3. 



(5.34) 



which yields: 

f{nx) = fV^' - e ■ (nx) + ^(fintix) + e(ntrx)) - n(3^ . (5.35) 
Now, in view of f l5.30p . we have: 



n/3 = V^^ nL{p, ~a) - A ■ {n/3 + fA + A ■ A) 



where A satisfies f l5.16p and A satisfies (15.291) . Injecting (15.361) in (I5.35P yields: 



(5.36) 



f{nx) 



fV^'V^'nL{p, -a) + fV^^V^^ { A ■ {nP + fA + A ■ A) ] (5.37) 



e ■ [nx) + ^(y(^trx) + e(ntrx)) 



We estimate the second term in the right-hand side of (15.370 . Using the embedding 
(I3.56p . the estimate (15. lip with a = 0, and the estimate (15.121) with a = and p = |, we 
have: 



< 

< 
< 
< 



fV^'V^' (^A-{nf3 + fA + A- A)^ 
A-{n(3 + fA + A-A)\\ 



(5.38) 



-po 



\ML^L^{\\n\\L^\\f3\\LHn^) + \\fA\\L2(^nu) + PI 



L?=L4, ||ii||L?°L4 



M(A)(||n| 



L2 



.(^„)+M(A)(i + M(^))) 
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where we used the curvature bound (12.591) for (3, the estimate fl2.66l) for n, the estimate 
f l5J6|) for A and the estimate (K2M for A. 

We estimate the last term in the right-hand side of fl5.37p . Using the estimate (15. lip 
and the non sharp product estimates estimates (I5.14p and (15.151) . we have: 



fV^' - e ■ (nx) + ^ifintix) + e(^trx))^ 



(5.39) 



•po 



< 



-e ■ {nx) + -{fintix) + e(^trx)) 



■po 



< 



\\tTxfn\\vo + Ar2{n){\\ftix\\vo + ||e-£||po + ||etrx||7^o) 

< Af2{n){Af^{tTx) + liytrxllpo +M(e)M(x)) 

< £+ liytrxllpo, 

where we used the estimate (12.661) for n, the estimate (I2.67P for e and the estimates (I2.69P 
and fl2Tn|l for x- 

Finally, the decomposition (I5.32p for ^T>2^T>i^nL{p^ —a) together with the estimate 
(I5.33P and (l5.37P - (l5.39p yields the following decomposition for ^{nx)'- 



f{nx) = + E, 

where P and E satisfy the following estimate: 

M(P) + ||E||po <£ + liytrxllpo. 

5.1.5 Decomposition of ^{n5) 



(5.40) 
(5.41) 



In order to obtain a Besov improvement for tr^, we need to derive for y(n5) the analog 
of the decomposition for ^ kyy derived in (I4.133p . Recall from (I4.119P that 5 = kii with 
kLL = —s(J^lT, L). Thus, we have: 

fj = -D,,g(DiT, L) = -g(De,DiT, L) - g(DiT, D,,L) 

= -g{BLB,^T, L) - Re.iTL - g(D[e^,L]T, L) - g{~6N, xabCb ~ ^aL) 

= -f^eA - -13a + XABi^B + Ib) - n~'^f^n6, 

which after multiplication by n yields: 



finS) = -f^L^- -13 + x-{e + e) 



(5.42) 



The estimates (12.661) and (I2.67P for e and e, the estimates (I2.69P and (I2.70p for x, and the 
non sharp product estimate (I5.15P yield: 

M(e) + ■ (e + e)||po < e + M(x)(M(e) +M(e)) < e. (5.43) 

Finally, (I5.42p . (I5.43P and the decomposition of (3 given by (I5.3ip (15.331) yield: 

finS) = + E, (5.44) 

where P and E satisfy: 



A/KP) + ||E||po < e. 



(5.45) 
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5.1.6 Besov improvement for tr^ 

In view of fl5.4ip . we need an estimate for ||ytrx||-po. We multiply the transport equation 
f l4.172p satisfied by ^trx- We obtain: 

ynL)^trx = -n Qtrx + X+^) ytrx-2xy(nx) + yr2(2|x|' + L(trx)-etrx)-yMtrx. 

_(5.46) 

Using the decomposition fl5.40p for ^{nx) and the decomposition f l5.44p for ^{n5), we 
obtain: 

- 2xy{nx) - f{n5)iix = Fifi^ + F^W (5.47) 
where in view of fl5.4ip . 05.450 and the estimates fl2.69p fl2.70p for x, we have: 

AfiiFi) + 11^00^2 +M(i"2) + \\F2\\lo^l^ +AfiiP) + \\Wyo <e+\\ftTx\\vo. (5.48) 

Also, using the Raychaudhuri equation fl2.28p . we may rewrite the third term in the 
right-hand side of (15.461) as: 

yn{2\x? + Liiix) - etrx) = xWi (5.49) 

where in view of the estimate (I2.66P for n, the estimate (I2.67P for 5 and e, the estimates 
(I2.69P (I2.70p for x, and the non sharp product estimate (I5.15p . Wi = ■ (x + 5 + e) 
satisfies: 

\\w,\\ro<^^lifn){^^^{x)+^^lie)+^^^(6))<e. (5.50) 

Using the estimate (I2.66P for n, the estimate (12.671) for e, the estimates (I2.69P (I2.70p for 
X, we also have: 



A/l ( ^ ( ^trx + X + S] ] + 



n ( ^trx + X + S 



< A/'2(ri)(M(x) +M(5) + IIxIIl-l? + 

< 6. ^ ^ ^^^^^^ 

Finally, (E1S1)-(I53I]) yield: 

KL^trx = F.f^P + F2W + FsftTX (5.52) 

where Fi, F2, F3, P satisfy: 

M(i^i) + ||i^i|Loo.2+M(F2) + ||F2|Loo^2+M(F3) + ||F3|Loc^2+M < e. (5.53) 

We now apply Proposition 15. II and obtain from (15.520 (I5.53P the following Besov improve- 
ment for y/trx'- 

Wftrxh" <e\\ftTx\\r"+e, 
and the smallness of e finally yields: 

\\ftTx\\BO<e. (5.54) 

Coming back to the decomposition (15.401) (I5.4ip of ^{nx) and using (I5.54p . we obtain: 

fi^x) = S^lP + E with Ui{P) + ll^llpo < e. (5.55) 
(I5.54P and (I5.55P yield the desired estimates (15. 7p and (15. 8p . 
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5.2 Structure equations for LLtry and ^^^.(C) 
The goal of this section is to prove the following proposition. 

Proposition 5.5 Let = bL{fi). Then, fii satisfies the following transport equation: 

L{ii^) + trxiii = -26y^(C) ■ ftrx - 2hx ■ (^§^^(0 + Wl(C) + 2y^C®c) 

+2trxhn-^fn ■ f^{C) + dfiiFi) + /a (5.56) 
where the Pt^u-tangent vectorfield Fi and the scalar function f2 satisfy the estimates: 

WFiWlh-Hu) + II/2||li(w„) < e- (5.57) 
Furthermore, ^ j^C satisfies the following Hodge system: 

WlC) = ^/ii-riy6-y^(C)-2C-yjC) + + (5 58) 

cufif^o = -b-ybAf^ic)-cum + h2, 

where the scalar functions /ii,/i2 satisfy the estimates: 

Whih^Hu) + II^2||li(w„) < (5.59) 

Proof We start with the proof of fl5.56p (15.571) . We differentiate the transport equa- 
tion fl2.39p satisfied by fi with respect to L. We have: 

L(L(/i)) = -tTxL{fi)-2fJ,0-ftTx + 2{C-0-fJ,ftTx) (5.60) 

-2x- (yjy^c) + 2c§yjc)) 

~tTx(2L{dH) + 4C ■ fAC) - 4y^(C) ■ n-'fn + AL{p) + 4x ■ fLiv^j + fl 
where fl is given by: 

fl = -L{tTx)f^ + 2f^{g ■ ftix - 2f^{x) ■ (y§C + C®C - Sx) (5.61) 
+2x ■ m)x + 5f^{x)) - L{trx) (2dK + 2C ■ C + 4(e - C) • n^^^n 
-2S{S + n-^VNn) + 4p - ^tr^trx + 2|e|^ + 31x1^ + 4£ ■ - 2\n-^N{n)\'^^ 
-trx(^4y^(e) ■ n'^fn + 4(e - C) ■ fjin^^fn) - 2L(6){S + n-^VNn) 
-2~5{L{5) + L{n~^VNn)) - ^L(trx)trx - ^trxL(trx) + 4ey^(e) + Qxf Sc) 
+4y^(x) • r] -An~^N{n)y^{n^^N{n)) 
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The curvature bound f l2.59p for p and the estimates ( I2.66p - (l2.7ip obtained in Theorem 
EIH] yield: 

WfWWiu.) < liyL(x)lli.(«.)+A/l(x)^+A/l(C)^+M(A:)^+M(Vn)2+||p|^ 
+ 11 V'n||i.(^^) + l|y^(e)||i2(^„) + \\m\\h(nu) + IN - 
< e. (5.62) 

We now estimate various terms in fl5.60p . Note first from the commutator formula fl2.46p 
that we have: 

= + (5.63) 

= L(L(/i)) - 5L(^) + {5 + n-'VNn)L{fi) + 2(C -Q-ffi 
= L{L{p)) - 6L{p) + {6 + n-'VNn)L{fi) + 2d^ ((C - Qfi) 
-2(d^X.(C) - dm)fx. 
Using the commutator formula fl2.45p . we have: 

(C - C) • fLif^rx) = {(-()■ fmrx)) + {(-()■ IfL^ m^x) (5.64) 
= dm - OUtrx)) - {dHO - dHOMtrx) 
+ (C - C) ■ i-xftrx + i^(trx) + b-ybL{trx)), 

yjyiC) = f^ifLC) + {fL,f]^C (5.65) 

= f^ifiX) - xfc + {^^(c) + b-'fbf^ic) + ixi +xc + 

and 

L{dm) = dmLiO) + [fL^m (5.66) 
= dmdO) -x-n+i- fAO + b-'fb ■ y^(c) + (xi + xc + ^)c. 

Also, using the Bianchi identity fl2.54p . we have: 

trxL(p) = -trxd^^-^trxx-a + 2trxi-/3 + trx(e-2C)-^ (5.67) 

= -d^Ar(trx^) + ytrx ■ ^ - ^trxx " " + 2trxe ■ P + trx(e - 2C) ■ P. 

We now consider the term trx£ ■ ^^(^7) in the right-hand side of f l5.60p . We start by 
computing ^^rj. We have: 

fiiv) AB = L{kAB) - vifiJ^A, es) - vi(^A, fies) 

= -g(D^D,^T, cb) + g(Dy^,^T, cb) - g(De^r, BlCb - y^e^) 

= -g(De_,DiT, cb) - g(D[i,e^]T, cb) + Rlatb + si^f^ej^ ^b) 

-g(De^T,D^eB-y^eB) 

-g(Di3^,^_y^,^_i,^^^T,es) + ^a^B - \pSab + \cr e^B 
-g(D,^T,D^eB-yieB) 
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which together with the Ricci equations fl2.23p yields: 

yL{v)AB = -n-'yAyB'^ + ^~^yAnyBn + \<^AB-\p^AB (5.68) 

-^A^B - X^c^CB + i/B + (ca - C,A){n~^yB^ + ^b) + (^^ - Ci?)evi- 
In view of (15.681) . we have: 

trxx-y^(r/) = trxx ■ ^ ~ ''^"^y^^ + '^"^y^^y^ + 2— (5.69) 

-ye - + + (e - C) iji-^fn + e) + (^ - C)e) • 

Now, ira?]) together with (ESS])-(ESZD and yields: 

L(L(/i)) = 5L(/x) - trxL(/i) - 2yjC) ■ ytrx (5.70) 

-2x ■ (y§yjC) + WJC) + 2C§y^(C)^ 

-trx(^2d^yjC) + 4C ■ yjC) - 4yjC) ■ ri-^yn 
+dy(^(^ - 2(C - Oli + 2(C - OUiix) + 4trx^) + fl + /a', 

where /| is given by: 

/I = -{5 + n-'VNn)m - 2{dm - djA^(C))/" - 2(d^A.(C) - d^(C))L(trx) 
+2(C - C) ■ (-X^trx + e^(trx) + ^^^^^(trx)) 

-2x ■ {-xfC + if AO + ixi + xC + m 
-2tTxi-x • K + i ■ fLiO + ixi + xC + ^)C) 

-4(ytrx ■ ^ + 2trxe ■ /? + trx(e - 2C) ■ fT) 
— 4trxx • ( — n^^'^'^n + n^'^y/ny/n — J/e — XV ~^ ^'^ 



+ {e-Oin-yn + e) + ii-C)e 

The curvature bound fl2.59p for (3,(3 and the estimates fl2.66l) - fl2.71l) obtained in Theorem 
EH] yield: 



+ \\n - 1\\l^(h^) 

< MlHn.) + \\LmllLl+^- (5.71) 

Using the definition of /i fl2.38p . the formula for Li^jj) given by (12.391) . the curvature bound 
fl2.59p for p and the estimates fl2.66p - fl2.7ip obtained in Theorem 12. 181 we obtain: 
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which together with (I5.7ip yields: 

\\f2\\LHn.)<e. (5.72) 

Since /ii = bL{^), we have: 

= L{h)Li^) + bL{L{i2)) = -b5L{^) + bL{L{l^)) 

where we used the transport equation fl2.27p satisfied by b. Together with (15. 70 p . this 
yields: 

L(/ii) = -trx/ii - 26y^(C) ■ ftix - 2bx ■ (^§^^(0 + Wl(C) + ^C^fLiO) 
-6trx(2d^y^(C) + 4C ■ f^iC) - 4y^(C) ■ n-'fn 

+d^(^6(-2(C - C)/" + 2(C - C)^(trx) + 4trx^) 
-fb ■ (-2(C - Qfx + 2(C - C)^(trx) + 4trx^) + bf^ + bfl (5.73) 
which is the desired transport equation fl5.56p for with Fi given by: 

Fi = 6(-2(C - Oil + 2(C - C)^(trx) + 4trx^) 

and /2 given by: 

/2 = -fb ■ (-2(C - + 2(C - C)^(trx) + 4trx^) + bfl + bfl 

Using the curvature bound (I2.59P for /3 and the estimates (I2.66p - (l2.7ip obtained in The- 
orem [2]T8l we obtain: 

WFlWl^i-Hu) ^ ML^i\\C\\looT2 + ||Cllioo^2 + ||L(trx)|L2,L- + M\L^,Lf 

+ l|trx||L-||^||L2(w„)) 

< 

and: 

\\f2\\L\Hu) ^ ll^"^y^lU2(w„)||Fi||i2(^^) + ||6||l-(||/2 + II/I||li(«„)) < e, 

where we used the estimate (15.621) for fl and the estimate (I5.72p for /|. This concludes 
the proof of the estimate fl5.57p for Fi and f2- 

We now turn to the Hodge system satisfied by f ^{Q. We differentiate the equation 
(I2.35P giving with respect to L: 



^(d^^(C)) 
where h\ is given by: 



\ - 2x ■ fdv) - 4CyjC)) - Up) + hi, (5.74) 



h\ = ^:L(trx)trx + ^trx^(trx) - X ■ fiXx) - fiix) ■ V- 
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The estimates (l2.66p -( PTTi) obtained in Theorem 12.181 yield: 

\\h\\\mn.) < \\fLix)\\hin.)+Wxr+^fl{kr < e. (5.75) 
dSSSD, (ESHI), and the Bianchi identity (EM]) yield: 

mfiXO) = -b-'fb ■ f,{0 + i (^rVi - 4CyjC)) + +h\ + hi, (5.76) 

where hf is given by: 

hi = -X-K + i-yL(C) + (xi + xC + ^)C-2e-/3-(e-2C)-^ 

-X- n-^f'^n + n-^fnfn - - xr/ + + (e - C){n-^fn + e) + ({ - C)e^ • 

The curvature bound fl2.59p for P and the estimates fl2.66l) - fl2.71l) obtained in Theorem 
yield: 

WhlWmn.) < m\hin.)+mr + ^r,{xr+Ari{kr+mfn)<e. (5.77) 
Next, we differentiate the equation fl2.36p giving cu/l(C) with respect to L: 

L(cu/l(C)) = y^(x) A77 + X Ay^(r7) + L(a). (5.78) 
The commutator formula fl2.45p . (15.680 . (I5.78P and the Bianchi identity (12.561) yield: 

cu/l(y^(C)) = -b-'fb A f^iC) - + h2, (5.79) 

where h2 is given by: 

h2 = &ABX^cfcCB-iAfLic) + {xi+xc+m+fLix)Av-2C(3+i^-'^cri 

+£ A ^ - n'^f'^n + n'^fnfn - - ^r/ + + (e - Qin'^fn + e) + (^ - C)e^ 

The curvature bound (I2.59P for and the estimates (I2.66I) - (I2.71I) obtained in Theorem 
EIH] yield: 

IMmn.) < mhin.) + mlnn.) + + ^flixf + ^fl{kr + ^fl{fn) < e. (5.80) 

Finally, (I5.75p - (l5.80p yield (I5.58P and (I5.59P which concludes the proof of the proposition. 



5.3 Estimates for ^^(C) 

The goal of this section is to obtain an improvement of the bootstrap assumption (15. 2p 
for i{C)- We will use the following three lemmas. 
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Lemma 5.6 Let F a Pt^u-tangent vectorfield on Hu- Assume there exists two constants 
Ci,C2 > possibly depending on u such that for all j > 0, we have: 

\\PjF\\L2^n^)<Ci + 2-iC2. (5.81) 
Let H a Pt^u-tangent vectorfield of the same type. Then, for all j > 0, we have: 

\\P,{H.F)U.^n.)<mH){2^C, + 2^2C2). (5.82) 

Lemma 5.7 Let f and h two scalar functions on Hu- Let 2 < p < +oo. Assume there 
exists two constants Ci, C2 > possibly depending on u such that for all j > 0, we have: 

\\P,f\\L^L^,<2^C, + 2iC2. (5.83) 

Then, for all j > 0, we have: 

\\PAhf)\\L.Ll, < miL- + \\mBo)i2^C, + 2iC2). (5.84) 

Lemma 5.8 Let F a Pt^u-tangent 1-form on T-Lu- Assume there exists two constants 
Ci, C2 > such that for all j > 0, we have: 

||PPi(F)|U2(^„) < 2^Ci + 25C2. (5.85) 
Then, for all j > 0, we have: 

\\PjF\\mn^)<C, + 2-iC2. (5.86) 

We also state the following lemmas which will be used in the proof of Lemma 15.61 as 
well as several places in the paper. 

Lemma 5.9 For any Pt ^-tangent tensor F on Tiu, and for all j > 0, we have: 

T.^'\\p^nirLi,+^-'\mni^Li, <WFr- (s.sr) 

Lemma 5.10 For any 1-form F on Pt^u, for any 1 < p <2 and for all j > 0, we have: 

\\P,dHF)\\LHP.,^) < 2f^||F|U.(p,,„). (5.88) 

We postpone the proof of Lemma ESI to section [BTTl the proof of Lemma ISTTl to section 
\B.2\ the proof of Lemma to section [R3| the proof of Lemma to sections [B.4t and the 
proof of Lemma [5TT0] to section [Bl5l We show how they improve the bootstrap assumption 
(15. 2p . The bootstrap assumption (15. ip together with the definition of fii and /i yields for 
all J > 0: 

||P,(rVi)||L^(«„) < 2We + 2'^De^{u). (5.89) 
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Lemma 15.61 implies: 



+ ||p,(-riy6Ayjc))llL^(«„) 



< 2We + 2'^D-i{u) + {Ni{h-^fh)+Ui{C)){'^'Dh + 2'^Dh-i{u)) 

< {l + De){2We + 2iDe-f{u)) 

< 2We + 22De-f{u), 



(5.90) 



where we used the bootstrap assumptions (15. 2p for y/i{C)^ the estimate (I5.89P for fii 
and the estimates (I2.68P and (I2.7ip for b and ( obtained in Theorem 12.181 Using the 
Littlewood-Paley property iii) of Theorem 13. 9[ and the dual of the sharp Bernstein in- 
equality (I4.36P for scalars, we obtain: 



||P,(dW) + h)\\LHn.) + m-cnAm + h)\\LHH.) 

< 2i^iu2(^„) + 2i/iiiui(^„) + 2i/i2iui(H.) 

< 2%, 



(5.91) 



where we used the curvature bound (12.591) for f3 and the estimate (I5.59P for hi, h2- Using 
the Hodge system (I5.58P satisfied by ^^(C) and the estimates (I5.90p and (I5.9ip . we obtain: 



< 



\P,{dmLm\\LHH.) + ||P;-(cu/l(yjC)))l|L^(«„) 



< 2We + 2iDe-f{u). 
which together with Lemma 15.81 yields: 

\\PAfLiO)hHn.)<DE + 2''^DE^iu). (5.92) 
Note that (15.920 is an improvement of the bootstrap assumption (15.20 for y^(C). 



5.4 Estimates for LL try 

The goal of this section is to obtain an improvement of the bootstrap assumption (15. ip 
for LL iiy. Note first that the bootstrap assumption (15. ip together with Lemma [5. 71 with 
the choice h = h and the definition of /ii and yields for all j > 0: 

\\PM)\\L^iH^) < 2We + 2iDej{u). (5.93) 

Another application of Lemma IFTTl this time with the choice h = shows that improving 
on the bootstrap assumption (15.11) is equivalent to improving (I5.93p . We now focus on 
improving (15. 93 p . After multiplying the transport equation (I5.56P satisfied by fii by n, 
we have: 

nL(/xi) + ntrx/ii = -2bnf^{C) ■ ftix - 2bnx ■ (^^§^^(0 + b-'fbf^iC) + 2y^C®c) 

+2ntTxbn-^fn ■ f^iC) + nd]f^{Fi) + n/2. 
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which yields: 

\\Pj{f^i)\\L^inu) 



+ 
+ 
+ 
+ 



Pj [ I {ntTXfii)dT 



(bnx ■ if ®fLiC))dT 



+ 



+ 



+ 



{hny^iO ■ ftTx)dT 



{bnx-{b-'fbf^{0)dT 



Pj( [ (bnx ■ if LC^c)dT] + Pj( [ {ntTxbn~yn-f^{C))dT 

\J0 / / L'^CHu) V-'O 



(5.94) 



{d^{nFi))dT 



{nf2)dT 



+ 



{ynF^))d 



T 



where we used the following lemma with f = fii: 

Lemma 5.11 Let f a scalar function solution of the following transport equation: 

Hf) = 0, / = /o on Po,u. 
Assume there is a constant C > possibly depending on u such that for all j > 0; 

||^j/o||L2(Po,„) < C2i. 



Then, we have the following estimate for f : 

WPjfh 



<C2i 



The proof of Lemma 15.111 is postponed to section IB. 61 In order to estimate the right- 
hand side of (15.931) . we will use the following three lemmas, which constitute the core of 
section [51 

Lemma 5.12 Let a scalar function f on Hu such that: 

\\f\\L- + \\ff\\v^<e. 
Assume that satisfies (I5.93p . Then, we have for all j > 0: 



P. 



(//ii)rfr 



Lemma 5.13 Let a Pt^u-tangent 2-tensor F on Hu such that fF admits a decomposition 
of the form: 
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where P , E are Pt^u-tO'f^Q^'^t tensors, and F , P, E satisfy: 

Assume that ^^.(C) satisfies the estimate f l5.92p . Then, we have for all j > 0: 



{F.yy,{0)dT 



Lemma 5.14 Let a Pt^u-tangent 1-form F on Tiu such that: 

\\P\\vo < £■ 

Assume that ^^.(C) satisfies the estimate f l5.92p . Then, we have for all j > 0: 



{F.y,{Q)dr 



< 2We^ + 2iDe^j{u) 



LTKi 



We will also need the following three lemmas for the proof of Lemma 15.11^ Lemma 
I5.12[ 15.131 and 15.141 as well as various places in this paper. 

Lemma 5.15 Let f a scalar function on T-L^ o.nd F a Pt^u-tangent 2-tensor. For any 
j > 0, we have: 



and 



Hf)dT 



dfvdfv{F)di 



< 2^^ 



< 2'^^\F\ 



cr.' I- 



Lemma 5.16 Let F a Pt^u-tangent 1-form. For any j > and any 1 < p < 2, we have: 

ft 



Pj (^j^ dfiiF)dT 



2j 

< 2~||F| 



1^ T.' 



Lemma 5.17 The following decomposition holds: 

f{np) + if {na)r = *V, ■ J ■ *V^\f^M) + 

where J denotes the involution (p, a) — > {—p,a) and H is a scalar function on Tiu satis- 
fying the following estimate: 

II^IIl2l3, <e. 

t x' 

We postpone the proof of Lemma 15.121 to section IB.7t the proof of Lemma 15.131 to 
section \B.8\ the proof of Lemma 15.141 to section IB. 91 the proof of Lemma 15.151 to section 
IB.IOI the proof of Lemma 15.161 to section IB. Ill and the proof of Lemma 15.171 to section 
IB. 121 We show how they improve the estimate fl5.93p . We estimate each term in the 
right-hand side of (15.941) starting with the first one. 
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The scalar function / = ntix satisfies the following estimate: 



\ff\\ 



■po 



< 



hlU-lltrxlh 



< 6 + {1+Ar2{n - l))||ytrx||po +M(trx)A/'i(n - 1) 



where we used the estimate fl2.69p satisfied by trx, the estimate (12.661) satisfied by n, and 
the non sharp product estimates (15.141) and (15.151) . Thus, in view of Lemma l5.12[ we 
obtain: ^ 

Pj ( I {ntTXfii)dT] <2W6^ + 2iDe^-f{u). (5.95) 

We now focus on the third term in the right-hand side of (15.941) . We define the 2-tensor 
F = bnx- In view of the decomposition (I5.55P for ^(nx), we have: 

fF = hf{nx) + nxfh 

= bif^^P + E)+nxfb 

= f^LibP) - nL{b)P + bE + nxfb 

= f^^{bP)+nb5P + bE + nxfb 

where P and E satisfy: 

A/KP) + ||E||po < £. 

Thus, we set Pi = bP and Ei = nb6P + bE + nx^b and obtain: 



Furthermore, we have: 



M(Pi 



1^1 1 



■po 



< 



fF = f^^{Pi) + Ei. 



Af2ib))Afi{P) + Af2ib)Af2in)Afi{6)AfiiP) + Af2mE\ 



■po 



+U2{n)Ui{x)Ui{fb) 
< AfiiP) + \\E\\po + e 

< 

where we used the estimate (12.701) satisfied by £, the estimate (12.661) satisfied by n, the 
estimate (12.681) satisfied by 6, the estimate (I2.67P satisfied by 5, and the non sharp product 
estimates (I5.14p and (I5.15p . Thus, in view of Lemma [5.13^ we obtain: 



P, 



{bnx-{y®ydO)d^ 



(5.96) 



We consider the second, the fourth, the fifth and the sixth term in the right-hand side 
of (I5.94p . We define the 1-forms: 



Fi = bn'^tix, F2 = nx^b, F3 = bnxC and F4 = fetrx^n. 
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These 1-forms satisfy the following estimate: 

||-Fl||-pO + ||i^2||p0 + ll-^sllpo + l|-^4||-po 

< M2{n)M2{h)\m^x\\v^^ + ^2{n)M,{x)Mrm + A/'2(6)MHA/;(x)A/'i(C) 

< e, 

where we used the estimate fl2.69l) satisfied by tix, the estimate fl2.70p satisfied by 
the estimate fl2.66p satisfied by n, the estimate fl2.68p satisfied by b, the estimate fl2.7ip 
satisfied by (, and the non sharp product estimates (15.141) and flS.lSp . Thus, in view of 
Lemma [5.14[ we obtain: 



( [\bnfdO ■ ftrx)dr) + P, ( [\bnx ■ {b-'fbf^{0)dT 

\J0 J L^CHu) V>^0 



+ 



{bnx-{fLC^(:]dT 



+ 



ntixbn ■ y^(C))(ir 



(5.97) 



We consider the seventh term in the right-hand side of (15.940 . We define the scalar 
function w and the the Pt^„-tangent 1-form W as the solutions of the following transport 
equations: 

nL{w) = djA^(nFi), w = on Po,«, and "^^l^ - nx-W = nFi, = on Po,«- 
We have: 



P, / (d^(nFi))rfr 



\P^w 



(5.98) 



< 



\P,{W - dHWmLHH.) + \\P,dHW)\\LHH.) 



< 2mw-dHW)h^^Ll,+2'\\W\\mn.) 

where we used the dual of the sharp Bernstein inequality (14.361) and the finite band 
property of the Littlewood-Paley projection Pj. We estimate the two terms in the right- 
hand side of (15.981) . Using Lemma [5.21 we have: 



\w - d]^{W)\\L2L\ < e\\nFi\\L2^nu) < 



(5.99) 



where we used the estimate (15.571) on Fi and the bound for n given by (I2.66p . Also, 
using the estimate (I3.64p for transport equations, we have: 



WWl^-Hu) ^ \\xW\\lI,lI + \\nFi\\L2^^^^) 

^ \\x\\L^L2j\W\\L^nu)+ ^ 

< 6\\W\\L2(nu)+£, 



(5.100) 
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where we used the estimate f l5.57p on Fi, the trace bound on x given by (12.691) (12.701) . 
and the L°° bound for n given by (I2.66p . (IS.lOOp yields: 



which together with (I5.98P and (15.990 imphes: 



Pj / (d^(nFi))rfr 



< 2^e. 



(5.101) 



Finally, we consider the last two terms in the right-hand side of (I5.94p . Using the dual 
of the sharp Bernstein inequality ( I4.36P and the estimate (13.641) for transport equations, 
we have: 



[fnFi))dT 



+ 



< 2^ 



{fnFi))dT 



+ 2^ 



p. 



{nf2)dT 



(5.102) 



[nf2)dT 



<■ cr.' 



< 2iynFi|Ui(^„) + 2in/2|Ui(«„) 

< 2-'||yn||L2(^^)||Fi||i2(^„) + 2-'||n||L^||/2||Li{^„) 

< 2%, 



where we used the estimate (15.571) on Fi and /2, and the L°° bound for n given by (I2.66p . 
Finally, ([531-(I53HD, dCTJT]) and ( 1ETU2]) yield: 



\PAf^i)\\LHn.) < De'2^ + De'2hiu) + 2^e 



(5.103) 



which is an improvement of (I5.93P . (I5.103P together with Lemma 15.71 with the choice 
h = and the definition of fii yields for all j > 0: 

\\P,iL^)U2^n.) < 2We' + 2^De%(u) + 2% 
which in view of the definition of /i implies for all j > 0: 



Pj{LLtTx)\\L^iH^) < 2We^ + 2iDe^^{u) + 2%. 



(5.104) 



(I5.92P and ( 15.1041) improve the bootstrap assumptions ( 15. ip (15.21) . Thus, there exists a 
universal constant D > such that ([EI]) ([52]) hold. This yields (I2T2D (I2T3D . 



5.5 Estimates for LLb 

The goal of this section is to prove the estimate (I2.74p for LLb and to conclude the proof 
of Theorem 12.191 
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5.5.1 Structure equation for LL b 

The goal of this section is to prove the following proposition. 

Proposition 5.18 Let bi = b LL b — b'^(L(6) + Lin'^V n^)) ■ Then, bi satisfies the follow- 
ing transport equation: 

L{bi) = -{2bfb + Abh) ■ yjC) + + df^Fi) + /s, (5.105) 

where the Pt^u-tangent vectorfield Fi and the scalar function f2 satisfy the estimates: 

\\Fi\\LHn.) + \\f2\\LHn.)<e. (5.106) 

Proof We differentiate the transport equation fl4.160p satisfied by Lb with respect to 
L. We obtain: 

L{LL{b)) = [L,L](L(6)) + L(L(L(6))) (5.107) 
= 6LL{b) -{6 + n'^VNn)L{L{b)) - 2(C - QfUb) + iW) + L{n~^^Nn))Sb 
+ {6 + n-'VNn)L(S)b +{6 + n-^\/ Nn)5LAb) - 2{f^{C) - f^iQ) ■ fb 

-2(C - ■ fLfb - mm - bLL{5). 

where we used in the last equality the commutator formula fl2.46p . 

In view of f l5.107p . we need to compute LL {5). Differentiating the formula fl2.43p for 
L_{5) with respect to L, we obtain: 

LL(5) = -L{L{5) + L{n-^VNn)) - [L, L\{5 + n'^W nu) + 2L(p) (5.108) 
+4e ■ yj6) + 45L(5) + 0^{e) ■ {( - n-'fn) + 4e ■ (^JC) - fd^-yn)) 
-An~^N{n)L{n-^N{n)) 
= -L{L{S) + Lin^^VNu)) - [L, L]{5 + n'^W nu) - 2d^(^) - £ ■ a 
+4^ ■ /3 + 2(e - 20 ■ ^ + 4e ■ ^^(e) + 45L(5) + 4y^(e) ■ (C - n-'fn) 
+4e ■ (yjC) - yiXn'^n)) - An,-^ N {n) L{n~^ N {n)) , 

where we used the Bianchi identity (12.541) for L{p) in the last equality. Now, (I5.107p . 
fl5.108p . the transport equation (12.271) satisfied by 6, and the definition of bi yield: 

L{bi) = bL{LLb) + L{b)LLb - b'^L{L{S) + m~^^Nn)) - 2bL{b){L{6) + L{n'^^Nn)) 
= bL{LLb) - b6LLb - bL{L{6) + m^^^Nn)) + 2M(L(5) + L{n~^^Nn)) 
= -{2bfb + Ab\)-f^{0 + b^xa + d]/v{Fi) + f2, (5.109) 

where the Pf^^-tangent vectorfield Fi is given by: 

Fi = -46(C-C)^(&) + 26^/3, (5.110) 



103 



and the scalar function /2 is given by: 



f, = -b{6+n-'VNn)L{m)+'^Kn-fom+'^fb-ic-gm (s.m) 

+b{W) + Lin-^VNn))5b + b{5 + n-^VNn)L{5)b + b{5 + n'^V Nn)5L{b) 
+2bf^{0 ■ fb - 2b{C - ■ [f^, Mb) - bL{b)m - 2bLib)iL{6) + L(n- V^n)) 
+b^[L,L]{6 + n-^VNn)-4bf{b)-f3_-4b\-f3-2b\e-2C)-l-4bh-f^{e) 
-Ab'^6L{6) - Ab'^y^{e) ■ (C - n-^fn) + Ab'^e ■ f^{n~'^fn) 
+Ab'^n-^N{n)L{n'^N{n)) + 2b6{L{S) + Un'^V Nn)). 

In view of the definition flS.llOp of Fi, we have: 



) < \\by- 
< e, 



>(IICIL^L? + \\C\\L-L^,)\\m\\L^>L- + WbWUWWmn.) (5.112) 



where we used in the last inequality the curvature bound fl2.59p for /3, and the estimates 
(ESSD-(EZI1) for 6, C and C- 

Next, we estimate f2- In view of flS.llip . we have: 

\\f2\\LHn.) (5.113) 

\l- + n-'VNn\\L^.^nJ\Lim)\\LHH.) + (IIK - fCWmn.) 

b-ybh.^nM-Q\LHn.MUb)\\LHH.) + \\fLiO^^ 



< 



+ 

+ 

+ 
+ 

X 

+ 
+ 

+ 

+ 



x' 



+ \\m\WiH.)\\LmL^iH.) 



< 



&|lioo(^||L(5) + L(r^-^V;vr^)l|L^(«„)l|5||L^(«„) + (P1|l^(«„) 
n'^V Nn\\L^(^y_^))\\L(5)\\L2(^'H^) + m\Lmu)^\\n-'yNn\\ 

l^{Hu))¥\\lhHu) 

MmuMLmL^n^) + ||^(n-Vivn)lU2(^„) 
- 5||L(L(6)) + e|| [y^, y](6) ||^^^4 + II [L, + V^n) 



where we used in the last inequality the curvature bound (12.590 for (3 and /3, and the 
estimates fl2.66p - fl2.7ip for n,b,e,6,6,(,^ and (. Now, we evaluate the right-hand side 
of (15.1131) . Using the estimate fl4.16ip for \\L{L{b))\\L2(nu) the commutator formulas 
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IHM^i and ([23S]), we have: 

\\L{Lm\LHn.) + II [fL, f]ib)L,A + II [L, L]i5 + Vat^) W^.^n.) 

< ^ + llxllLrL^,liy&IU^(w„) + Uh^LlMmWLHn.) + \\b-'fb\\L^Ll,\\m\\LHnu) 

+ \\ML^nu)\\W + n-^VNn)\\L2{nu) + + Nn\\L2(Hu)\\H^ + ^'^^ Nn)\\L^Hu) 
+ \\C-C\\L^iHj\W + n-'VNn)\\L'^^n^) 

< e, 

where we used in the last inequahty the estimates ( I2.66p - (l2.7ip for n, b, 6, 6, (, ^, x aiid C- 
Together with fl5.113p . this yields: 

\\f2\\mn.)<e. (5.114) 
In view of f l5.109p . (15.1 12p and (15.1141) . this concludes the proof of Proposition 15.181 ■ 



5.5.2 Estimates for LL(b) 

After multiplying the transport equation (15.1050 satisfied by bi by n, we have: 
nL{bi) = -{2nbfb + Anb'^e) ■ f^{C) + nb^Xa + d^(nFi) - fnFi + /s, 
which together with Lemma 15.111 yields: 



Pj (^j^ {{2nbfb + Anb\) ■ yjC))^^^ 



:r,' 



+ 



+ 



P, (^j\fnF,)dT 



+ 



P, (^j\d^{nF,))dT 



(5.115) 



<■ :r.' 



rr' 



P, 



[nf2)dT 



'' T.' 



Next, we evaluate the right-hand side of (15.1151) . Using the nonsharp product estimates 
(I5.14P and (15.151) . we have: 

112^6^6 + ^nb^eWv^ < A/'2(6)M(r2)(A/'i(y6) + A/'2(6)M(e)) < e, 

where we used in the last inequality the estimates (I2.66l) - (l2.68p for n, e and b. Together 
with Lemma [5. 141 this yields the following estimate for the second term in the right-hand 
side of fl5TT5|) : 



PJ / {{2nbfb + 4nbh) ■f^{())dT 



< 2% + 2-2ej{u) 



(5.116) 



Using Lemma [5. 161 with p = 2, we have the following estimate for the second term in the 
right-hand side of (I5.115P : 



P, / (dyV(nFi))dr 



< 2^\\nF,\\L2^n.) < 2^\n\\L^\\F,U2^n^) < 2%, (5.117) 
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where we used in the last inequahty the estimate f l2.66p for n and the estimate f l5.106p for 
Fi. Also, using the dual of the sharp Bernstein inequality for scalars (14.361) and the 
boundedness of Pj, and the estimate for transport equations (13.641) . we have the following 
estimate for the remaining terms in the right-hand side of (I5.115P : 



P. 



+ 



{nf2)di 



L?°L^, 



P, (^j\fnF,)dT 



< 2i \\nb'x ■ + ID^nFill^, ) + 2^ \\nf,\\^.^^^^ 

■x' 

< ||^|U-||fe||ioo||x||L-L2|l^llL2CH„) +2^liy^llL,-L2,||i^l||L2(«„) + 2^ || 72 1| || /a || 

< 2^e + e^{u), (5.118) 

where we used in the last inequality the curvature bound ||a||L2(w„) ^ liu)e provided by 
(I2.59p . the estimates (I2.66p - (l2.70p for n, b and and the estimate (I5.106P for Fi and f2- 
Finally, in view of (I5.115p - (l5.118p . we have: 

\\Pj{b,)h^Ll,<2'e + 2'^ej{u). (5.119) 

Now, in view of the definition of bi in Proposition I5.18[ we have: 

WPjibLLmiLrLl < \\Pjib,)U^L.^ + \\P,ib'im+Un-''^Nn)))h^L2, (5.120) 

< \\Pjib,)\\L^Li, + wp.ib'iumL-Li, + wun-'^^NnmL^Li, 

< 2% + 2ie^{u) + \\P,{b'{Lm\Lr'L^, 



where we used in the last inequality the estimate (I2.66P for n, and the estimate (I5.119P 
for bi. Now, we have in view of (I4.66P and (I4.67p : 



L{S) = p + di/ire + h, 



(5.121) 



where the scalar h is given by 



h = -n-'Vln + 6^ -C( + Ce-(e + -dtiO - rjO + 2b-y^beA. 



In view of the definition of h, we have 



+ k 



< 



(5.122) 



where we used in the last inequality the estimates (12. 660 - 02.710 for n, 6, (, (, e, 6, rj and b. 
Also, using the finite band property for Pj and the estimate (12.670 for e, we have 



|P,(djA.e)|Lc„i2, <2^||e|Lc»^., <2%. 



(5.123) 
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We will obtain in Lemma 16.201 the following estimate for p 

\\P,p\\LrL^ < 2'£. (5.124) 

Finally, (^A21^-I^J2M imply 

\\P,im)\\LrL^,<2^e. (5.125) 

x' 

Together with Lemma [5 . 71 with the choice h = b"^, this yields: 

\\Pj{b'umLrL^<2'e. 

x' 

Together with fl5.120p . we obtain 

\\P,{hLUmLTLl <'^^e + 2h^{u). 
Together with Lemma [5.71 with the choice h = b^^, this yields: 

\\P^{LL{m\LrLl, <2's + 2ie^iu), 

which implies the estimate fl2.74p for LL (b). Together with the estimates (12.721) and fl2.73p 
which were obtained in section 15.31 and section 15. 4[ this concludes the proof of Theorem 

EH 

6 First order derivatives with respect to ou 

The goal of this section is to prove Theorem 12.201 In section 16. H we derive commutator 
formulas involving 5^. In section [6l2l we prove the estimates fl2.75p and fl2.76p for d^jN, 
da}b, duiX and d^iC- In section lOj we prove the estimate fl2.77p for yjll{di^x)- In section 
16. 4[ we derive the decomposition [2178] - ( 12 . 8 1 p for £. In section |63| we derive Besov improve- 
ments for d^^N and d^x- Finally, we prove the lower bound fl2.82p for N{.,uj) — N{.,uj') 
in section 16.61 

6.1 Commutator formulas 

In this section, we derive several formulas involving commutators with (9^. We start with 
some useful identities. 

Lemma 6.1 For any 1-form F , we have the following identity: 

Fa^e^CA + FaO^ca = -Fr,d^N - Fg^^N. (6. 1) 

For any symmetric 2-tensor H, we have the following identity: 

HAd^ecHcB + HAcHd^ecB = —HanHq^nC ~ HAd^NHNB- (6.2) 

For any 2-tensor H and any 1-form F , we have the following identity: 

Pdu^eeHBA + PsHg^eBA = —PnHq^na — Fd^NpI^NA- (6.3) 
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Proof The identities fl6.ip . fl6.2p and fl6.3p are easy consequences of the identities: 

g(5a;ei,ei) = 0, g{d^e2,e2) = 0, g{d^ei,e2) = -g(9^e2,ei), g{d^eA, N) = ~g{d^N,eA), 

(6.4) 

which follow from the fact that (ei, 62, N) is orthonormal. ■ 

We first consider commutators for scalar functions. 
Proposition 6.2 Let f a scalar function on Ai. We have: 

[d^,L\f = d^Nif), [d^,L]f = -d^Nif) (6.5) 

and: 

[5., f]f = -fo^NfN - ^Nfd^N. (6.6) 

Proof Differentiating g(T, N) = and g(A^, N) = 1, and using the fact that T is 
independent of cu, we obtain 

g{T,d^N) = Oandg{N,d^N)=0 

which shows that 5^A^ is tangent to PtM- Furthermore, since T is independent of u, and 
since L = T + N and L = T — N,we have 

d^L = d^N and d^L = -d^N, (6.7) 

which immediately yields f l6.5p . Furthermore, we have: 

ff = Bf + lg(D/, L)L + lg(D/, L)L 

where D/ = —g°'^da{f)dp denotes the space-time gradient of /. Together with (16. 5p and 
the fact that D] =0, this implies (16. 6p . This concludes the proof of the proposition. ■ 

Next, we consider commutators for ^j-tangent vectorfields. We introduce the pro- 
jection n of vectorfields on onto vectorfields tangent to Pt^u- 

IiX = X - g{X, N)N. 

We have the following proposition: 

Proposition 6.3 Let X a Pt^u-tangent vectorfield. We have: 

d^fj^X-f^{U{d^X)) = fg^^X-g{f^{X),d^N)N + exd^N-g{X,d^N)eAeA, (6.8) 
and: 

d^f^X-f^iUid^X)) = -f^^^X-gif^iX),d^N)N + {Cx-i^)d.N (6.9) 

-g{X,d^N){CA-i^)eA. 
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Proof We start with d^f - y^{Jl{d^X)). By the definition of y^, we have: 

yjX)=g(Dz.X,e^)e^. 
Differentiating with respect to uj and using (16. 7p . we obtain: 

d^{f^{X)) = g{BL{d^X), eA)eA + s{Bd^NX, eA)eA + g(DiX, 9^eA)e^ + g(DLX, eA)d^eA 
which together with (16 .ip yields: 

d^f^X = g{-DL{du.X), eA)eA + fe^^X - g(DLX, N)d^N - g(Dz.X, d^N)N. (6.10) 
Since X is tangent to Pt^u, we have: 

d^X = Il{d^X) + gid^X, N)N = U{d^X) - g{X, d^N)N (6.11) 

which yields: 

g(Dz.(9^X), eA)eA = g(Dz.(n(6'^X)), eA)eA - g{X, 9^iV)g(Dz.iV, 6^)6^. (6.12) 

Now, using the Ricci equations (I2.23P for D^X and the fact that X is Pj^^t-tangent, we 
have: 

g(DiiV,eA) = and g(Dz.X,iV) = -g(X,DiiV) = -e^. 

Together with fl^TTUD and fl^TT^ . this yields (ESD- 

Next, we consider c^^^y^X — yj^(n((9^X)). Similarly as before, we obtain the analog 
of (KTQ^ : 

d^f^X = g{-DL{d^X), eA)eA - fe^^^X - g(DiX, N)d^N - g(DiX, d^N)N. (6.13) 

and the analog of (I6.12|) : 

g(D^(6'^X), eA)eA = g(Di(n(9^X)), eA)eA - g{X, 9^X)g(DiX, 6^)6^. (6.14) 

Now, using the Ricci equations (I2.23p for D^X and the fact that X is Pt,„-tangent, we 
have: 

g(D^X, ca) = {(a - i^) and g(D^X, X) = -g(X, D^X) = -(Cx - i^)- 

Together with (I6.13P and (16.141) . this yields (16. 9p . This concludes the proof of the propo- 
sition. ■ 

Next, we consider commutators for Pj^u-tangent tensors. Let F a m-covariant tensor 
tangent to the surfaces Pt^u- Then, du}F is not a tangent to Pt,^- We denote by HP the 
Pt u-tangent part of P. We have the following proposition: 

Proposition 6.4 Let Fa be an m-covariant tensor tangent to the surfaces Pt^- Then, 

d^f^FA - fLU{d^F)A = fa^r^^A - eAAd.N)cF^^,,c..A^ + g{eA^, d^N)ecF^^,,c..A^, 

(6.15) 

and: 

d^f^FA-fJlid.F)A = -f9.NFA-iCA.-i^mN)cFAM^ (6-16) 

+9ieA.,d^N){Cc-UF^^„c..A^. 
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Proof For simplicity give the proof for a P(_u-tangent 1-form F, the general case 
being similar. We start with d^j^/i^F — ^jTl{dujF). By definition, we have: 

Differentiating with respect to u and using (16. 7p . we obtain: 

d4f^F)A + fLF9^eA = d^N{FA)+L{d^FA)+L{Fd^,,)-d^Fy^^^^^-F^^^y^^^^ 

which together with fl6.1ip with X = e^, 06.81) . and the fact that F and ^^F are Pt^u- 
tangent yields: 

dUfLF)A + fLFn^o^e,) = d^NiFA) + f^iUid^F))A + LiFuia.e^)) 

= f,^j,FA + fLi^{d^F))A + fLFni9^e,) 

-eAFs^N + g{eA,d^N)F-e. 
This concludes the proof of fl6.15p . The proof of f l6.16p is similar and left to the reader. ■ 

Finally, we consider the commutator of d^^ with V2. 
Proposition 6.5 Let H a symmetric Pt^u-tangent 2-tensor. Then, we have: 

dM<H))A-df^iU{d^H))A = -fj,HAd^N + 9{d^N,eA)e-H (6.17) 

+dd^NBHBA — dAsHBd^N — trOHAd^N, 

where 6 is the second fundamental form of Pt^u in (i.e. Oab = gi^ aN ^cb))- 
Proof We first derive a formula for dt_o{^B^A)- have: 

d^i^B^A) = d^{g(I)BeA,ec)ec) 

= gCDd^es^^A, ec)ec + gCDBidojCA), ec)ec + gCDBCA, d^ec)ec 
+g(J)BeA,ec)dujec. 

Now, using (16. lip to decompose ca, we have: 

gCDBeA, d^cc) = 5'(Dij(n(eyi)), d^cc) - g{d^N, eA)g{T>BN, cc). 

Furthermore, the analog of (16. ip for 2-tensors yields: 

gCDBCA, d^ec)ec + g(DBeA, ec)d^ec = -g{d^N, ec)(5'(Di?eA, N)ec + g{T)BeA, ec)N). 
Thus, we obtain: 

dUfB^A) = fe^,^{eA) + fBi^id^(^A))-9{d^N,eA)g{BBN,ec)ec (6.18) 
-g{d^N, ec){g(PBeA, N)ec + giPsCA, ec)N) 
= fd^es(^A) + fsi^idueA)) - gid^N, eA)eBcec + OABd^N 
-g{'DBeA,d^N)N. 
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We now compute di^{^ (jH ab) ■ We have: 

d^if c-Hab) = d^eciHAB) + ecid^HAB) + edHQ^e^B) + eciHAo^es) (6.19) 

= fcO^{d^H))AB + d^eciHAB) + eciHa^eAB) + ec{HAa^es) 
Using fl6.18p . we have: 

^d^{f^,eA)B + ^Ad^if^es) = ^f^^^^eAB + ^ Af ^^^^e^ + ^f^{U{d^eA))B 

+^Af^{U(d^es)) ~ ^a)OcdHdB 
—g{du)N, eB)9cDHAD + dAcHa^NB + dBcHAdu^N-, 

which together with fl6.19p yields: 

d^fcHAB) = fcmd^H))AB + f9^eaHAB + fcHuid^eA)B + fcHAUid^eB) (6.20) 

+g{d^N, eA)OcDHDB + gid^N, eB)OcDHAD — SacHq^nb — ^BcHAd^N- 
Contracting fl6.20p . we obtain: 

5^(d^i/^) = dUYi{d^H))A + fa^,^HAc + fcHAa^ec + fcHd^eAC (6.21) 
+g{du,N, eA)OBcHcB + gid^N, ec)6cBHAB - OAcHa^Nc - tTOHAd^N- 

Now, the analog of fl6.1l) - fl6.3p yields: 

^d^ec^AC + fc^Ad^ec = -^N^Ad^N 

which together with fl6.2ip implies (16.171) . This concludes the proof. ■ 



6.2 Control of d^N , djj, d^jX and d^jC 

6.2.1 Derivatives of d^iN with respect to the null frame 

We first compute the derivatives of d^^N with respect to the null frame. 
Lemma 6.6 

^lid^N) = -x9^^BeB-Sd^N + ea^,,L, (6.22) 
^l{9u.N) = 2dMeA + Xd^NBeB + {S + n-^VNn)d^N 

+ i2e9^N + n-^Va^Nn)L - 2Ca„iviV, (6.23) 
T>A{,d^N) = d^XABCB - gidu^N, eA)CBeB - g{,d^N, eA)SL - xas^nN. (6.24) 
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Proof We start with DL^d^^N). Using the Ricci equation for D^L and the fact that 
dujL = di^N, we have: 

DiS^iV + T>9^r^L = -dUS)L - 6d^N. (6.25) 

Now, we have: 

d^6 = 2eo^N, dji = 2ed^N - rT^V a^Nn. (6.26) 
Also, the Ricci equations fl2.23p and the fact that d^iN is Pf,„-tangent imply: 

which together with flOHjl and (16:261) yield ([622]). 

Next we consider D^(9ajA^). Using the Ricci equation for Yi^L and the fact that 
d^L = di^N and d^L = —d^N, we have: 

Di6'^iV-D9„;vi^ = 26'^aeA+2Ca.e^e^+2CA5^eA+(9^5+n-Va„^n)L+(5+n-Vivr2)5^A^, 

which together with the Ricci equations (I2.23p . (16. ip and (I6.26P yields (16. 23 p . 

Finally, we consider D^((?ijA^). Using the Ricci equation for D^L and the fact that 
dujL = dujN, we have: 

'DAdu^N+'Dd^eAL = duiXABeB+Xdu^eABeB+XAd^egeB+XABdu^eB-kd^NAL-kNO^eAL-eAduiN. 

Using (16.111) with X = e^i, we obtain: 

BaOujN - g{dujN, eA)DArL = S^XABGb + XAdu^eg^^B + XABdojCB - ko^NAL 

+g{du.N, eA)5L-eAd^N, 

which together with the Ricci equations (I2.23P and (16. ip yields (I6.24p . This concludes the 
proof of the lemma. ■ 



6.2.2 Transport equations for d^^x ^iid d^^C 

Lemma 6.7 di^x (^'>T'd d^C satisfy the following transport equations: 

fLO^id^x))AB = -fo^NXAB - {.d^x)AcXcB " XAc{.d^x)cB -SO^xab (6.27) 

+eAXdu.NB + esXAd^N + {du>N)AXCB^C + {duiN)BXAc'^C 

-{2eQ^N - n-^Va^Nn)xAB + {du.N)c{eAc * Pb+ ^bc *Pa), 

y^{Ii{d^C))A = -f9^MCA + eACd^N-{du.N)Ae-C-{kBd^N + dM)XAB (6.28) 
-(es + CB)du,XAB - ^^'^^^^ {-aAB + P^ab + 3cr Gab)- 
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Proof We start with the proof of (16.271) . Note first from the definition of a, /3 and 

the fact that d^jL = d^jN: 

d.dAB = -{d^N)cieAc *(3b+ esc *Pa). (6.29) 
Now, differentiating the transport equation fl2.3ip with respect to we obtain: 

di>j{yLX)AB = -XAd^ecXCB " XACXdu^ecB " d^(6)XAB " Sd^XAB " d^^ttAB- 

Together with (16. 2p . the commutator formula (16.151) . (I6.26P and (I6.29p . we obtain (I6.27p . 
Next, we prove (I6.28p . Note first from the definition of a,P,p,a and the fact that 

O^Pa = ^-^^^{-aAB + pSab + 3a Gab). (6.30) 
Now, differentiating the transport equation (r2.30p with respect to w, we obtain: 

5a;(yLC)A = -{d^'^B + d^C,B)XAB " (Jb + C,B)duXAB - i'^d^eg + Cd^eB)XAB 
— {^B + CB)XAd^eB "~ di_jPA- 

Together with (16. 3p . the commutator formula (I6.15p . and (I6.30p . we obtain (I6.28p . This 
concludes the proof of the lemma. ■ 



6.2.3 Estimates for d^N,d^b,d^x ^nd d^^C 

We first derive the bound (I2.75P for d^iN. In view of the formula (16.221) for DL{dujN), 
we have: 

\\BLid^N)\\L'^L2 < \\-Xd^NBeB -Sdu^N + ea^NL\\L'^L^ 

^ (llxlU^L? + PIIl-l? + l|e||L-L2)II^^^IU- 

< eWd^NUo., ' ' (6.31) 

where we used the estimates (I2.69P (12.701) for x and the estimate (I2.67P for 6 and e in the 
last inequality. The estimate for transport equations (I3.64p and (16.311) yield: 

\\d^N\\L^ < \\fL9u.N\\L^L^<4d.N\\L^ 

which yields the L°° bound (I2.75p for di^N: 

Wd^^NUoo < 1. (6.32) 

Next, we derive an estimate for d^x- First, the fact that x is a Pj^^-tangent 2-tensor 
yields for any vectorfields X, F on Sf : 

dcXxY = n((9^x)n(x)n(y) - giN, X)xd^NU{Y) - 9iN,Y)xd^NU{x) 
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which imphes: 

\\d.x\\Ll,LT ^ l|nax)|L^L? + llxllL^,Lrll^-^IU- ^ md^x)\\L^,Ll+e, (6.33) 

where we used the estimate fl6.32p for d^jN , and the estimates fl2.69p (I2.70p for x- Iii 
view of fl6.33p . we have to estimate ||n(c)i^x)|| ^002,2. The formula fl6.27p for Y) lijl^dujx)) 
imphes: 

||Di(nax))l|L^(«„) _ (6.34) 

+ 11(269^^ - n~^V9^Nn)x\\mn^) + \\d^N{eAc *(^b+ ^bc *I3a)\\l\Hu) 

< il+\\d^NU^)(^\\fx\\LHn.) + \\dUx)\\Li,Lri\\x\\L-L'f + IHIl^l?) 

+M(x)(A/'i(e)+Ar2(n)) + ||/3|U2(«„) 

< £ + 4duix)\\Li,Lr^ 

where we used in the last inequality the estimate fl6.32p for d^N, the curvature bound 
f l2.59p for f3, and the estimates fl2.66l) - fl2.70p for n, e, e, 6 and x- The estimate for transport 
equations (13.641) and fl6.34p yield: 

\md.x)\\Li,Lr^ < \\fL^id^xmLHH.)<e + E\\dUx)\\Li,Lr^ 

which together with fl6.33p yields: 

\\d.x\\Ll,Lr^^- (6.35) 

We now derive an estimate for di^(. First, the fact that ^ is a Pt^„-tangent 1-form 
yields for any vectorfields X on S^: 

= n(6'^C)n(x) - g{N,X)C9^N 

which implies: 

WdMlL^Lr ^ md^Oh-L^, + llClL^,Lrll^-^IU- < mid^Oh^^ + e, (6.36) 

where we used the estimate f l6.32p for d^^N, and the estimate fl2.7ip for (. In view of 
fl6.36p . we have to estimate ||n((9^C)||j^cx)^2. The formula f l6.28p for 0^(11(9(^0) implies: 

||Di(n(a.C))IU^(«„) (6.37) 



< 



< 



(1 + \\du;N\\Lo<>)\^\\fC\\mnu)+-^li^WliO + yW^WLlL^ -t ||t,||L2,L-JIIXIlL2,L° 
+ (l|e||L-L2 + \\C\\L^L^,)\\dujX\\Ll,L^ + IML^iHu) + WpWl^Hu) + hh^Hu) 

+ 4dM)\\L-,Lr^ 



e 
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where we used in the last inequahty the estimate fl6.32p for d^^N , the curvature bound 
f l2.59p for a,p and cr, and the estimates fl2.66l) - fl2.7ip for e,k,x and (. The estimate for 
transport equations fl3.64p and fl6.37p yield: 

mid.OhlLr ^ \\fL^id.CmLHn.)<e + e\\dM)\\Ll,Lr 
which together with fl6.36p yields: 

II^..C||L^,Lr ^ ^- (6-38) 

We now estimate d^^b. Differentiating the transport equation fl2.27p for b with respect 
to u and using the commutator formula f l6.5p . we obtain: 

L{d^b) = -fs^r^b - dUb)6 - dU6)b = -fe^^b - d^{b)~6 - (2ea^^ - n-^Vd^Nn)b, 

where we used fl6.26p in the last equality. Since, yb = b{( — e) from fl2.26p . we obtain: 

L{d^b) = -bCa^M - dUb)S - ee^Nb. (6.39) 

This yields: 

ll^a&)||L^L? (6.40) 

< (1 + \\d^N\\L^) (^||6|U-(^„)(||C||l-l? + l|e||L-L?) + ||c'^6||l-(w„)P||l-l?) 

< e + £\\dUb)\\L^^nu), 

where we used in the last inequality the estimate fl6.32p for d^jN, and the estimates fl2.66p - 
(I2.68P for n, e, 6 and b. The estimate for transport equations fl3.64p and fl6.40p yield: 

\\du;b\\L^(^Hu) ^ \\Lid^b)\\L^L2 <e + £\\d^b\\L^^nu} 
which in turn implies: 

\\d.b\\L^in.) + \\L{dM\L^L-,<e. (6.41) 

Next, we estimate J/di^b. Recall from (12.260 that ^b = b{( — e). Differentiating with 
respect to u and using the commutator formula fl6.6p . we obtain: 

fAdu^b = fs^r^bN + VNbd^N + d^b{U - ^a) + b{d^U - ka^NA) 
which yields the estimate: 

\m\LiLr ^ (1 + \\d.N\\L^)[\\Vb\\Li,Lr +M(6'^6)(M(C) +M(C)) + ||fi'.CIlL^,L- 



L2 



< 



e + Mi{dJ)e, (6.42) 
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where we used in the last inequahty the estimate fl6.32p for d^^N , the estimates fl2.66p - 
fl2TT]) for fc,6,C and C, and the estimate flOSj) for d^C,. Now, fICTD and fl6:42|) yield: 

WfdMLlLr^^- (6-43) 
Finally, we estimate Tid^N . In view of (16.311) and (16.321) . we have: 

||Di(c'^iV)|U^^2<£. (6.44) 

Then, using the formula for D^S^A^ and D^S^A^ given respectively by (I6.23P and (I6.24p . 
we obtain: 



^ II^u;CIIl2,L- + \\dujX\\Ll,L^ + \\dc,N\\Loo 

+ IN"^Vn 11^2 roc + ||e||i2 roo + ||C||l2,L- ) 



< 



(6.45) 



where we used the estimate (I6.32p for d^N , the estimates (I2.66p - (l2.7ip for n, 5, e, x and 
C, the estimate (I6.35P for d^x^ and the estimate (I6.38P for d^^C,. 

Finally, flO^jl yields the desired bound fl2T5|) for d^N , while flOBl) . flOSD . fICTD . 
flCTj) . fl6^ and fl6:i5|l yields the desired estimate fl2T6|) . 

6.3 Control of y J\{d^x) 

The goal of this section is to prove the estimate (12.770 for jjiip^x). We will use the 
following lemmas. 

Lemma 6.8 y^n(9^x) satisfies the following transport equation 

f^{fJl{d^X)) = -fjiid.x) -X-X- fj^id^x) + fF, + F2, (6.46) 
where Fi and F2 are Pt^u-tangent tensors satisfying the following estimate 

WFiWl^lhHu) + II^2||l?li, < e- (6.47) 

Lemma 6.9 Recall that 7 denotes the metric induced by g on Pt^u- Let M the Pt^u-tangent 
2-tensor defined as the solution of the following transport equation: 

y^MAB = MacXcb, Mab = lAB on Po,«, (6.48) 
Then, Mab satisfies the following estimate: 

||M-7||ioo + liyMlleo <£. (6.49) 
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Lemma 6.10 Recall that 7 denotes the metric induced by g on Pt^u- Let M the Pt,., 
tangent 2-tensor defined as the solution of the following transport equation: 



f^MAB = XAcMcb, Mab = lAB OU Po,u, 

Then, Mab satisfies the following estimate: 

II^-7||l- + \\fM\\so<e. 



(6.50) 



(6.51) 



Lemma 6.11 Let F a Pt^^-tangent tensor. Then, for any 1 < p < q < +00 and for any 
j > 0, we have: 

ll^.i^lUfL- <2iF|U,^2,. (6.52) 
Also, taking the dual, for any 1 < p < q < +00 and for any j > 0, we have 



p,F\y,.<nF\ 



(6.53) 



Lemma 6.12 Let F a Pt^u-tangent tensor. Then, for any j >0 and for any 2 <p < +00, 
we have: 



p,(^jy{F)dt^ 



<'^'\\F\\lIl^- 



Lemma 6.13 Let F a Pt^u-tangent 1-form and 2 < p < +00 such that for all j > 0: 
and let M such that: 

\\M -j\\L^ + \\fM\\Bo <e. 
Then, we have for any 2 < q < p and all j > 0: 

||P,(M-iF)||^.^2, <2% + 2^£7(«). 

Lemma 6.14 Let F a Pt,u-tangent 1-form and 2 < p < +00 such that for all j >0: 

\\PjF\\L^^Ll,<2^e + 2hj{u), 

and let M such that: ^ ^ 

||M-7||ioc + liyMlleo <£. 

Then, we have for any 2 < q < p and all j > 0: 

\\Pj{FM-')\yr., <2^e + 2h^{u). 



117 



The proof of Lemma 16.81 is postponed to section IC.ll The proof of Lemma 16.91 is 
postponed to section IC.2I The proof of Lemma 16.101 is completely analogous to the one 
of Lemma 16.91 and left to the reader. The proof of Lemma 16.111 is postponed to section 
IC.3I The proof of Lemma 16.121 is postponed to section IC.4I The proof of Lemma 16.131 
is postponed to section IC.5I Finally, The proof of Lemma 16.141 is completely analogous 
to the one of Lemma 16. 13^ and left to the reader. We are now in position to derive the 
estimate for ^ j^U^d^^x) ■ Using the transport equation (16.461) for ^ ^U^d^jx) , the transport 

equation f l6.48p for M and the transport equation fl6.50p for M allows us to get rid of the 
first two terms in the left-hand side of f l6.46p : 

f^iM.fJlid^x)-M) 

= f^iM) ■ fjlid^x) -M + M- f^ifjlid^x)) -M + M- fjl{d^x) ■ f^M) 
= M ■ {fFi + Fa) ■ M 

= f{M -Fi-M)- f{M) ■ Fi-M - M ■ Fi - f{M) + M ■ ■ M. 



Let 2 < p < q < +oo. This yields: 

||p,(M-y^n(9^x)-M)|L.^2, 



(6.54) 



< 



227(m) + 



+ 



f{M ■ Fi ■ M) ) 



P. 



M ■ Fi ■ f{M)dt 



+ 



F 



y(M) ■ Fi ■ Mdt ] 



M ■ Fs ■ Mdt J 



where the term 2i'^{u) comes from the initial data term at t = 0. Next, we estimate the 
various terms in the right-hand side of (I6.54p . 

We consider the first term in the right-hand side of (I6.54p . Using Lemma I6.12[ we 
have: 



F, 



f{M ■ Fi ■ M)dt^ 



< 2^\\M-F,\\l2 



(6.55) 



< 2^\M\\Lo.\\Fi\\L2^nJ\M\\Lo^ 

< 2%, 

where we used in the last inequality the estimate (I6.47P for Fi, the estimate (I6.49P for M, 
and the estimate (I6.5ip for M. 

Next, we consider the last three terms in the right-hand side of (I6.54p . Using the 
dual sharp Bernstein inequality for tensors (I6.53P and the estimate (I3.64p for transport 
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equations, we have: 

P. 



J ^ / f{M) ■ Fi ■ Mdt] 
/ 



+ 



Pj[ I M-F^- f{M)dt] 



(6.56) 



^ :r,' 



+ 

< 2^ 



M-F2- Mdt\ 



rr.' 



Pj [ I f{M) ■ Fi ■ Mdt] 



+ 2^ 



x' 



I M-Fi- f{M)dt] 
'o / 



+2^ 



P, ( / M ■F2- Md?j 



x' 



< 2^||y(M) ■ Fi ■ M|Ui(^„) + 2iM ■ Fi ■ fiM)\\^^^n.) + 2^\\M -F^ ■ M\\^^^n.) 

< 2^mM)\\L^nJ\Fi\\LH^)\m^^ 

+2^\M\\Lo.\\F2\\mnJ\M\\L^ 

< 2%, 



where we used in the last inequahty the estimate (16.471) for Fi and F2, the estimate (I6.49P 
for M, and the estimate fl63T|) for M. Finally, (I635|) and (16361) imply 



|P,(M ■ fjlid.x) ■ M)hiLHn.) < + 2h{u) 



(6.57) 



Now, since we have chosen p < q, (16.571) together with Lemma 16.131 and Lemma 16.141 
yields: 

\\P,fJlid^x)\\LUHH.) < + 2hiu), 
for any 2 < p < +00 which is the desired estimate (I2.77P for J/ ^H^d^jX) ■ 



6.4 Proof of the decomposition ( 12.781 ) for x 



To conclude the proof of Theorem 12.201 we still need to prove the existence of a decom- 
position (I2.78P for X- In view of the Codazzi-type equation (12.320 for £, we have: 



X = ^2 -ytrx-e-X-/3 



and we choose the following decomposition: 



X = Xi + X2 where xi = 1^2^ Q^^rx ~ e ■ xj and X2 = -^2 ^(3. 



(6.58) 
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6.4.1 Estimates for xi 

Estimate for ||yxi||i2(-^^). We start by estimating ^Xi- Using the estimate fl3.49p 
satisfied by ^ the definition fl6.58p of xi, we have: 



-ytrx - e • X 



(6.59) 



< liytrxlLc„i2, +AAi(e)M(x) 

< F. 



where we used the estimate (12.671) for e, and the estimates fl2.69p fl2.70p for x in the last 
inequahty. 

Estimate for \\y7^Xi\\L^L^,+LjL'',- Next, we estimate y/^Xi and y/^Xi- Note first that 
for any vectorfield X on A^, we have: 

which together with the definition of Xi imphes: 

fxXi='D^' (^f^ Qytrx-e-x)) + V,'[f^,V2]xi- (6.60) 
Let 2 < g < 4. Applying fl6.60p with X = nL, we obtain: 

WfnLXlW L^Ll,+L^,Ll, (6-61) 
< P2"' ifnLf^^X)\\L^Ll, + WD^' ifnL (^ " X))IIl?L^, + ^2^' ^^JXl || L?Lj, • 

We estimate the three terms in the right-hand side of fl6.6ip starting with the first one. 
Using the commutator formula f l2.48p for [y^^, y]trx, and Remark 13.151 and the dual of 
fl3:49|) for V^^ we obtain: 

ifnLf^^X)\\LrLl, < P2"' i[fnL^f]trx)\\LrLl, + P2"' if fnl^^X^L^Ll, 

< ll[y„L,y]trx|l 4 +\\nL{tTx)\\L^L^ 

< llnxytrxll 4 +£ 



^ II^IU»llxllL-L4,||ytrx||L-L2^ +e 

< ^, ' ' (6.62) 

where we used the estimate f l2.66p for n, and the estimates fl2.69p f l2.70p for x- 

Next, we estimate the second term in the right-hand side of fl6.6ip . Using Lemma 
13. 16^ and since 2 < g < 4, we obtain: 

P2"' if uL (e ■ x))IIl?l^, < W-D,' (y„Je) ■ x)\\l^lI, + ie ■ KJx))||l?l^, 

< \\fnLi^)-x\\^,J+\\e-f^M\\^,J 



^ \\fnLi^)\\LHnu)\\x\\L^Ll, + \\4L^Ll,\\fnLix)\\L^{Hu) 

< lln|UooA/'i(e)A/'i(x) 



< 



e, (6.63) 
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where we used the estimate f l2.66p for n, the estimate fl2.67p for e, and the estimates (I2.69P 
fl2Tn|) for X- 

Finally, we estimate the third term in the right-hand side of fl6.6ip . Using the com- 
mutator formula fl2.48p for \^ ^^,V2\tTX^ using Lemma r3.16[ and since 2 < g < 4, we 
obtain: 



I^2"'[Kl'^2]Xi||l?L^, < \\[fnL^T^2]Xl 

< WnxyXiW^ i + llnxexill 4 + \\n(3xi\\ ^ 
^t^^( J^t^^i ^t'^^i 



< 



< 



\\n\\L^(^\x\\L^Ll,\\fXl\\L\'Hu) + llxlU-L4j|e||i4(^^)||xi|U4(^^) 

+ II/5|U2(^„)||Xi||l-l4,^ 

e + eUi{xi). (6.64) 



where we used the curvature bound (12.591) for /3, the estimate fl2.66p for n, the estimate 
fl^:^ for e, and the estimates ([221 for X- Now, (ICT]) - flOTp yield: 

WfnLXlWh^Ll+LlLl, <e + eMi{Xl), 

which together with the bound (12.660 on n and the bound (16.590 on ^Xi yields: 

liyLXilL-L^ < £. (6.65) 

Estimate for rXi||L°oL2 :i2^q . Next, we estimate ^rXi- Let 2 < g < 4. Applying 

— — i x^ i x^ 

(Km\i with X = bN, we obtain: 

\\fbNXl\\L^Ll,+L^,Ll, (6.66) 
< P2"' ifbNf^^X)\\LrLl, + P2"' ifm (e ■ XMl^LI, + \\1^2'[fm^1^2]Xl\\L^,Ly 

We estimate the three terms in the right-hand side of (I6.66P starting with the first one. 
Using the commutator formula (I2.50p for [yj,^,y]trx, and Remark 13.151 and the dual of 
dMHD for V:^\ we obtain: 

P2"' ifmf^^X)\\L^Ll, < P2"' i[fm^f]tTX)\\L^Ll, + P2"' if fbN^^X)\\ L?' 

< \\[%N,f]i^XL^A +\\fbNi^X\\L^L^ 

< \\n{x + v)f^^xL^A +^ 

^ II^IIl-(||x||l-l4, + ll^llL-L4,)liytrx||L-L2, +£ 



< 



(6.67) 



where we used the estimate (I2.66p for n, the estimate (I2.67P for k, and the estimates 
(^M) dMD for X- 
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Next, we estimate the second term in the right-hand side of (I6.66p . Using Lemma 
I3.16[ and since 2 < g < 4, we obtain: 

11^2' ifm (e ■ xMl^lI, < 11^2' ifmi^) ■ x)\\l-^lI, + 11^2^ (e ■ fmix))\\LUl, 

< \\%Ni^)-X\\^,J+h-ftNix)\\^,J^ 

^ \\fbNi^)hHnu)\\x\\L^L^ + \\4LrL^\\fbNix)\\L^nu) 



< 



me)\\fAx)\\LHu.)+mx)\\fNi^)\\mn.)) 



< e, (6.68) 

where we used the estimate (I2.67P for e, the estimate (12.681) for b, and the estimates (I2.69P 
drZni) for X- 

Finally, we estimate the third term in the right-hand side of (16.661) . Using the com- 
mutator formula (I2.50p for [y^^,D2]trx, and using Lemma [3.16[ and since 2 < g < 4, we 
obtain: 

m'[%N,1^2]xi\\L^,L^, (6.69) 



< 
< 



[ftN^^2]Xl\\^,J 



ll&(x + ^)yxilL 4 + \\bx{e + OxiL,A + \\bxCxiL,A + W^l^xiL,^^ 

t I t I t I t I 



4 



< 



< 



Wx + vhrLlMfXih^nu) + \\x\\LrLl,h + i\\LHnu)\\Xi\\LHnu) 



where we used the curvature bound (I2.59P for (3 and (3, and the estimates (I2.66p - (l2.7ip 
for b,e,ri,x,C, and (. Now, (I6.66p - (l6.69p yield: 

\\fbNXl\\L^Ll,+L^,Ll, + £M(xi), 

which together with the bound (12.680 on b, the fact that L = L — 2N, and the bound 
fE3g]) and fl^:^ on fxi yields: 

\\fLXi\\LrL^-,LlL'',<e. (6.70) 
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Estimate for ||xi||lplo^. Using tlie property (13.151) of tlie Littlewood-Paley projections, 
we have: 



lxilU°=(Pt,u) 



(6.71) 



I - I 1 



3,1 



Pi1^2'Pj { ^ytrx -e-x 



E2' 



1. 



Pi'^2^Pj ( 2^*^^ - ^ ■ ^ 



where 2 < q < +oo will be chosen later, and where we used the sharp Bernstein inequality 
f l4.4ip for tensors. Next, we estimate the right-hand side of f l6.7ip . Using the finite band 
property for Pj, and the inequality fl3.49p for *V2, we have: 



\1^2 ^Pj\\c(L^(Pt,u)) 



\Pj*'^2 ^\\c{L^Pt,u)) ^ 2 ^WTV^'^WdL^Pt,^)) ^ 2" 

which together with the boundedness on of Pi yields: 



PiV.'Pj Qytrx - e ■ 



< 



(6.72) 



(6.73) 



L^iPt,u) 



< 2-^ 



Pj { ^f^^X - e ■ X 



We now derive second estimate for ||-P«^^2 ^Pj (^l^trx — e ■ x) 
band property for Pi, we have: 



LHPt^uY 



LHPt,n) 

Using the finite 



PiV.'P, Qytrx - e • x) 






LHPt,u) 



^V^'Pj Qytrx -e-x) 



. (6.74) 



LHPt,u) 



Next, we estimate the right-hand side of fl6.74p . In view of the identity f l3.38p for V2, we 
have: 



< 



4^V^'P, Qytrx -e-x) 
*V2Pj Qytrx -e-x) 



(6.75) 



LHPt,u) 

+ 



L'^{Pt,n) 



KV.'P, Qytrx -e-x) 



LHPt,u) 



We now estimate both terms in the right-hand side of (16.750 starting with the first one. 
Using the boundedness for Pi and the finite band property for Pj, we have: 



*V2P, { -ftix -e-x 



<2^ 



LHPt.u) 



Pj { ^f^^X -e-x 



(6.76) 



LHPt,u) 
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Next, we estimate the second term in the right-hand side of (16. 751) . We have: 



< 



ll^ll 



LHPt,u) 



(6.77) 

In order to estimate the L°°{Pt^u) norm in the right-hand side of (16.771) . we use the estimate 
dSSni). This yields 



(6.78) 



< 



LHPt,u) 



( ^ytrx - e ■ X 



L^{Pt,u) 



f^2Pj { ^ft^X -e-X 



L^{Pt,n) 



< 2^2 
+ 



Pj (^ytrx - e ■ x) 



L^{Pt,n) 



Pj ( ^fi^X -e-X 



L'^{Pt,u) 



L^iPt,u) 



where we used in the last inequahty 06.72 p . the estimate f l3.49p for ^2^2^^ and the bound- 
edness of Pj on L'^{Pt^u)- In order to estimate the first term in the right-hand side of 
fl6.78p . we use the Bochner inequality for tensors (13.71) . This yields 



< 



^1^2 Pj \ fPtix -e-X 



LHPt,u) 



LHPt.u) 



f^2'Pj { ^ftix -e-X 



(6.79) 



LHPt,n) 



+\\Kr 



L^{Pt,u) 



'^2'Pj (^ytrx - e - x) 



< 



^T^2 Pj o^t^X -e-X 



L^Pt.u) 



-^-'imhip,^ 



Pj Qytrx - e - x) 



L^{Pt,u) 

mwip.,.) 
1 

LHPt,u) 



Pj { ^f^^X -e-X 



L^{Pt,n) 



where we used in the last inequality (I6.72p and the estimate (I3.49P for ^- Now, (I6.75p . 
(EZSD, (EIZD, fl6T8|) and (KWf imply 



tl^2'Pj (^ytrx - e - x) 



(6.80) 



LHPt,u) 

) 



Pj ( ^f^^X -e-X 



LHPt,u) 
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Then, (K7^ and (KEU\f yield 



(6.81) 



Also, using the finite band property P[ and the estimate fl3.49p for ^1^2 ^5 "^^ have 



< 2-^ 



LHPt,u) 

Interpolating with f l6.8ip . we obtain for any < 5 < 1 



Pj { -ftix -t-x 



(6.82) 



< 2-'2-'^('-^') f 1 + \\K\\ 



L^Pt.u) 



Pj [ ^f^'^X -e-X 



L^iPt.u) 



In view of (16. 71 p . and using (I6.73P for / < j and (I6.82p for I > j, we obtain for any 
2 < q < +00 and any < 6 < 1 



IIXilU^(A,„) < (l + ||i^|U.(P,„))^+^'$^2-^l'-^-| 



Pj { ^f^^X -e-x 



L^(Pt,u) 



< 



(i + ||ir|U.(P,„))^ 



-ytrx -e-x 



Bii{Pt,u) 



where we used in the last inequality the fact that 6 > and the definition (15. 4p for the 
Besov space -Bjil-Pt.u)- This yields 

IIxi||l-(p,„) < (l + ||i^||L^(P,„))^+''(||ytrxbo + ||e-x||BO,(P,„)) (6.83) 
< (l + II^IU^(P.„))^'"''(^+l|e-xllBO,(p,,J 

where we used the Besov improvement (15.541) for ^trx. Let 2 < p < +00. We choose 
2 < q < +00 and < 5 < 1 such that 

g — 1 p 



Then, (I6.83P implies: 



IIxiIIl^l- < (^1 + jis+ lie - xIIl2ppo^(p^^^)) 

< ^+ l|e-XllL?PpO^(P,,„), 



(6.84) 



where we used the estimate (I4.33P for the Gauss curvature K. We now conclude using 
the following lemma: 
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Lemma 6.15 Let F,H two Pt^u-io.'^gent tensors. For any 2 <r < +00, we have: 

\\F . //|Lj-BO^(P,„) < M( (6.85) 
The proof of Lemma 16.151 is postponed to section [Dl We now derive the estimate for 



IxiIIl^l-- dnSl, and fl6:85|l with r = 2p, F = e and H = x yield: 



\X 



(6.86) 



< 



where we used the estimate fl2.67p for e and the estimates fl2.69p (12.701) for x- (16.861) is 
the desired estimate for ||xi||lplo^. 

Estimate for \\xi\\L^L^B°-^{Ptu)- We will need later on an estimate for xi in L^LfiS^ ;^(Pt,„). 
We proceed as for the estimate of xi iii L^L'^. In view of the definition (15. 4p of the Besov 
space B2i{Pt,u), we have 



\Xl\\B^^{Pt,u) 



< 



J2 PifV^'P^dftrx-e-x) 



(6.87) 



Next, we estimate the right-hand side of (I6.87p . The finite band property for Pi together 
with the estimate (16.721) yields 



< 


2' 


( 










< 


2'- 


j 











We now derive second estimate for ||P/yr'2 ^Pj {^'^^^X ~ ^ ' x) 
finite band property for Pi and the estimate (I6.80p . we have: 



(6.88) 

LHPt,u) 

. Using the 



PifV^'P, Qytrx - e ■ 

tV^'P, Qytrx -e-x^ 



(6.89) 



< 2"' 



< 2-'+^-(i + mi.^p.j 



L^iPt.u) 



LHPt,u) 



Pj o'^^trx -e-x 



L^{Pt,u) 



Also, using the boundedness of Pi on L'^{Pt^u) and the estimate (I3.49P for ^, we have 



PifV^'Pj Qytrx -e-x^ 



< 



L'HPt,u) 



Pj o^^trx -e-x 



L^iPt.u) 
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Interpolating with ( I6.8ip . we obtain for any < 5 < 1 

< 2-^('-^') (l + \\K 



(6.90) 



|2 



1, 



In view of fl6.87p . and using fl6.88p for I < j and fl6.90p for I > j, we obtain for any 
< (5 < 1 



|Xi||i?o,(p,,„) < (l + ||i^|U.(p,,„))2^J]2 

1 



Pj { ^ytrx -e-x 



LHPt,u) 



< (i + ||ir|U.(p,„) 



,2(5 



ytrx -e-x 



BhiPt.u) 



where we used in the last inequality the fact that 6 > and the definition (15 ■4p for the 
Besov space B2i{Pt,u)- This yields 



Xi|Ibo,(p..) ^ (l + II^IU^(P.,.))''(liytrx||HO + ||e-xllBO,(P,„)) (6.91) 



< (l + ||ir|U2(p^^^))2^(£+||e.x||B0^(P,„ 



where we used the Besov improvement (15.540 for ^tr^. Let 2 < p < +oo. We choose 
< 5 < 1 such that 

P 

Then, (I6.9ip imphes: 

IIxi||l?bo^(p,.„) < (l + {e + ||e ■ xIIl^p^o ^(p,,„)) 

< e + M(e)M(x), 



where we used in the last inequality the estimate (14.331) for the Gauss curvature K, and 
the estimate (I6.85p . Together with the estimate (I2.67P for e and the estimates (I2.69P 
(I2.70p for X, we finally obtain 

(6.92) 



\Xl\\LPBl^(Pt,u) ~ ^' 



for any 2 < p < +oo. 



6.4.2 Estimates for X2 



In view of the decomposition (I6.58p . the estimates (I2.69P (I2.70p for x, and the estimates 
dESn}, dSSSD and fl^TD]) for Xi, we have: 



^l{X2) + \\fLX2\\LHHu)<^- 

We now compute 9^X2- We have: 



(6.93) 
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which together with the definition of Xi imphes: 

1 fid^N)B^ 



(6.94) 



-V. 



[-01AB + P^AB + 3cr Eab) + ■ X + e ■ d^x 



)Adu,N + g{d^N, eA)0 ■ X2 + 09^nb{X2)bA ~ 0AB{X2)Bd^N 



2)Ad^N , 



where we used the formula f l6.30p for d^jP and the commutator formula fl6.17p for [11(9^^, 1)2] • 
In particular, using the property fl3.49p of ©2^^, we have the following estimate for y9a;X2: 



< 



yd^X2\\L^{'Hu) 



oiAB + P^AB + 3cr Eab) + d^t-x + ^- d^X 



(6.95) 

+ II - fNiX2)Adu,N 



+g{d^N, eA)0 ■ X2 + 6q^nb{X2)ba - 0AB{X2)Bd^N - tr9{x2)Ad^N\\LHHu) 

< ll^c^iVlU- (^\\0i\\L^nu) + \\p\\l2{Hu) + IWh^-Hu) + ll^a;e||L2,L-||xllL-L2 
+ ll^a;XllL2,L-||e||L-L2 + II yivX2 1| L2{«„) + M (^)7Vi (^2)^ 



< 



where we used the curvature bound fl2.59p for a, p and cr, the estimates fl2.67p f l2.69p f l2.70p 
for e, X and 9, the estimate fl2.75p for d^N, the estimate fl2.76p for d^^x and the estimate 
§M for X2. 

Next, we plan to estimate the LjL^.7-norm of 9^X2 for 2 < j9 < +oo. Our goal will be 
first to show that the terms involving a in 9^X2 cancel each other. Applying (16.601) to X2 
with the choice X = bN yields: 



%nX2 = -V,' {%M • e + /?)) + V^'[%^, V,]X2. 
In view of (16.961) . we need to evaluate ^^(x " ^ + /3)- We have: 

fAx ■ e + /3) = X ■ fA^) + I {fLix) -e + fLP- fi^x) ■ e - f Ji) 



(6.96) 



which together with the equation (I2.3ip and (I2.40p for x, the Bianchi identities (I2.5ip and 
(I2.53P for /3, and the last equation of (I4.66P for yields: 

fAx-e + 13) = d^a + riy6-a-yp-(ya)* + (x-25)/3-(e + 3C)p+(e-3*C)a 

-(X + 2x)^ + 2^5 • X - 2e • K + 35" ■ x - 2h-^yhr^x - 2^ex 
-ex(5 + u-^Vnu) - eC ® C + ^XX- (6-97) 
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(Km> and (KW7\\ yield: 

fjvX2 = -a + b-'V^'b(^fp+{fay-{x-2S)f3 + {e + 30p-{e-3*Oa 

+ (X + 2x)^ - 2^5 ■ X + 2e • K - SF • x + 2b-'fbr]x + 2^^ex 
+ex(5 + n-'VNn) + eC ® C - exx) + ril?2"i[y,^, I)2]X2. (6.98) 

Now, in view of f l6.94p and f l6.98p . the terms in a cancel each other, and we finally obtain: 
d^X2 = -V^' (^^^'^{pSAB + SaeAB) + d^e-x + e-d^x] (6-99) 



TV 



+V^' - b-'V^'b(^fp + (fay -ix- 25)/3 + (e + 3C)p - (e - 3*()a 

+ ix + 2x)^ - 2^5 ■ X + 2e • K - SSb'^fb ■ x + 2b-ybr]x + 2eex 
+ex{S + n-^Nn) + eC ® C - exx) - b-'V^^[f,^,V2]{x2)Ad. 

+g{dojN, eA)9 ■ X2 + Od^NB{X2)BA - 0AB{X2)Bd^N - tr6'(x2) A9„JV ^ , 

We will use the following four Lemmas. 

Lemma 6.16 Let f a scalar function equal either to b or 1 , let F a Pt^u-tO'^gent tensor and 
let H denote a curvature term among (p, a, /3, Then, we have the following estimate: 

\\V,\bF ■ H)\\^^^._ < (||F|U^ + \\fF\\L^L2je. (6.100) 

Lemma 6.17 Let h a scalar function which denotes a curvature term among (p, o"). 
Then, for any 2 < p < +oo, we have the following estimate: 

n'b-'V,\bfh)\\^,^._ <e. (6.101) 

Lemma 6.18 Let F a Pt^u-tangent tensors and let H denote a term among (p, a, /3,/3) 
and G is a Pt^u-tensor satisfying Afi{G) < e. Then, for any 2 < p < +oo, we have the 
following estimate: 

\\V^'b{V^\F.H))\\^,^^._ + \\V^'b{V^\F.fGm^,^^.^^ <Ari{F)e. (6.102) 

Lemma 6.19 Let F,G and H three Pt^u-to,ngent tensors. Then, we have the following 
estimate: 

\\V,\FGH)\\^^^.^ <M(F)M(G)M(/f). (6.103) 

We also state the following lemma which will be necessary for the proof of Lemma 
16.161 as well as several places in this paper. 
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Lemma 6.20 Let H denote a curvature term among {p,a, f3, P). Then, for any j > 0, 
we have the following estimate: 



\PiH\\LrL^<2-^6. 



(6.104) 



The proof of Lemma 16.161 is postponed to section ID. 11 the proof of Lemma 16.171 to 
section [D.2[ the proof of Lemma [6.181 to section [D.3[ the proof of Lemma [6. 191 to section 
ID.4| and the proof of Lemma 16.201 to section ID. 51 We now derive the estimate for the 
LjL^7-norm of dujX2- We consider the various terms in the right-hand side of fl6.99p . 
Lemma 16.161 and Lemma 16.181 yield: 



T^o I [poAB + OCT Gab J 



) ^ + V:^^i-h-^V:,'h(-{x-'25)P 



+ (e + 3C)p-(e-3*C)^ + (x + 2x)/3 



Ad^N , 



< e 



< £, ' (6.105) 



where we used the estimates f l2.67p - fl2.7ip for 5, e, x, X and and the estimates fl2.75p 
fl^T^ for d^N. 

Using the commutator formula fl2.50l) together with Remark l3.15l for and Lemma 
16.181 and Lemma l6.19| we obtain: 



\^ '^2 '^m^'^l\^X2)Ad^N 

V,'(^b-'V,'f{b{x + v)X2)Aa. 
V^'(b-'V^\{x{^ + ^ + x()X2)Ad. 



< 



^ x' 




+ 




x' 





+ 



T^2'\h-'V:,^nh{x + v))X2)Ad^N 

V^'lb-'V,\{/3 + f3)x2)Ad^N 



^ X. 



+ 



>- x' 



< (A/'2(6)(M(x) +M(77))A/;(X2) +M(x)(M(e) +A/'i (0)^(^2) 

+M(x)A/'i(C)A/'i(x2) + ^M(x2) 

< r 



(6 



where we used the estimates fl2.66p - fl2.7ip for b,ri,e,x,Xj^ and (, the estimate f l2.75p for 
d^N, and the estimate fl6.93p for X2- 



130 



Using Remark 13.151 for V2 ^ and Lemma 16.181 and Lemma I6.19[ we obtain: 

V,'lb-'V^'b( -2f6-x + 2e-fC- m'^fh ■ x + 2b-ybrfx + ^Oex) ] 

\ \ / Ad^N J 

\ V J Ad^N J 



+ 



+ 



^2 ^ 9{.d^N, eA)0 ■ X2 + 09^nb{X2)bA - 0AB{X2)Bd^N - tT9{x2)Ad, 



N 



rr.' 



< A/'2(&)(M(5)M(x) +M(e)M(C) +M(r7)M(x) + {Arm +M(n-V^n) 

+M(x))M(e)M(x) +M(e)M(C)') + \\d^N\\Lo.^,{e)-^iiX2) 

(6.107) 



< 



where we used the estimates fl2.66l) - fl2.7ip for n,b,ri,e,x,X^^ and the estimate 

( I2.75P for d^N, and the estimate (16.931) for X2- 

Using the analog of Lemma [3. 161 for P^^, we obtain: 



IV^'^ {d^e ■ X + ^ ■ d^x)\\LooL^ 



(6.108) 



< \\d^e-x + e-d^x\\ J 



where we used the estimates (I2.66I) - (I2.70I) for e and x, and the estimate (12.761) for d^^x- 
Finally, fICT]) . Lemma EUl and yield for all 2 < p < +00: 

\\du^X2\\^P^^- < £■ 

Using the Gagliardo Nirenberg inequality (13. 3p . (I6.95P and interpolation, we obtain: 



\du;X2\ 



Together with the estimates (I6.59p . (I6.65p . (16.701) and (I6.86P for xi, and the estimates 
(I6.93p . (I6.95P for X2, we obtain the desired decomposition (I2.78p - (I2.81I) for x 



6.5 Besov improvement for d^jN and d^jX 
The goal of this section in to prove the following proposition. 
Proposition 6.21 We have the following estimate: 

< 



\fd^N\\so + \\Il{d^X)\\BO^£. 



(6.109) 
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Proof The formula (EMD for T:>A{d^N) yields: 

fJ)ujN = dujXABes - g{d^N, eA)C,BeB, 
which together with the estimate (15.101) and the non sharp embedding f l5.13p yields: 

Wfd^NUo < \\Il{d^x)U + \\d.N -CU (6.110) 

< \\n{d^x)U + {\\fd^N\\LrLi, + l|fi'-iV|Uo.)||cbo 

< ||n(c'^x)llBo + {Wfd^NWL^Li + ||6'.iV|Uo.)A/'i(C) 

< ||n(9^x)llB0 + ^, 

where we used in the last inequality the estimate fl2.7ip for C, and the estimates fl2.75p 
and fl2T6|) for d^N . 

In view of (16.1 lOp . it remains to estimate ||n(9(^x) ||go. We recall the structure of the 
transport equation (I6.27P satisfied by Ii{d^x)'- 

y^{Ii{d^x)) = -ya^^X-(2x+^)-n(9^x) + (4e-2e + n-Vn)-x-9^iV + 9^iV-/3. (6.111) 

Recall from (I5.3ip and (I5.55P the following decompositions: 

= fniPi + fi'^x) = Kl^2 + ^2 where Mi{P,) + \\E^\\-po < e for j = 1, 2. 

Together with (I6.11ip . this yields: 

y„jn(9.x)) = -(2x + ~5) ■ Yi{d^x) + F . y„jP) + F.E, (6.112) 

where F, P and E are given respectively by: 

F = nd^N, P = -Pi + P2, 

and 

E = -El + E2 + (4e - 2e + Vn) ■ x- 

F satisfies: 

AfiiF) + ||F|Loo^2 < (llnlUoo + A/'i(n))(||9^iV|Uoo +Ari{d^N)) < e, (6.113) 

x' I 

where we used in the last inequality the estimate (12.660 for n and the estimates (I2.75P 
and fl2T6|) for ^^A^. P satisfies: 

A/KP) < ^^l{Pl)+^^l{P2) < e. (6.ii4) 

Finally, using the non sharp product estimate (I5.15p . E satisfies: 

\\E\\r^> < II^iIIt'o + ll^2||po + (A/Ke) + A/Ke) + A/'i(n-Vn))M(x) < e, (6.115) 

where we used in the last inequality the estimates (I2.66I) - (I2.70I) for n,e,e and x- Now, 
(I6.112p - (l6.115p together with the sharp trace theorem estimate (I5.22p yields: 

mid^x)ho < {^flix)+^fl(5) + \\x\\L^^ + \\^L^L^)■mi^^x)\\vo {e.m 
< £||n(9^x)llpo+£, 

where we used the estimate (I2.66I) - (I2.70I) for 6 and x i^i the last estimate. 

Finally, (I6.11QP and (I6.116p yield (I6.109p which concludes the proof of the proposition. 
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6.6 Estimate for N{-, lu) - N{-, lu') 

The goal of this section is to prove fl2.82p . The following lemmas will be useful. 
Lemma 6.22 We have: 

\\Q>im\L-<^, (6.117) 

where Qj is the geometric Littlewood-P aley decomposition on introduced in section lSTR 

Lemma 6.23 Let u and u' in S^. Let N' = N{.,uj'), and let the Besov space defined 
with respect to u{.,u)). We have: 

\\fQ<im\\BO<e. (6.118) 

Lemma 6.24 Let u and u' in Let N' = N{.,u'), and let L'^{'Hu) defined with respect 
to u{.,co). We have: 

\\BLm\\LHn.)<e. (6.119) 

The proof of Lemma 16.221 is postponed to section ID.6t the proof of Lemma 16.231 is 
postponed to section ID.7t and the proof of Lemma 16.241 is postponed to section ID. 81 We 
now prove fl2.82p . 

Let us define the angle ui G as: 

u — oj' 

'^l = 1 7T^ 



and let A^^i = A^(-,a;i). In view of Lemma [6. 22 1 we have: 

\\g{d^N,Ni)-l\\Lo. < \\g{d^N,Q<,{m))-l\\L^ + \\g{d^N{;Uj"),Qyi{N, 



1 L°° 



< 



\g{d^N,Q<,{Ni)) - lIUoo + \\d^N\\Lo.\\Qyi{Ni] 



< \\g{d^N,Q^,{N,))-l\\L^+e, (6.120) 

where we used the estimate (12.751) for d^jN. 

Since g{dujN,Q<i{Ni)) — 1 is a scalar function, we may estimate its L°° norm using 
dSD: 

\\g{d^N,Q<iiNi))-l\\Lo. (6.121) 

< lb(fi'.iV,Q<i(iVi)) - llLc.^2, + \\g{d^N,Q^,iN,)) - lUgo 

< \\g{d^N,N^) - + ||iiV|U^^2j|Q>i(iVi)|Uoo + \\g{d^N,Q^,{N,)) - l\\so 
g{d^N,N,) - l\\L^L2^+e+\\fg{d^N,Q<,{N,))\\Bo, 



< 



where we used the estimate (12.751) for d^^N and Lemma [6.221 in the last inequality. 

Next, we estimate the right-hand side of (16.1211) starting with the last term. Using 
the estimate (15.101) . we have: 

\\fg{^^N,Q<^{N^mso < (||yg<i(iVi) l^o.^^, + \\Q<iiN,)\\Loo)\\fd^N\\tso 

HWfd^Nh^Ll, + \\d.N\\Lo^)\\fQ<,iN,)\\iso 
< e ' (6.122) 
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where we used in the last inequahty the estimates f l2.75p ( I2.76P for d^^N and the estimate 
of Lemma [6:23] for Q<i(A^i). 

We consider the last term in the right-hand side of f l6.12ip . Let u" E S on the arc 
joining a; and cu', and let = N{.,u"). Then, with our choice for A^i, we have at t = 
(see [21]): 

\\g{d^N, iVi) - l|U2(Po..) <s+\u-u'\, 
which together with the estimate (13.641) for transport equations yields: 



\\gid^N,N,)-l\\L^Ll, (6.123) 

< WfMduN, iVi))|U2(^„) +e+\u-u'\ 

< ||Di(c'^iV)|U2(«„) + \\T>^{N^)\\L^Hj\d^N\\L^+e+\u-uj'\ 

< e+\u-u'\, 

where we used in the last inequality the estimates (I2.75P and (I2.76P for d^^N, and Lemma 
iraifor Ni. 

Finally, flCTTjl - fl^TT^ yield: 

\\g{d^N,Ni)-l\\L^ <E+\co-u'\, 

for any = N{.,u)") with u" G §^ on the arc joining u and u'. This yields: 

|^(A^ - A^', A^i) - \uj-uj'\\ < \uj-uj'\{e+\uj-uj'\). 

Therefore, we have: 

|A^- A^'l > \g{N-N',Ni)\ > \uj - uj'\{l - 0{e) - 0{\uj - uj'\)) > \uj-uj'\, 

which implies the desired estimate (I2.82p . This concludes the proof of Theorem 12.201 

7 Second order derivatives with respect to oj 

The goal of this section is to prove Theorem I2.23[ 



7.1 Equation for D^a^iV, D^^^tv, Dia^iV, and d^b 

The following lemma provides the formulas satisfied by D^c^^A^, T)Ad^N and J^id'^N. 

Lemma 7.1 d'^N satisfies the following formulas: 

TfLidiN) = -2{dujx)a:.NBeB - Xn{di,N)BeB + 2xd^Nd^NN + {\du,N\'^n~'^VNn 

+Tld^Na^N + eji{diN))L - 6dlN - eo^Nd^jN + IS^A^PCbCb, (7.1) 

DA(5'iV) = {dlx)ABeB - {dlN)A{CBeB + SL) - XAii{dlN)N - d^XAd^NN - 2xAd^Nd^N 
-{d^N)A (2dMeB - 2Cd^NN + Qea^^ + n-'Va^Nn^ L + 25d^N^ ,(7.2) 
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and 

^L{dlN) = 2dlCBeB-^d^Cd^NN -2Cn(aiN)N -\d^NWBeB + 1d^Xd^NBeB (7.3) 
+Xn{dlN)BeB - 2xd^Nd^NN + {S + n~^V Nn)dlN + {^ea^N 
+n~^Vd^Nn)d^N + {-3\dujN\^6 + 2r]o^Nd^N + 2en(d2N) + n'^V 32^71)1. 

Proof We first derive (17. II) . We differentiate the equation fl6.22p satisfied by d^N 
with respect to uj. Using the fact that d^L = d^N ^ we obtain: 

T>LdlN + Tia^Nd^N (7.4) 

= -du^Xd^NB^B - Xn(dlN)B(iB - Xd^Nd^eB^B " Xd^NB^^f^B - duj(6)d^N - Id^N 

We compute the various term in the right-hand side of (17.41) . Using (16.11) . we have: 

XduNd^eB^B + XduNBdui^B = —Xdu^Nd^NN. (7.5) 

Also, the formula (16:231) for Da(9^A^) yields: 

^d^Nd^N = d^xa^^BCB - Id^N^BCB - \d^N\^SL - Xo^Nd^NN. (7.6) 

Now, differentiating twice g{N,N) = 1 with respect to u yields: 

dlN = U{dlN) - \d^N\'N. (7.7) 

Finally, ([73D, (Q, dlZD and the formula (lOeD for dj yields (EI]). 

Next, we derive (17. 2p . We differentiate the equation (I6.24p satisfied by DA^d^N) with 
respect to u. Using the fact that d^^L = d^^N, we obtain: 

BAidlN) + g{d^eA, iV)D^(c'^iV) (7.8) 

= dlxABGB + gidujCA, N)d^XNBeB + d^XAd^egeB + duiXABduiCB 

-g{dlN, eA){CBeB + SL) - g{d^N, eA){dujC,BeB + Causes + (bOujCb + 2ea^NL 
+6d^N) - d^XAd^NN - XAUid^N) - XAO^Nd^N. 

We compute the various term in the right-hand side of (17.80 . Using (16.10 . we have: 

XAd^egf^B + XABdcoCB = 'XAB^nN, (7.9) 

and 

Cd^BeB + (BdcoCB = -Cd^NN. (7.10) 

Using the equations (17. ip and (17. 2p respectively for Di((9^A^) and Di(9^A^) together with 
the fact that = ^{L — L) yields: 

^Nid^N) = -O^CbCb - Xd^NBCB - Sd^N - + n-'Vd^Nnj L + (a^^N. (7.11) 

Finally, (I7.8p - (l7.1ip together with the fact that g{dojeA,N) = —g{dujN,eA) and O^xnb = 
-Xd^NB yields ([72D. 
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Last, we derive ( 17. 3p . We differentiate the equation fl6.23p satisfied by DLid^jN) with 
respect to u. Using the fact that d^^L = di^N and d^^L = —d^jN, we obtain: 

BLid^N) - BaMd.N) (7.12) 
= 2(a5C)AeA + 25^C9„e^eA + 29^CA<9a;eA + d^Xd^NAeA + Xn{dS,N)AeA + Xd^Nd^eA^^A 
+Xa^NAdu,eA + (5 + n-^VNn)dlN + (6>^(5) + n-^V d^Nn)d^N 

-2dUd^NN - 2Cn(0EJV)iV - 2Ca.7v5.iV. 
We compute the various term in the right-hand side of (17.121) . Using (16. ip . we have: 

duiCdu^ACA + d^CAdcuCA = -d^CNdu^N - d^Cdu^NN = Ca^Nd^jN - O^Co^nN, (7.13) 
where we used the fact that d^oCN = —Cd^^N- Also, contracting (17. 9p with d^jN yields: 

Xd^Nd^eA<^A + Xd^NAdujCA = -Xd^Nd^NN. (7.14) 

Finally, fl7l2|) - frmi) together with jK^f for d^{6), ([LHD and ([77D yields (Q- This 
concludes the proof of Lemma 17. 1[ ■ 

The following lemma provides the transport equation satisfied by Il{d'^(). 
Lemma 7.2 Il{d^Q satisfies the following transport equation: 

fLmdlO)A (7.15) 

= -XAbOICb - (Jb + CB)dlxAB - fd2 nCa ^hr^i.-(^AB + P^AB + 3cr ^ab) 

z 

+'^ACu(aiN) - XABTiBmaiN) - {dlN)Ae ■ ( - 2fg^^{U{d^C))A 

+id^N)AifLCd^N - Xa^NBCB - SCa^N - 2e • d^C - ^a^NBCB - Vo^nbCb) 

-2{riBd^N + d^CB)dujXAB + 5d^XAau,N - ^lAd^Cg^N + (-3C9^Ar + ea^N - ea„Af)XAa„Af 

+ \d.N\^eBXAB + {OAd^N + Va^NA - {d^N)A6)C9^N + -^y^Pa 

^ ^AOb |^(g,^iV)c(GAC *f3B+ eBC *Pa) - ^ABiPa^N + ^^^) 

3 

+ 2 ^AB {*l3a^N - 

Proof We differentiate the equation (I6.28P satisfied by Dl(9;^A^) with respect to u: 

d^{y^{ii{d^C)))A _ (7.16) 

= -d^iSa^nOA + ijla^NA + gid^eA, N)6)Ca:,N + ^Adu^Ca^N + e^Cnce^jv) - {.dlN)A^ ■ C 
-{d^N)Ad^{j ■ C) - d^{kBd^N + dXB)XAB - (kBa^N + dXB){.d^XAB + XAa^es) 

-du^ilB + CB)d^XAB - (Jb + CB){,dlxAB + d^XAa^eg) 
~ V 2 + PO-B + 3cr e.B) J 
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We compute the various term in the right-hand side of (17.161) . We have: 

dlCA = d^{Y[{d^C))A - CdMd.N)A, 

which yields: 

yjna(nac))))A = fL{ii{dlc))A-{fLOdMd.N)A (7.17) 

= f^{Yi{dlC))A-{fLO_d.N{d.N)A 

+Xd^NBCB{,d^N)A + 5Cd^N{d^N)A + Cd^NXd^NA + 5Ca^Ar(9^A^)yl, 

where we used the formula f l6.22p for Hi^di^N) in the last equality. Using the commutator 
formula fl6.15p together with f l7.17p yields: 

dAy^{n{d^O))A (7.18) 

= y^{m^{U{d^C)))A + fs^j,Il{d^OA - eAdM^N + {d^N)Ae ■ dx 
= y^{n{dlC))A -{yLOd^N{d^N)A + Xa^NBC,B{d^N)A + Kd^N{d^N)A 

Hd^NXd^NA + Kd^N{dujN)A + fQ^j^'U-{d^C)A - tAdu^Cd^N + {du^N)At ■ d^C. 

Next, we compute the term d^{y7g^j^C)A- We have: 
dUfa^NCA) = dUr>9MCA) - Cv/ J (7.19) 

= Da2Ar(CA) + Da^Af(9^CA) + ^d^N{Cu(d^eA)) " f^<^Cv7 e . ~ ^8 (W e .) 

= DaE7v(CA) + fQ^A'n{d^C))A + Da„^(Cn(a.e^)) - Cg ,v/ 
Now, (16.181) implies: 

^-(^a^TveA) = d^{{d^N)ByB^A) 

+fAYi{d^eA)) - {d^N)AeBcec + OabO^N - (D^eA, d^N)N) 
= fn{diN)i(^A) - \d^N\^fAeA) + f Q^j,{Ti{d^eA)) - {d^N)Aed^Ncec 

+OAlNd^N - {Bo^NCA, d^N)N) 
= fdiN^^^A) + fQ^j^{Jl{d^eA)) - {d^N)A9a^Ncec + Oaq^nO^N 

-(Tie^NeA,d^N)N), 

where we used (17.71) in the last equality. Together with (I7.19p . we obtain: 

d.iya^NU) = yas^(C)A + ya.^(n(5'.C))A + ya.^(C)n(a.e^) 

+ {d^N)AOa^NBCB — ^Adu^NCduN, 

which yields: 

dUfa^NOA = faiAOA + fa^Ni^id^O)A + {d^N)Aed^NBCB - 0Aa^NCd^N. (7.20) 
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Next, we compute ^^^(e • (). Using f l6.ip . we have: 

du^{e ■ C) = iVdu^NB + kNd^es - n'^^d^eB^Xs + '^Bi.d^Cs + Ca.es) (7.21) 

Using again f l6.ip . we also obtain: 

-d^{kBd^N + d^CB)XAB - {ksd^N + d^CB){dujXAB + XAa.es) (7.22) 
-du^{^B + CB)du^XAB - (Jb + CB){.dlxAB + d^XAa^eg) 
= -{kBdiN + dlCB)XAB + (fcjva.Tv + d^CN)XAau,N - iVBd^N + d:^CB)d^XAB 

-{kdu^NB + d^CB)duoXAB + {kNN " U'^V Nn)d^XAau.N + (ea.Ar + C9.Ar)c?c^XAAr 

-(eB + Cs)<95xAi? 
= -{VBU(aiN) - \d^N\^eB + <9^Cb)xab + (ea^^v - C9.7v)xa9.7v 

-'2{vBa^N + d^CB)d^XAB + '^d^XAa^N - (ea^N + Ca^N)XAd^N - (Jb + CB)dlxAB, 

where we used the fact that d^^C^N = — Ca.Af; d^jXAN = —XAa^N and the decomposition of 
d^N (17. 7p in the last inequality. 

Finally, we consider the last term in the right-hand side of fl7.16p . From the definition 
of /3, p, 0", and the fact that d^L = d^^N and d^L = —d^N, we have: 

do,p = -Pa^N - §_Q^j^, d^{e cr)AB = ^ ^AB CPa^N - 
which together with the formula fl6.29p for duia yields: 

|^(Mk(_«.^ + pS,^ + 3^ e,^)^ (7.23) 

= l{dlN)B{-aAB + pSab + 3a ^ab) - ^y^/^A + (^{d^N)c{eAc *Pb 

+ &BC *Pa) - 5AB{Pa^N + + \ eAB C(3a^N - *^a^^)) • 

Using (I7.16p - (l7.23p yields (I7.15P which concludes the proof of Lemma 17^ ■ 

Finally, the following lemma provides the transport equation satisfied by d^b. 
Lemma 7.3 d'^b satisfies the following transport equation: 

L{dlb) = -y^^^{d^b)-bd^Ca^N-bCnidlN)-d^{b)Ce^N-dl{b)5 (7.24) 
-d^{b){2td^i^ - n'^fg^j^n) - ka^Na^Nb - eii{aiN)b - '^a^Nd^b, 

Proof Recall the transport equation (I6.39P satisfied by d^^b 

L{d^b) = -bCa^N - d^{b)5 - ea^Nb. 

Differentiating with respect to u yields (I7.24p . This concludes the proof of the Lemma. ■ 
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7.2 Estimates for d^^N, d^b, d^x and 

7.2.1 Estimates for d^,N 

In view of the formula fl7.ll) for D^ld'^N), we have: 

\\BLidlN)\\LHH.) _ (7.25) 

< \\duX\\L^nu)\\du^N\\L^ + (IIxIIl-l? + Ml^^ + ll^llL-L?)l|n(a^Ar)||^2^i^ 

+i\\x\\L^nu) + h~^^n\\L2^Hu) + WvhHnu) + MIl^Hu) + \\C\\LHnu))\\dujN\\l^ 

where we used in the last inequality the estimates fl2.66p - fl2.7ip for n, 77, e, 5, x and C, the 
estimate fl2.75p for di^N and the estimate fl2.76l) for d^x- Now, the decomposition fl7.7p 
for dljN yields: 

T^ddlN) = Di(n(9^iV)) - l^^iVl^DiiV - 2^7(6'^iV, Di(9^iV))iV, 
which together with fl7.25p and the estimates (12.751) fl2.76p for d^^N yields: 

liyL(n(5'^))llL^(«„)<^ + ^l|n(9»|L.,^o.. 

Together with the estimate f l3.64p for transport equations, this implies: 

and using again the decomposition (17. 7p for dl^N and the estimate fl2.75p for di^N , we 
obtain: 

Wdlm^^^LT < 1- (7.26) 

Finally, fl?:^ and fl?:^ imply: 

||D^(a»iU.(«„) <5. (7.27) 

7.2.2 estimate for 9,^,6 

In view of the transport equation (17.241) . we have 

L{dlh) = /, (7.28) 

where the scalar / is given by 

/ = -fa^A^^b) - bd^Cdo^N - Knid^^N) - 5c.(&)Ca„jv - dl{b)6 

-d^{h){2ed^N - n'^fa^N^) - hu^Na^Nb - eu{aiN)b - ea^Nd^jb. 

In view of the definition of /, we have 

2,^1 < (l + ||9,iV||i^ + ||6||i^ + ||9,6||i^)3(l+||C|| 2 + ||e||i^^2) 

jr.' r x' 1^ x' ^ 

x{\\fd^b\\L2^nu) + WdMlLHHu) + \\dlN\\L2^^^) + \\k\\mnu) 
+ \\n-^Vn\\L2^nu) + IICIU2(^„)) + pH^oo^a ||a^6||i2(^„) 
< e + e\\dlbh2^u.), (7.29) 
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where we used in the last inequahty the estimates (I2.66P and ( I2.67P for n, k, e and 6, the 
estimate f l2.68p for b, the estimate f l2.7ip for (, the estimate f l2.75p for d^^N, the estimate 
(E76D for d^b and d^C, and the estimate fl7:2Hl) for d^N. ([72HD, frr:29|) together with the 
estimate for transport equations fl3.64p yield 

which implies 

m.^L'. < e. (7.30) 

7.2.3 Estimates for S^x 
In view of (17. 2p . we have: 

g{T>A{dlN), cb) = idlx)AB + Fab, (7.31) 
where the Pf,„-tangent 2-tensor F is given by: 

Fab = -{dlN)AC,BeB - 2xAdMd^N)B - {d^N)A {2d^C,B + 26{d^N)B) . 
F satisfies the following estimate: 

ll^ll,.,! (7-32) 

< \\dlN\\j^^Li,\\C\\LrLi, + {Ml^li, + ¥\\LrLi)\\d.N\\l^ + \\d.mL-\\dM\LrLi, 

< e, ^ ^ ^ ^ 

where we used in the last inequality the estimates (I2.67l) - (l2.71j) for S, x and (, the estimates 
(12T5|1 fl2T6|l for d^N and d^C, and the estimate fTM for d^N. 
Using the decomposition (17. 7p . we have: 

T>A{dlN) = T>A{Il{dlN)) - 2g{d^N, T>Adu.N)N - \d^N\^T>AN 

which together with the fact that D^A^ = Oab^b yields: 

g{f^{U{dlN)),eB) = g{BA{dlN),eB) + \d^N\^9AB. 

Together with (17.310 . this yields: 

midlN)) = Uidlx) + F (7.33) 

where F = F + \d^N\'^d. In view of (17:321) and the estimates (12:671) - fl2T0|) ioi 6 = x + V, 
we have: 

ll^ll,.4 ^ + m^rLl, Wd^ml^ < e. (7.34) 

Using (I7.33P together with the finite band property and the weak Bernstein inequality 
for Pj, we have: 

\\P,Ii{dlx)\\LrLl, < \\P,fmdlN))\\L^L2^ + \\P,F\\L^L.^ (7.35) 

< 2mU{dlN)\\,^,.^+2i\\F\\^^j 

< 2%, 
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where we used the estimate (I7.26P for dl^N , and the estimate (17.341) for F. (I7.35P is the 
desired estimate for S^X- 

Remark 7.4 While F satisfies fl7.34p . we may also derive a second estimate. We have: 

\\F\\Li,Lr < WdlmLiLrKWLiLT + {Mlilt + II^IU^^l^ + ll^llL^,Lr)ll^-^lli- 

+ \\dujN\\L^\\d^C\\LlL^ 

< ' (7.36) 

where we used in the last inequality the estimates (12.671) - (12.711) for 6,x,G o-nd (, the 
estimates (12.751) (12.761) for d^N and d^C, and the estimate (17.261) for d'^N. 

7.2.4 estimate for d'^,C 

In view of the formula (17.151) for J/ ];^(Il{d'^()) , the decomposition (17. 7p for d'^N, and the 
decomposition (17.331) for d'^Xy we have: 

fLmdlO) = -X ■ n(9^C) + y(Fi) + F,- ^^yjC), (7.37) 
where the Pf^^-tangent tensors Fi and F2 are respectively given by: 

Fi = -(e + C) ■ nidlN) - 2d^N ■ U{dU) 

and 

{F2)a = im + nO) ■ UidlN) + {e + 0-F- fn^oiN)CA + ^y^^JO 



B , 



2 



-OtAB + P^AB + 3(T Gab) 



A 



+eACn(a27V) - XABriBU{dlN) - id^N)Ae ■ C + 2d^(9^A^)(n(9^C)) 
+ idojN)AifLCd^N - Xo^nbCb - SCd^N - 2e ■ d^C - Gb^nbCb - Vb^nbCb) 
-'^{riBd^N + d^CB)d^XAB + '^d^XAd^N - '^'^AdXd^N + {-Kd^N + (^a^N 

-'^d^N)XAa^N + \dujN\^eBXAB + {Oas^n + Va^NA - {d^N)A6)C,d^N + — (^a 

^{dJpB ^(5^jv)c(eAc *I^B+ eBc */3a) - 6AB{(3a^N + 
3 

+- Gab (*/3e„iv - *-^^^! 
We estimate Fi and F2. For Fi, we have: 

\\Fi\\L^in.) < miL^^ + ||CllL^^L?)l|n(9^iV)|U.,^^ + ||a.iV|u.||n(9.c)||L^(K„) 

< ^, (7.38) 
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where we used the estimates fl2.66p - fl2.7ip for e and (, the estimates f l2.75p fl2.76l) for d^^N 
and d:^(, and the estimate fl7.26p for d^N. For F2, we have: 



\\F2\\l\l^ (7.39) 



+M(r/) +A/-i(5))M(C) + (M(e) +M(e))M(x) + mimn.) + mimn.) 



+ \\d^N\\L^\^\\e\\L2(Hj\dc.C\\Ll,L^ + {\\v\\L2{nu) + ML2inu))\\duX\\Ll,L^ 
+ II "^.^Cll II ^c^X II 



< 



where we used in the last inequahty the curvature bound fl2.59p for a, /3, p, a, (3 and /3, the 
estimates f EIBBjl -f l^TT]) for e,e,ri,6,6,x,0 and C, the estimates (^77^ (ElZn]) for d^N,d^x 
and dujC, the estimate f l7.26p for d^N, and the estimate (17.361) for F. 

We are now in position to derive the estimate for d^(. Using the transport equation 
f l7.37p for Il{d^() and the transport equation (16.481) . for M allows us to get rid of the 
troublesome term x " ^{d'^O- 

fLiM-u{dlc)) = fLiM)-uidlc) + M.f,inidlc)) 

= M-y(Fi) + M-F2-^^M-yjC) 

= y(M-Fi)-y(M)-Fi + M-F2-^^M-yjC), 



Let 2 < p < q < +00. This yields: 

ll^,(M-n(9^c))lkfL^ 



(7.40) 



< 



Pj ( [ f{M ■ Fi)dt] + Pj( [ f{M) ■ Fidt 



^ x' 



+ 



PA / M ■ F2dt 



Next, we estimate the various terms in the right-hand side of f l7.40p . 

We consider the first term in the right-hand side of f l7.40p . Using Lemma I6.12[ we 
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have: 



y{M ■ Fi)dt 



< 2iM|Uoo||Fi|U.(^„) 

< 2%, 



(7.41) 



where we used in the last inequahty the estimate f l7.38p for Fi and the estimate f l6.49p for 
M. 

Next, we consider the second and the third term in the right-hand side of fl7.40p . 
Using the dual sharp Bernstein inequality for tensors f l6.53p and the estimate (13.640 for 
transport equations, we have: 



Pj / f{M) ■ F,dt 



< 2^ 



f{M) ■ Fidt 



+ 



+ 2^' 



M ■ F2dt 



(7.42) 



rr' 



M ■ F2dt 



< 2^||y(M) ■ + 2iM ■ F^Wmu^) 

< 2^\f{M)\\L2^nJ\Fi\\mn^)+2mM\\L^\\F2\\mn^) 

< 2%, 

where we used in the last inequality the estimate fl7.38p for Fi, the estimate fl7.39p for F2, 
and the estimate fl6.49p for M. 

Finally, we consider the last term in the right-hand side of fl7.40p . Using Lemma [5. 141 
we have: 



< 



||a^iV|^M||po(2% + 25£7(M)). 



(7.43) 



L?°L^, 



Now, using the non sharp product estimate f IS.lSp . we have: 

< M(fi'.iV)(||M|UooA/l(9^iV) + \\d^N\\L..\\fM\\L2(^nS^ 



< 1, 



where we used in the last inequality the estimates fl2.75p (12.760 for d^^N, and the estimate 
fICT]) for M. Together with fTTiHl) . this yields: 



P. 



-M-f,iC)dt 



< 2% + 22£7(n) 



L?°L'^, 

^ :r,' 



which together with ([730]), (IZ3ID and (17^ implies: 

||P,(M-n(9^C))IL?L^, <2% + 2ie7(«). 
Now, since we have chosen p < q, (17.441) and Lemma 16.131 yield: 

\\P,iUidlcmL^Ll, <2's + 2ie^iu), 
for any 2 < p < +00 which is the desired estimate for d^(. 



(7.44) 
(7.45) 
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7.2.5 Estimate for f^(n.{dlN)) 

In view of the decomposition f l7.7p for d'^N, we have: 

BL{Il{dlN)) = BLidlN) + 2g{d^N, D^(9^iV))iV + \d^N\'BLN 
which yields: 

f^iUidlN)) = UiBLidlN)) + \d^N\'U{BLN) (7.46) 

= m,idlN)) + \d^N\'iCA-i^)eA. 

where we used the Ricci equations (12.231) for D^^A^ in the last equality. The formula (17. 3p 
for BLid^N) and imply: 

fJ,U{dlN)) = 2dlCBeB - Id^NWseB + ^d^Xd^NBes + Xn(dlN)BeB + (^ + n-^V nu) 
yiIi{dlN) + {Aea^N + n-^Va^Nn)d^N + \d^NWU - Qca- (7.47) 

Now, let 2 < p < +00. (ElU), the estimate (EISD for ||R(n(9^C)) ||^p^2 , together with 
the boundedness and the weak Bernstein inequality for Pj, yields: 

||P,yjn(9^iV))|U.^., (7.48) 

< ||P,n(9^C)|L.^., + \\PA\d.N\'0\\LTLl + \\PAd..xd.N)\\L^Li, 
+ ||P,(xn(9>))|U^^2, + \\P,{{5 + n-'VNn)Yl{dlN))\\L^L.^, 

< 2% + 2i£7(w) + lll^.iVpCllL.-L^, + \\d^xd.N\\LrLl,+'^Hx^{dlN)\\^^^. 
+2^||(5 + n-iVjvri)n(92iV)|| 4 + \\{Ae9^j, + n-'Va^Nn)d^N\\L^L.^ 

+ \\\d.N\\C-mLTLl, 

< 2% + 2^£7(m) + \\d^N\\l^{\\C\\L^Ll, + IklLrL^, + ||n-Vn||^c„^2, + HelL-L^,) 

+ ||o'..iV|U^||9^xllL-L2, +2^(||xIIl-l4, + II-^IIl-l^^, + \\n-^Vn\\L^L,J\\nidlN)\\L^L2^ 

< 2% + 2i£7(M), 

where we used in the last inequality the estimates (I2.66p -( l2n|) for n, 6, e, x, ^ and (, the 
estimates f l2T5|) and (l2T6|) for 9^A^ and d^x, and the estimate (I7:26|) for d^lV. (TtIsD is 
the desired estimate for y^(n(95iV)). 

In view of the estimates ([I2SD , (IZ2ZD, (17^ - (OS]), (TTIS]) and ( TTig]) . this concludes 
the proof of Theorem 12.231 

8 Dependance of the norm L^L^(Hm) on G 

The goal of this section is to derive the various decompositions of section 12.81 In section 
18.11 we derive the basic estimates, first for scalars, and then for tensors using a scalariza- 
tion procedure. In section [5^ we obtain the desired decompositions for d^^N, trx and If. 
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In section 18. 3[ we provide variants of the results in section 18.11 In section 18. 4[ we obtain 
the desired decompositions for x, and x^. In section [831 we provide further variants 
of the results in section 18.11 Finally, the desired decompositions for (, yh and d^^h are 
derived in section 18.61 

8.1 The basic estimates 

The goal of this section in to prove the following proposition. 

Proposition 8.1 Let f{.,uj) a scalar function depending on a parameter w G such 
that: 

Assume also that the existence of a function 7 in L^(]R) such that for all j > 0, we have: 

||P,(La/))|U.(«„) + WPjiLid^fmLHn.) < 2% + 2hiu)e. 

Let u and u' in Let u = u{t, x, u) and u' = u{t, x, u'). Then, for any u" in §^ on the 
arc joining u and u' , and for any j > 0, we have the following decomposition for f{.,uj"): 

f{.,u;") = P^,{f{.,co')) + fi 

and where fl satisfies: 

As a corollary of Proposition 18. 1[ we obtain: 
Corollary 8.2 Let F{.,u) a tensor depending on a parameter u G such that: 

\\F\\L'^L2{Hn) + II-^IIl2l;^ + W^FWl-^l^chu) + II<9cj-F||l2°l2(^„) < e. 

Assume also that the existence of a function 7 in L^(]R) such that for all j > and for 
some 2 < p < +00, we have: 

Let u and u' in S^. Let u = u{t, x, u) and u' = u{t, x, uj'). Then, for any u" in §^ on the 
arc joining u andu', and for any j > 0, we have the following decomposition for F{.,u") : 

F{.,co") = F(+Fi 

where F( does not depend on u and satisfies: 

11-^1 IU°°(Pt,u^,) ^ \\P\\L°^{Pt,u^,)^ 

and where F^ satisfies: 
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The following lemmas will be useful for the proof of Proposition 18 . 1 1 and Corollary 18.21 



Lemma 8.3 Let u and u' in S^. Let u = u(t,x,ijj) and u' = u{t,x,u!'). Then, for any 
tensor F, we have: 



Lemma 8.4 Let f a scalar function and u,uj' in Then, for any I > 0, we have: 
Lemma 8.5 Let f a scalar function and u,u' in S^. Then, for any I >0, we have: 

||^<«/IU-L2(W„,) 



< (1 + Iw - uj'\^2^)\\f\\LooL2^nu) + |w - w 



1 



1 

I / ru+\uj-u'\ \ 2 ' ^ 

(T^I^A (r>^(/))lli2(^0 + |lA(?>iV(/))||i,(^^))j dr 

Lemma 8.6 Let f a scalar function and u,u' in S^. Then, for any I >0, we have: 

||[<9<^,-P<«]/||l;;^l2(^^,) < ||D/||igoi2(^^). 

Lemma 8.7 We have: 

\\BTQ<iiN)\\L^L2^^^) + ||VDTQ<i(iV)||L-L2(so < e. 

Lemma 8.8 Let Nj = N{.,ujj),j = 1,2,3 where uj G §^ are given respectively by ui = 
(1,0,0), U2 = (0,1,0) andu3 = (0,0,1). Then, Q<iiNi),Q<i{N2) and Q<i{N^) form a 
basis of the tangent space of . 



We also state the following lemma which will be used in the proof of Lemma 18^ Note 
this lemma, together with Lemma 18. 3[ is at the core of all decompositions of section [HI 

Lemma 8.9 Let u and u' in Let u = u{t,x,u) and u' = u{t,x,u'). Then, for any 
tensor F and any 2 < p < +oo, we have: 

\\F\\l^,Lv(H^,) < II^IL/L2(p-i)(^^)||yi^|II^L2(^^). 

The proof of Corollary 18.21 is postponed to section I8.1.2[ the proof of Lemma 18.31 is 
postponed to section \EA\ the proof of Lemma [H31 is postponed to section \K2\ the proof 
of Lemma [831 is postponed to section [El3l the proof of Lemma 18^ is postponed to section 
\EA\ the proof of Lemma 18.71 is postponed to section \E.5\ the proof of Lemma 18.81 is 
postponed to section \E.Q\ and the proof of Lemma 18.91 is postponed to section IE. 71 We 
now conclude the proof of Proposition 18.11 
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8.1.1 Proof of Proposition [STT] 

We decompose f{.,u") as: 

fiW) = P^',(/(.,a;")) + E^/'(/(-'^") (8-1) 



i>'. 



= P;,(/(.,a;'))+ / d^P':,ifi.,u'''))du''\u'-u'') + J2Piifi-,^'')) 
+ 5^P/'(/(.,c^")), 

2 

where a;'" denotes an angle in §^ on the arc joining uj' and u" . 

Next, we estimate the last two terms in the right-hand side of f lS.ip . Using Lemma 
we have: 



< 



{2-^ + \io" ~ io\^2-^)e, (8.2) 

where we used the assumptions on / in the last inequality. 
Using Lemma [8. 5 [ we have: 

\\P':Ad.f){.,oo'")h^LHn.) (8.3) 
< (1 + - u\hi)\\d^f\\L^L.^n.) + - ^\''\\d.f\\i^LHH.) 

^^PEiy (lln(^^a/))lli2(«,) + ||P,(&iV(5./))||i2(^^))t/r 



q<=. 
.Ill 



< {l + \uj"' -uj\^2-i)e+\uj -uj"'\-^e 

<'U+\u]-^^)"'\ 



^ ^^pE ly (lln(^^a/))lli2(«,) + ||P,(6iV(9./))||i2(^^))rf7 

where we used the assumptions on d^^f in the last inequality. Now, the assumption on 
L[d^f) and L{di^f) together with Lemma 15 . 1 2 1 yields : 

||P,(nL(9^/))||i.(^^) + ||P,(&iV(9^/))||i,(^^) 
< (llnlUoc + liynllpo + ||6|Uo. + ||y6||po)2(22%2 ^ ^.^^^y-^ 



< 22%2 + 2«7( 
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where we used in the last inequahty the estimate (I2.66P for n and the estimate ( I2.68P for 
h. Together with flS.Sp . this imphes: 

\\P'^,{dJ){:^"')\\L^L^m.) < {1 + - co\h's + \co"' - u\hi)e (8.4) 

< {l + \uj'" -io\hi)e. 

Using Lemma [8 ■6[ we have: 

||[9.,p;",]/(.,c^'"))IIls=l^{w„) < \\Bf\\L^LHn.)<e, (8.5) 



where we used the assumptions on / in the last inequality. 

In view of (18. ip . we have f{.,ijj") = fj + fl where fl is defined as: 

f] = P'^.{f{;^% (8.6) 

•' — 2 

and /J is defined as: 

/;= / {P':;,{dJ){.,u^''') + [d^,P':!,]f{.,u:'''))du'\u' -u^^^^ (8.7) 
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Using (18. 2p . (18. 4 p and (18. 5p . and the fact that uj" is on the arc of joining oj and u;', we 
have the following estimate for f'^: 

l|/|IUs=L2(«„) < f {l + y' -u\hi)edu'''\J -u''\ + {2-i + \J' -uj\h-'i)e 

J[uj',w"] 

< (1 + \uj' - uj\hi)\u' - u\e + (2~2 + \uj' - uj\h-i)e 

< 2-h+\uj' -u\hie. (8.8) 

This concludes the proof of Proposition 18.11 
8.1.2 Proof of Corollary [8721 

Using Lemma 18^ it suffices to prove the decomposition of Corollary 18. 21 where F{u", .) is 
replaced by g{F{.,u"), Q<i{Ni)) for I = 1,2, 3. Since the proof is identical for I = 1,2, 3, 
we simply take / = 1. Therefore, it remains to prove that the following decomposition 
holds giFi.,u"),Q<iiN,)y. 

g{F{.,uj"),Q<^{N,)) = P^,{g{F{.,co'),Q<^{N,))) + fl (8.9) 
where the scalar function satisfies: 

11/2 IUsoL2(w„) < 2~ie u'\hie. (8.10) 

In particular, F( is connected to the first term in the right-hand side of (18.90 . which does 
not depend on u and satisfies the following estimate 

P^AgiFi.,u'),Q<,iN,))) < ||F|U^(p,„ ,)||Q<i(iVi)|U^ < ||F|U^(p,„ ,), 
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where we used the fact that P<-j is bounded on L°°{Pt^u^,) and the fact that Q<i is 
bounded on L°°. 

Let / = g{F{.,ijj),Q<i{Ni)). In order to prove the decomposition (18.91) flS.lUp for 
g{F{.,uj"),Q<i{Ni)), it suffices to show that / satisfies the assumptions of Proposition 
18.11 First, we estimate D/. We have: 

I|D/IIl-l2(«„) < \\^F\\L^LHnu)\\Q<iiNi)\\L^ + ||F|U2^^^||Dg<i(iVi)|Uc„i2, 

< e+\\BQ<,iN,)\\L^Ll, 

where we used in the last inequahty the assumptions on F, and the fact that Q<i is 
bounded on L°°. Using the functional inequality fl3.7ip . we obtain: 

WQ<i{Ni)\\LrLl, (8.11) 

< ||DQ<i(iVi)|U^i2(s,) + ||VDg<i(iVi)|U^L2(s,) 

< ||VQ<i(iVi)|Uc„i2(s,) + ||DTQ<i(iVi)|U^^i2(2o + \\V^Q<i{N,)\\l^lh^,) 
+ ||VDTQ<i(Ari)||i^i2(s,) 

< ||VQ<i(iVi)|U^^L2(2,) + ||DTQ<i(iVi)|U^^i2(s,) + \\VBTQ<liN^)\\L^LHJ^t) 

< e, 

where we used the Bochner identity on (13.781) . the finite band property for Q<i, and 
Lemma [8.71 Finally, we obtain: 

l|D/l|Ls=L^(«.)<e- (8.12) 
Next, we estimate di_jf. We have: 

^^f = g{^^F,Q^^{N^)), 

which yields: 

\\d^f\\L^L^^n^) < \\^^F\\L^L^nJ\Q<liN^)\\L^ < 1 (8.13) 

where we used in the last inequality the assumptions on dujF, and the fact that Q<i is 
bounded on L°°. 

Finally, we estimate L{d^f) and L{di^f). The estimate for L{d^f) being similar, we 
focus on L[d^f). We have: 

Dl(o'./) = (?(DL(9^F),g<i(iVi)) + (?(9^F,DiQ<i(iVi)). (8.14) 

The estimate (16.1 18p yields: 

liyQ<i(iVi)IUo <e 

which together with Lemma [6.131 and the assumption for Yiip^^F yields: 

||P,-(^(D^(a2iV),Q<i(iVi)))||L^(H.) <2% + 2ie7(«). (8.15) 
Furthermore, using the dual of the sharp Bernstein inequality (I4.36p . we obtain: 

\\P,{g{d^F,T>LQ<i{N,)))\\L^in^) < 2^\\g{d^F,T>LQ<im)ULl, (8.16) 

< 2^\\d^F\\L^L.^j,J\T>LQ<im))\\LrLl, 

< 2% 



149 



where we used in the last inequahty the assumptions for d^F, and the estimate (18. lip . 
Now, dHUD-dHIS]) yield: 

\\PmdJ))\\LH'H.)<2^e + 2ie^{u). 

The corresponding estimate for L{dujf) may be obtained in the same way and is actually 
easier. Thus, we obtain: 

||P,(La/))|U.(«„) + mUd^mLHu.) < 2% + 2ie^iu). (8.17) 

In view of (I8.12p . (I8.13p . and (I8.17p . / satisfies the assumptions of Proposition 18. H which 
in turn yields the decomposition (I8.9I) - (I8.10I) for g{F{., u"), Q<i{Ni)). This concludes the 
proof of Corollary 18.21 

8.2 Decompositions involving d^jN, trx and ¥' 

In this section, we obtain the proof of Proposition 12.261 Proposition 12.271 and Proposition 
12.281 as a consequence of Proposition 18.11 Corollary 18. 2[ and Lemma 18.91 

8.2.1 Proof of Proposition 

We have: 

A^-A^'= [ d^N{.,Lo")dLo"{Lo -tu'). (8.18) 

J[UJ,UJ'] 

We denote d^N" = du,N{.,u"). Now, in view of the estimates fl2T5D and fl2T6D for d^N, 
and (^M), firop and (Km for d^N, d^N satisfies the assumptions of Corollary [821 
Thus, we have the following decomposition for d^N" 

d^N" = Fl+Fi, (8.19) 

where the vectorfield F( only depends on u' and satisfies: 

II^/IU- < WO^N'Wlo. < 1 (8.20) 

in view of (12.750 . and where the vectorfield F2 satisfies: 

II^2'IIls=l^(k.) < 2-^5. (8.21) 

Injecting the decomposition fl8.19p in fl8.18p . and in view of fl8.20p fl8.2ip . we obtain the 
desired decomposition for — A^'. This concludes the proof of the proposition. 

8.2.2 Proof of Proposition [27271 

In view of the estimates (I2.69p . fl2.76p and (12.771) for trx, / = trx satisfies the assump- 
tion of Proposition 18. 1[ Thus, in view of Proposition 18. 1[ trx(.,Ci;) satisfies the desired 
decomposition with 

= P<,(trx(.,a;')). 

There remains to prove the L°° estimate for f( which is an immediate consequence of the 
estimate (I2.69P for trx ^^id the fact that P^i is bounded on L°°{Pt^u)- This concludes the 
proof of the proposition. 
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8.2.3 Proof of Proposition I^T^ 

We have 



r(.,a;)-&^(.,u;')IUs=L^(K.) < (/ W-\-,oo")d^K;Oo")\\L^LHn.)duj"j\uj-oo'\ 

\\d^b{.,u")\\L^L'^^nu)doo"] \uJ-co'\, (8.22) 



< 



where we used in the last inequahty the estimate f|2.68p for b. Now, using Lemma 18.91 
with p = 2, we have 

\\dJ{.,u")\\L^LHnu) ^ WIIl^^lhuu) + WfdJWL^LHnu) ^ ^ 

where we used the estimate (12.761) for d^jb in the last inequality. Together with (I8.22p . we 
obtain 

\\Fi.u)-F{.,u')\\L^,.^n.)<\u;-u'\e, 
which concludes the proof of the proposition. 



8.3 A first variant of Proposition 18.1 



We start with the following refinement of Lemma 18.91 

Corollary 8.10 Let u and u' in Let u = u{t,x,u) and u' = u{t,x,uj'). Then, for 
any tensor F, and for any 2 < p,q < +oo, we have: 

1 1 

Proof Let / a scalar. Then, using a standard estimate in M^, we have the analog of 

dEeo]) 



sup \f{^t^{u,yi,y2))\'^dyi 
yi y2 

1 

^ ( / \fi'^TM^,yi,y2))\''dyidy2]' I I \dyj{<l>7^{u,yi,y2))\^'dyidy: ^ 



y 

1 1 

1 / r \ 2 



< ( / \f\'df^t,u] [ \fft'df,t,u 
\jPt,u J yPt.u 

Together with flE.59p . this yields: 



1 



^ x' 
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Since this holds for any real number Uq, we take the supremum which yields: 
Finally, let F a tensor. Applying the previous inequality to / = \F\, we obtain 

11-^11 r°of2^T/ ,^ 5-, ||-^||7-P7-9 IIV-Fll P. _9 . 

This concludes the proof of the corollary. ■ 

We will need the following refinement of Corollary 18.21 

Corollary 8.11 Let F{.,uj) a tensor depending on a parameter u G such that for any 
2 <p < +00: 

I|-^I|ls°L2CH„) + II-^IIl^L;^ + I|D-F||ls°L2(W„) + ||f^a;-^||LS°L2(H„) ^ ^• 

Assume that there exists two tensors Hi and H2 such that 

d^F = Hi + H2, 

such that we have 

||-f^l||LS°L2CH„) + \\H2\\l^L^Hu) ^ ^5 

and there exists a function 7 in such that for all j > and for some 2 < q < +00, 

we have: 

\\p,{f,m)\mLi, + iip,(yj//i))iiL?L2, < 2% +2^7(^)5, 

and such that H2 satisfies for some 2 < q < +00 

^ x' i x' 

Let uj and uj' in Let u = u(t, x, u) and u' = u(t, x, u'). Then, for any u" in §^ on the 
arc joining u and u' , and for any j > 0, we have the following decomposition for F{., oj") : 

F{.,co") = F(+Fi 

where F( does not depend on u and satisfies such that for any 2 < p < +00: 

,LPL°-{Pt,u ,) ~ ^' 

and where F^ satisfies: 

\\FI\\l^l^{Hu) ^ 2-2e +\u}- uj'\hie. 
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Proof Using Lemma ISTKj it suffices to prove the decomposition of Corollary 18 . 1 1 1 where 
F{(jj" , .) is replaced by g{F{.,ijj"), Q<i{Ni)) for / = 1, 2, 3. Since the proof is identical for 
I = 1,2,3, we simply take / = 1. Therefore, it remains to prove that the following 
decomposition holds g{F{.,u"),Q<i{Ni)): 

g{F{.,oo"),Q<,{N,)) = f( + f^, (8.23) 

where does not depend on u and satisfies such that for any 2 < p < +oo: 

ll//llLS=^,LrL^(P,„^,) (8.24) 

and where the vectorfields fl satisfies: 

\\n\\L?^LHH..) < 2-'e +\uj- u'lhie. (8.25) 

Let f{-,co) = g{F{.,u),Q<i{Ni)). Arguing as in the proof of Corollary I8.2[ and using 
the assumptions for F, we have the analog of (18.121) and (18.131) : 

\\^f\\L^LHH.)<e. (8.26) 

and 

\m\\L^LHH.)<e. (8.27) 

Also, in view of the assumptions for F and the fact that Q<i is bounded on we have 

||/(.,(^')IUs=^,LrLoo(P.„„,) < ||F(.,u;')IUs=^,LfL^(P..^,)IIQ<i(iVi)IU- (8.28) 

In order to prove the decomposition (K^ (KMi (K^ for g{F{.,u"), Q<i(A^i)), we follow 
the proof of Proposition 18.11 In particular, we recall the decomposition (18. ip of f{.,u"): 



f{.,uj") = P'^,{f{.,co'))+ (P- (5^/)(.,c.''0 + [5.,^<'' ]/(-,^''0M^''V-^'') 

+ 5^P/'(/(.,c.")), (8.29) 



2 



where u"' denotes an angle in on the arc joining u' and u". Also, in view of the estimate 
(I8.26p . we have the analog of the estimate (18. 2p 

J2\\Pi(f(-^^"))h?,LHn.) < (2-^ + \uj"-uj\i2-i)e, (8.30) 

and the analog of the estimate (18. 5p 

\\[d.,P:,]f{.,u:"'mL^LHn.)<e. (8.31) 

Also, using (I8.28P and the fact that P^j is bounded on L°°{Pt^u^,), we have for any 
2 <p < +oo: 

"P!cAfi;^')) ^ (8.32) 
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In view of (I8.29p . we have f{.,co") = + where f( is defined as: 

- 2 

and /| is defined as: 

f] = fii + fi2 (8.33) 

with 

fii = I (P<. {dj){., io"'){co' - CO") (8.34) 

J[uj',uj"] ~2 

and 

fi2 = [ [d., P':A{d.f){; oo"'))doo"'{io' - CO") + J2 PiU{; oo")). 

'-^ 2 

In view of the definition of f(, and the estimates fl8.30p . (18.311) and (18.321) . fl does 
not depend on uj and satisfies for any 2 < p < +oo: 

ll/lllL-,L?L-(Pt,„^,) (8.35) 

while fl satisfies: 

\\fi2\\L^L^{n.) < 2-"e +\uj- uj'\hie. (8.36) 
We still need to estimate /^i. We have: 

and thus 

d^f = h + h2 (8.37) 

where 

h,=giH^,Q<i{N^))J = l,2, 

Since the assumptions for Hi in Corollary 18 . 1 1 1 are the same as the assumptions for d^jF 
in Corollary 18. 2[ we obtain the analog of (18.131) and (I8.17P for hi: 

\\hi\\L'^L'^(nu) ~ 

and 

||P,(L(/ii))|U2(^^) + WP.iLihMLHn.) < 2% + 2ie^{u). 

Thus, the estimates for hi in Corollary 18.111 are the same as the assumptions for 9^/ in 
Proposition 18. Ij and we obtain the analog of (18. 4p 

\\P'^,hiiW'')\\L-LHn.) < (1 + 1^"' - co\hi)e. (8.38) 
Next, let 2 < g < +oo. We have in view of Corollary 18.101 



1 1 



||P<./i2(.,u;'")IUs=L^(«.) < \\P<ih2f' s\\fP^ih2p. s (8.39) 



1 



^ ... 211 9 8 ) 

t X' t rpl 
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where we used in the last inequahty the finite band property and the boundedness on 
L'^{Pt,u) of P<i- Now, in view of the definition of h2, we have 



: 2 



I^2|L„^8 + \\fh2\\ . 8 (8.40) 



r </-i r E 



< IIQ<i(A^i)l|L^(l|i^2|L B +||yif2|L B) + ||if2|L B||yQ<l(^^l)||LrL^ 

< e + e\\fQ<i{Ni)\\L^Ll,, 

where we used in the last inequality the assumptions on H2 and the fact that Q<i is 
bounded on In order to estimate the right-hand side of (18.401) . we use the estimate 
flXTTj) . We obtain 

\\fQ<im\\LrLi, < llvyg<i(iVi)|u^^i2(so + ||yg<i(iVi)|U^^i2(s,) (8.41) 
< 1, 

where we used in the last inequality the estimate (]D.61|) . Together with (18.401) , this yields 
In view of (18.391) we deduce 

\\P'^,M;^"')\\L^LHn.)<e. (8.42) 
Now, flOljl . flOTj) and flO^j) imply: 

\\fii\\L^LHH^)<\^-^'\e. (8.43) 
Finally, (K^ . and imply 

which together with the decomposition f{.,Lo") = fj + fl and the estimate (I8.35P yields 
the conclusion of the corollary. ■ 



8.4 Decompositions involving x 

The goal of this section is to prove the decompositions of Lemma 12. 29^ Proposition I2.30[ 
Proposition 12. 3H Proposition 12.321 and Proposition 12.331 The proof of Lemma 12.291 is 
given in section 18.4. H the proof of Proposition 12.301 is given in section I8.4.2[ the proof of 
Proposition 12.311 is given in section I8.4.5[ the proof of Proposition 12.321 is given in section 
I8.4.6[ and the proof of Proposition 12.331 is given in section 18.4.81 
We will need the following product lemma. 

Lemma 8.12 Let F and H Pf^u-tcmgent tensors on LLu such that for any 2 < r < +oo 
we have 

\\F\\lil^ + WfFhiBl.iPt.u) + + \\fH\\LrBO^^(P,_^) < e. 

Lhen, we have for any 2 < r < +oo we have 

||FiJ|U^^^^ + ||y(FiJ)|L.^o^(P^,^) <e. 
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We will also need the following consequence of Corollary 18.111 and Lemma 18.121 

Corollary 8.13 Let u and u' in S^. For any j > and any integer I > 2, we have the 
following decomposition for a;)'.- 

Xi{.,coy = F( + Fi 

where F( does not depend on u and satisfies for any 2 < p < +oo: 

\\Fi\\l?^ ,1^^1-0 (P, ) < e, 

where F2 satisfies: 

We will need the following consequence of Lemma 12.291 and Corollary 18.131 

Corollary 8.14 Let uj and u' in S^. For any j > and any integer I > 1, we have the 
following decomposition for xi{-,^yX2{-,^) ■' 

a;)'x2(., to) = X2i; co')Fi + X2(., co')Fi + F| 

where Fl does not depend on uj and satisfies for any 2 < p < +00: 

ll^/llLS°,LfL-(Pt,. ) ^ 

where and F| satisfy: 

WFih^LHHu) + WFihs'LH-Hu) ^ + \uj-uj'\hie. 

Finally, we will need the following consequence in particular of Lemma 12.291 

Corollary 8.15 Let u and u' in S^. For any j > 0, we have the following decomposition 
for Xi{;Uj)X2{;(^f: 

Xi{.,u)x2{.,ooY = X2{.,u;'fF( + X2{.,u;'YFi + X2{.,u;')Fi + Fi 
where F( does not depend on u and satisfies: 

11^1 llL-,L2i°°(Pt,„ ) ^ 

where F^ and F| satisfy: 

\\H\L'^L\n-a) + < 2-2 + \u-J\H-^e, 

and where Fl satisfies 

\\Fl\\L2^M)<e2-^- 

The proof of Lemma 18.121 is postponed to section \E.8\ the proof of Corollary 18.131 is 
postponed to section I8.4.4[ the proof of Corollary 18.141 is postponed to section 18.4.51 and 
the proof of Corollary 18.151 is postponed to section 18.4.71 
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8.4.1 Proof of Lemma I^T^ 

We have 

|X2(.w) -X2(.,c^')IIl-l*-(h„) ~ ( / \\duX2{.,uj")\\L^L^-(^-H^)du"]\u-u'\. (8.44) 



Now, using Lemma [8.91 with p = 4_, we have 

\\dcoX2{;(^")\\L^L^-(^nu) ~ \\9coX2\\l^l^-(^Uu) + \\f9coX2\\L^LHHu) 



where we used the estimate fl2.80p for dujX2 in the last inequahty. Together with (18.441) . 
we obtain 

\\X2i-Uj) - X2{;(^')\\l^L^-(^Hu) ~ I^-^' 

which concludes the proof of the lemma. 



8.4.2 Proof of Proposition I^T^ 

In view of the decomposition (12.151) of x in its trace part trx and traceless part x, in view 
of the decomposition (I2.78P of x in the sum of xi and X2, and in view of the decomposition 
of Corollary 12.271 for trx, it suffices to obtain the following decomposition for xi 

Xi{.,co) = Fl + Fi, (8.45) 
where the vectorfield F( only depends on {t, x, u') and satisfies for any 2 < p < +oo: 

\\^l\\L-M^-iP,.^,)<e (8.46) 
and where the vectorfield F2 satisfies: 

\\Fi\\L^LHn.)<2-ie. (8.47) 

Now, in view of the estimates (12. 79 p . (I2.80p and (I2.8ip for xi, F = xi satisfies for any 
2 <p < +00: 

||-P'||ls°l2{w„) + II-^IIl^l;^ + I|D-F||ls°l2(w„) + \\dwF\\LooL2(^-^^) < e. 
Also, we have 

d^F = H1 + H2 with Hi = d^x and H2 = -d^X2, 

and Hi and H2 satisfy the assumption of Corollary 18.111 in view of the estimates (I2.76P 
and (12.771) for d^^^x and the estimate (I2.80p for 9^X2- Thus, in view of Corollary 18. IH 
Xi(.,Ci;) satisfies the decomposition (I8.45P and the estimates (I8.46P (I8.47p . This concludes 
the proof of the proposition. 
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8.4.3 Proof of Proposition I^TMl 

In view of Corollary I2.30[ it suffices to prove the decomposition for chi2: 

X2{.,uj)=F(+Fi 
where F( does not depend on u and satisfies: 

11^1 llL-,L°°(Pt,„^,)L2 < e, 

and where F2 satisfies: 

\\H\\l^l2{Hu) ~ 2~2. 

We choose 

Fl = X2(-,w') and F^ = X2(.,w) - X2(-,c^')- 

Then, the estimates for F( and F2 follow from the estimate fl2.79p and the Lemma 12.291 
for X2- This concludes the proof of the proposition. 

8.4.4 Proof of Corollary \^7m 

In view of the estimates (I2.79p . fl2.80p and fl2.8ip for xi, F = Xi satisfies for any 2 < p < 
+00: 

||-^||ls°l2(^^) + ||F||iPioc + ||DF||i2°L2(-H„) + \\du,F\\L^L^(_-u^) < e. 
Also, we have 

d^F = H, + H2 with H, = lx["'d^x and H2 = -lx'i^d^X2- 

Lemma I8.12[ together with the estimates (I2.80p and (I6.92p for xi yields for any 2 < r < 
+00 

IIxMli-l- + \\y{x'i^)\\LiBl,iP,,^) < e. 
Together with Lemma IC. II and the estimates (12.761) and (12.771) for d^^Xj we obtain: 

mfLm)\\LtLi, + mfLm)\\LtLi, < 2^s+2h{u)e. 

Also, H2 satisfies the following estimate 

\\H2\\ 8 + \\fH2\\ 8 

^ \\x['^\\LfL^\\dujX2\\.8 + II xMl-LS, II y5a;X2 II L-L2(W„) 

cr' 



+ \\Xl II Lt°°Li6 II ^Xl II L^L2, II f^u;X2 II l2l16 



where we used in the last inequality the estimate (I2.80p for xi and 9(^X2- 

Finally, we have proved that F, Hi and H2 satisfy the assumption of Corollary 18. Hi 
Thus, we may apply Corollary 18.111 to obtain the desired decomposition This 
concludes the proof of the corollary. 
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8.4.5 Proof of Corollary 15^^ 

We decompose Ci;)'x2(-, as 

Xi(.,w)'x2(.,w) = Xi(-,w)'x2(.,u;') + Xi(-,t^)'(X2(.,w) -X2(.,w'))- (8-48) 
In view of Lemma [2.291 and the estimate fl2.80p for xii we have 

a;)'(X2(., uj) - X2(., a;')) IIls=l^(«„) (8.49) 

< Iw-w'le. 

Finally, in view of the decomposition for Xi{-i^)^ provided by Corollary 18. 13[ fl8.48p and 
fl8.49p . we obtain the desired decomposition for xi{.-i^Yx2{-^^) with and defined 
in the statement of Corollary I8.13[ and 

F| = xi(.,u;)'(X2(.,a;)-X2(.,c^'))- 
This concludes the proof of the corollary. 

8.4.6 Proof of Proposition [2732] 

In view of the decomposition f l2.79p for £, we decompose as 

£(.,a;)2 = xi(.,a;)' + 2xi(.,a;)X2(.,w) + X2(.,cu)'. (8.50) 

We have 

X2{:Ujf = X2{..^'f + X2(.,W')(X2(.,C^) - X2(.,C^')) + (X2(.,C^) - X2{;Uj')f. (8.51) 

Now, we have in view of Lemma [2.291 and the estimate fl2.80p for X2'- 

||X2(.,w) - X2(-,c^')IU-L2(^^) < \uj-uj'\e and ||(x2(.,w) - X2(., w'))1l2(^) < \uj-uj'\^e. 

(8.52) 

Finally in view of f[53D]) . Corollary IHII3] with / = 2, Corollary [HUl with / = 1, f[g3B and 
(I8.52p . we obtain the desired decomposition for x^. 

8.4.7 Proof of Corollary \^7m 

We decompose xi(., Ci;)x2(-, i^)^ as 

Xi(-,w)X2(.,w)^ = xi(-,w)X2(-,w')^ + Xi(-,w)X2(-,c^')(X2(-,c^) -X2(.,w')) (8.53) 

+Xl(-,W)(X2(-,C^) - X2(-,W'))^ 

In view of Lemma [2.291 and the estimate fl2.80p for xi-, we have 

||Xi(.,w)(X2(-,w) - X2(.,w'))IU-L2(^„) (8.54) 

< IIXl(-,w)||i^i6(^„)||X2(-,w) - X2{;^')\\l^L\H^) 

\uj — uj'\e. 
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Also, in view of the estimate fl2.80p for xi ^'Hd X2, "we have 

||Xl(-,t^)(X2(-,w) - X2{-,Uj')f\\L^M) < IIXl(-,t^)l|LiO(A4)||X2(-,w) " X2{- , (^'Wl^^m) 

< \\d^X2\\l^M)\^ - ^'l"^^ 

< Iw-w'pe. (8.55) 

Finally, in view of the decomposition for provided by (18.451) (I8.46P (I8.47p . (I8.53p . 

(I8.54P and (I8.55p . we obtain the desired decomposition for xi{-,^)X2{-,<^)^ with F( and 
Fi defined in (Km . 

F| =Xi(.,c^)'(X2(.,c^)-X2(.,c^')), 

and 

Fl = Xi(-,w)(x2(.,w) -X2{;Uj')y. 
This concludes the proof of the corollary. 

8.4.8 Proof of Proposition [2733] 

In view of the decomposition (12.791) for £, we decompose x{-,<^)^ as 

£(., cof = Xi{;Ujf + 3xi(., co)x2i., cof + 3xi(., cofx2{.,co) + X2{.,cof. (8.56) 
We have 

X2i; Ujf = X2{; UjT + ^X2{-,UjT{X2{;Uj) " X2{;(^')) + 3X2(., u'){x2{;Uj) - X2{; UJ'))^ 

+ {X2{.,oo)-X2{;Oo')f. (8.57) 
Now, we have in view of Lemma [2.291 and the estimate (I2.80p for X2'- 

||X2(.,w) - X2(-,w')|U-L2(^^) < \uj-uj'\e, ||(x2(.,w) -X2(.,w'))1l2(.m) < \uj-uj'\'^e, 
and ||(x2(.,c^) -X2(.,t^'))'llL^-(;v() < \oo~co'\h. (8.58) 

Finally, in view of (18.560 . Corollary 18.131 with / = 3, Corollary 18. 141 with / = 2, Corollary 
18.151 (18.571) and (I8.58p . we obtain the desired decomposition for x^. 



8.5 A second variant of Proposition 18.1 

We have the following variant of Proposition 18.11 

Proposition 8.16 Let f{-,uj) a scalar function depending on a parameter a; G §^ such 
that: 

\\f\\L^L^nu)+^iif) + I|A"'(V6n/)IIl-l2(«„) + Wdu^fh^L^n^) < e. 
Let bj and u' in Let u = u{t, x, u) and u' = u{t, x, u'). Then, for any u" in on the 
arc joining u and u' , and for any j > 0, we have the following decomposition for /(., u"): 

f{.,co") = P^,ifi.,co')) + fi 

and where fl satisfies: 

ll/2'lU2(w„) <2-45 + 23|a;-w'|£. 
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As a corollary of Proposition I8.16[ we obtain: 
Corollary 8.17 Let F{.,u) a tensor depending on a parameter u G such that: 

\\F\\L^L^(nu) + \\du.F\\L^LHHu) ^ ^• 
^4/30, assume the existence of tensors Hi and H2 such that 

f,^F = fHi + H2 with \\Hi\\L^LHn^) + WH^W ^ < e. 

Let Lo and co' in Let u = u{t, x, u) and u' = u(t, x, u'). Then, for any u" in §^ on the 
arc joining u and u' , and for any j > 0, we have the following decomposition for F{., u") : 

F{.,co") = F(+Fi 

where F( does not depend on 00 and satisfies for any 2 < q < +00; 

11-^1 IU«(Pt,u^,) ~ \W\\Ll{Pt,n^,)^ 

and where F^ satisfies: 

WFiWh^iHu) <2-ie + 2-^\uj -uj'\e. 
The following lemma will be useful for the proof of Proposition 18.161 and Corollary 

Em 

Lemma 8.18 Let f a scalar function and uj^uj' in S^. Assume that f satisfies 

+ U-\VbNf)\\L^mH^) < e. 

Then, for any I > 0, we have: 

m,P<i]f\\LHn^,)<2'^e. 

The proof of Corollary 18.171 is postponed to section 18.5.21 and the proof of Lemma 18.181 
is postponed to section IE. 91 We now conclude the proof of Proposition 18.161 

8.5.1 Proof of Proposition [8.161 

We decompose f{.,u") as: 

fi.^co") = P';,{f{.,co")) + J2Piifi-^^") (8.59) 

= P4,(/(.,u;'))+ / d^P':;,if{.,u'''))du'''iu'-u'') + J2Piifi-,^'')) 

'-^ 2 

= p;,(/(.,a;'))+ / (p;^a/)(.,c.''o + [5^,^<.]/(-,^''0)rf^'''(^'-^'') 

+ 5^P/'(/(.,a;'0), 

2 
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where u'" denotes an angle in §^ on the arc joining uj' and u" . 

Next, we estimate the last two terms in the right-hand side of f l8.59p . Using Lemma 
18.91 with p = 2, we have: 



1 1 



< 2-ie, (8.60) 

where we used the finite band property for Pi and the assumptions on /. Also, using 
Lemma [8.91 with p = 2, we have: 



002,2 (^^) 1 1 y-P<l<9a;/ 1 11,002,2 (^^) (8.61) 



-)/// 

< 2*5, 



where we used the finite band property for P^i and the assumptions on /. 
Using Lemma [8.181 together with the assumptions on /, we have: 

\\[d.,P':,]f{.,co"'mL?,LHn.)<2ie. (8.62) 
In view of (18.591) . we have f{.,Lo") = fj + where fl is defined as: 

// = ^;.(/(-,^')), (8.63) 

— 2 

and /J is defined as: 

/|= / {P':!,{dJ){.,u''') + [d^,P':;,]f{.,u'''))du'\u'-u'') + Y,Pi^ (8.64) 

Using fl8.60p . fl8.6ip and (18.620 . and the fact that u" is on the arc of joining u and w', 
we have the following estimate for /J: 

< 2--^e + 2i\uj-uj'\e. 
This concludes the proof of Proposition 18.161 



8.5.2 Proof of Corollary ICTfl 

Using Lemma [8. 8[ it suffices to prove the decomposition of Corollary 18 . 1 71 where F{uj", .) 
is replaced by g{F{., co"), Q<i{Ni)) for / = 1, 2, 3. Since the proof is identical for / = 1, 2, 3, 
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we simply take 1 = 1. Therefore, it remains to prove that the following decomposition 
holds g{F{.,uj"),Q<i{Ni)y. 

giFi.,u"),Q<i{m)) = P^,igiFi.,co'),Q<^iN,))) + fi, (8.65) 

where the scalar function satisfies: 

\\mLHH.)<2~ie + 2i\u-u'\e. (8.66) 

In particular, F( is connected to the first term in the right-hand side of 08.651) . which 
does not depend on u and satisfies the following estimate for any 2 < g < +oo: 

\p^,{g{F{.,oj'),Q<^iN^))) 

where we used the fact that P<2 is bounded on L'^^Pt^u^,) and the fact that Q<i is bounded 
on L°°. 

Let / = (7(F(., w), Q<i(A^i)). In order to prove the decomposition (18.651) (18.66|) for 
g{F{.,uj"),Q<i{Ni)), it suffices to show that / satisfies the assumptions of Proposition 
18.161 This was already done in the proof of Corollary 18. 2[ up to the estimate of Vmf 
which is the only one for which the proof has to be adapted. We have: 

||A-^(V5Ar/)|UsoL^(«„) (8.67) 

< ||A-i(g(g<i(iVi),y,^F))|Us=^.(^„) + ||A-i(g(y,^Q<i(iVO,F))lUs=^.(«„) 

< ||A-i(g(g<i(iVi),yifi))|U2oz.^(«„) + \\K-\g{Q<,{N,),H,))\\L^L^m.)+e^ 

where we used the fact that in bounded on L'^{Pt^u), the assumptions on F and in 
particular the decomposition for ^j^F, the estimate (12.681) for b, and the estimate (I8.4ip 
for yjy(5<i(A^i). We consider the first term in the right-hand side of (18.671) . We have 

g(Q<i(iVi), fHi) = y(g(Q<i(Ari), H,)) - gif Q<i{N,), H,) 

and thus 

\\A-\giQ<^{N^),fH^))U^LHn.) (8-68) 

< \\A-y{g{Q<^{N,),H,))\\L^LHn.) + W{g{fQ<i{N,),H,))\\L^LHn.) 

< ||g<i(iVi)|U^||iJi|Uc.i2(^„) + \\fQ^,{N^)\\L^Ll,\\Hi\\L?^mnu) 

< e, 

where we used the fact that A~^y in bounded on L^{Pt^u), the fact that A^^ is bounded 
from L~-{Pt^u) to L'^{Pt^u), the assumption on Hi, and the estimate (I8.4ip for ^j^Q<i{Ni). 
Next, we estimate the first term in the right-hand side of (18.671) . We have 

\\A-\giQ<iiNi),HML^LHn.) < IIQ<i(A^i)IU^II^2|L 4 (8.69) 

< 



^ \\F\\L^{Pt.^ ,)||Q<i(^i)||l°° < \\F\\l^{p,_^ ,), 
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where we used the fact that A ^ in bounded from Lt(P^^^) to L'^{Pt^u) and the assumption 
on H2. In view of dHSU), fl8:68|) and (Km\ . we finally obtain 

\\A-\VbNf)\\L^mn^)<e. 



Together with the other estimates for / which may be derived as in Corollary I8.2[ we 
obtain that / satisfies the assumptions of Proposition 18.161 which in turn yields the de- 
composition fl8.65p -f l836|l for g{F{.,u"),Q<i{Ni)). This concludes the proof of Corollary 

Em 

8.6 Decompositions involving and d^jh 

The goal of this section is to prove Propositions 12.341 and Proposition 12.351 The proof of 
Proposition 12.341 is given in section 18.6. H and the proof of Proposition 12.351 is given in 
section I8.6.2[ 

We will need the following two lemmas. 

Lemma 8.19 y^jy^^ '^^^ ^6AfC satisfy the following decomposition: 

where the scalar hi and the tensor H2 satisfy 

\\hi\\L?^L^Hu) + ll^sll I < e. 

Lemma 8.20 There holds the following estimate 

||A"^(V67v5<^6)|U2°L2(«„) < e. 

The proof of Lemma 18.191 is postponed to section IE. 101 and the proof of Lemma I8.2UI 
is postponed to section IE. Ill 

8.6.1 Proof of Corollary I^TMl 

In view of the estimate (12.711) for the estimate fl2.76p for d^jC, and Lemma [8. 191 C, satisfies 
the assumption of Corollary 18.171 Also, in view of the estimate fl2.68p for 6, the estimate 
fl2.76p for di^h and Lemma 18. 191 satisfies the assumptions of Corollary 18.171 Thus, the 
desired decomposition of Corollary 12.341 for and ^6 follows from Corollary 18.171 This 
concludes the proof of Corollary 12.341 

8.6.2 Proof of Corollary 12:35] 

We have: 

b{.,Lo)-bi,.uj')= [ d^b{.,Lo")dLo"iuj-Lo'). (8.70) 

J[uj,iu'] 
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We denote d^h" = d^b{.,uj"). In view of the estimate (I2.76P for d^^b, the estimate f l2.85p 
for d^b and Lemma [820l d^jb satisfies the assumptions of Proposition 18. 161 Thus, we have 
the following decomposition for d^jb" 

dj' = fi + fl (8.71) 
where the scalar fl only depends on u' and satisfies: 

\\fi\\L^<\\dML^<e (8.72) 
in view of the estimate fl2.76p for d^b, and where the scalar satisfies: 

ll/^llLs=L^(«„)<2-'e. (8.73) 

Injecting the decomposition fl8.7ip in (18. 70 p . and in view of (I8.72p (I8.73p . we obtain the 
desired decomposition for b{.uj) — b{, .u'). This concludes the proof of Corollarv 12.351 

9 Additional estimates for trx 

The goal of this section is to prove Proposition 12.361 and Proposition 12.371 
9.1 Commutator estimates between Pj and ^T^, 

Proposition 9.1 Let F as tensor on M.. Let a real number a such that < a < ;j. 
Then, we have 

Mm^Pm.^A,,,, <2n^F\\^^,.^. (9.1) 
Proposition 9.2 Let a scalar function f on Tiu- Then, we have 

\\[bN,Pi]f\\L^LHn.) + 2~^mbN,Pi]f\\L^LHn.)<smf), (9-2) 

and 

\\[nL,Pi]fU^LHn.) + '2-^\f[nL,Pi]fh^LHH.)<^^^^^ (9-3) 
Proposition 9.3 Let f a scalar on M.. Then, we have 

||[nL,P,]/|Ugoi.(^„) + \\[bN,P,]f\\L^LHn.) < 2^||/|Us=l^(^„). (9.4) 



The proof of Proposition 19.11 is postponed to section IF.lt the proof of Proposition 19.21 
is postponed to section IF.2t and the proof of Proposition 19.31 is postponed to section IF. 31 
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9.2 Commutator estimates acting on trx 
Proposition 9.4 We have the following commutator estimate 

2^\[nL,P,]trx\\LiLl, + WfinL, Pj]trx\\LiLl, < e. (9.5) 
Proposition 9.5 We have 

2^\hN,P,]trx\\L^L^in^) + 2-^f[hN,P,]tTx\\L^L^i^^^ (9.6) 

and 

2i||[nL,P,]trY|Uc.,.2(^„) + 2-i||y[nL,P,]trx|U„^L2(^„) <e. (9.7) 

Proposition 9.6 We have the following commutator estimate 

m.P,]trx\\L-,Ll,<e. (9.8) 

The proof of Proposition 19.41 is postponed to section \YA\ the proof of Proposition 19.51 
is postponed to section IF.5t and the proof of Proposition 19.61 is postponed to section IF. 61 

9.3 Additional estimates for Pjtrx 

The goal of this section is to prove Proposition 12.361 and Proposition 12.371 Note that the 
finite band property for Pj together with the estimate ( I2.69P for trx yields 

\\P,iTx\\LrLl, < 2-^\\ftrx\\LrLl, < 2-%. (9.9) 
Also, the boundedness on L'^{Pt^u) of Pj together with the estimate fl2.69p for tr^ yields 

\\yp<,iix\\LrLi, = \\{-/^)--P<,tix\\LrLi < Wftrxh^Li, < 2"%. (9.io) 

In order to prove Proposition 12.361 and Proposition I2.37[ we need in particular to obtain 
f l9.9p and f l9.10p . where the norm L'^L^, is replaced by its stronger version L^iLf. We 
will need the following lemmas. 

Lemma 9.7 Let h a scalar on Pt^u, o-nd let F a tensor on Pt^u- Then, we have 

||[P>,,P<,(/.)]F|U.(P,„) < ||y/i|k^(P,„)||P||L^(P,„). (9.11) 
Lemma 9.8 Let h a scalar on Pt^u, o-nd let F a tensor on Pt^u- Then, we have 

mPj.p<mF\\L^ip^,.)^'^K\\yHL-i^p.,.) + \m^^ (9.12) 

Lemma 9.9 Let h a scalar on Pt u, o-nd let a > 0. Then, we have 

\\[P<,,f]h\\mp,^^) < ||ir|U2(p,,„)(||ir|U.(p,„)||/i|U.(P,„) + ||A'^/i|U.(p,„)). (9.13) 

Lemma 9.10 Let h a scalar on Pf ^, o-nd let a > 0. Then, we have 

||y[P,,y]/i|U.(P,,„) <2^||ir|U.(P,„)(||K|U.(P,„)||/i|U^ (9.14) 
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Lemma 9.11 Let f a scalar on Pt^u- We have 

iiy/iu-(p.„)<iiA/iu^(p.„)+iiwiii(p,„)iiy/iii (9.15) 

In the subsequent sections, we provide a proof of Proposition 12.361 and Proposition 
12.371 The proof of Lemma 19.71 is postponed to section IF.7t the proof of Lemma 19.81 is 
postponed to section IF. 81 the proof of Lemma 19.91 is postponed to section \F.9\ the proof 
of Lemma 19.101 is postponed to section IF.10| and the proof of Lemma 19.111 is postponed 
to section IF. Ill 



9.3.1 Proof of Proposition [27361 

Using the estimate (13.641) for transport equations, we have 

\\P^t^x\\lI,l^ ^ \\nLPjtTx\\Ll,Ll 

< \\PjinLtix)\\L^,Ll + \\[nL,Pj]tTx\\L^,Ll 

X' L. x' ^ 

< ||P,(nLtrx)|U2,ii+2-%, 



(9.16) 



where we used the estimate (19. 5p in the last inequahty. Now, (12.881) follows from (I2.89P 
and (I9.16p . Thus, it remains to prove (12.891) . 

Next, using the Raychaudhuri equation (I2.28p . we have 



\P,{nLiix)\\L^Ll < \\PMx\')\\l^,lI + 

x' ^ x' ^ 

< ||P,(n|xP)||L^Lj+2 

x' ^ 



Pj{n{ ^{tTxY + 6tTX^ 



f{n{ ^(trx)' + 5trx^ 



x' ^ 



where we used the finite band property for Pj in the last inequahty. Together with the 
estimate (I2.69p for trx, the estimate (I2.66P for n, and the estimates (12.660 (I2.67P for 6, 
we obtain 

\\P,inLtTx)\\L-,Li < \\PMx\')\\L-,Ll+2-'e. 

x, '- X' 

Thus, it remains to prove 

\\PMx\')\\L^Li<2~^e. 

rr' 



(9.17) 



We have 



PMX\') = 2-'^^P,{nm = 2-'^dmPMx\'))- 



Thus, we deduce 

\\PAnm\\Ll,Ll < 2-'^\\d^P,f{n\x\')\\Ll,Ll+2-'^\\dm,P (9-18) 
Now, in view of (I9.14p . we have for any a > 



||d^[y,P,](n|xni|L^(P,„) <2iir|U.(P,„)(||ir|U2(p,,,)||n|^ 
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Taking the Lj norm, we obtain 

\mf,P,]{n\xmLlL^, < 2^\KU^n.)m\\LHnJ\n\\L-\\x\\l^L^ + ||A"(ri|xn 

< 2%(l+||A"(n|xni|L^(K„)), (9.19) 

where we used in the last inequahty the estimate (14.331) for K, the estimate (12.661) for n, 
and the estimate (l2.7Up for £. Now, choosing < a < |, the non sharp product estimate 
(EI5]) yields 

l|A'^(n|xl')l|L^(«.) < Mxl'Wv^ (9.20) 

< Afiix)i\\nx\\LHHu) + \\finx)\\LHn^)) 

< e, 

where we used in the last inequality the estimate (I2.66P for n, and the estimate (I2.70p for 
X- Together with (19.181) and (I9.19p . we obtain 

\\Pj{n\x\')\\Ll,Ll < 2~'^\di^P,fin\x\')hl,Ll + 2"%. (9.21) 

Next, we estimate the right-hand side of (19.211) . We have 

\\\x\yri\\L^L2(^nu) < liy^llL-||x||i4(^„) < e, (9.22) 

where we used the estimate (I2.66P for n and the estimate (I2.70p for x- Together with 
(I9.2ip and the finite band property for Pj, we obtain 

\\PMx\')\\L-,Ll<2-'^\di^P,inx-fx)\\L^Ll+2-'e. (9.23) 

x' 1^ x' ^ 

We define a scalar h and a vectorfield F by 

h = \x\ and F = ■ fx, (9.24) 

\x\ 

and we decompose 

nx-fx = hF = P<j{h)F + P>j{h)F. (9.25) 

Note in particular in view of the estimate (12.701) for £ and the estimate (12.661) for n that 
we have the following estimate for h and F 

^i{h) + WHl^^lI < e and < e. (9.26) 

We have 

||djA.P,(P>,(/.)F)|U.,^x < ||d^A.P,(P>,(/.)F)|Uj^., 

< 2iP,(P>,(/.)P)|Uj^.,, 

^ x' 

where we used in the last inequality the finite band property for Pj. Together with the 
dual of the sharp Bernstein inequality for tensors (14.411) . we obtain 

||djA.P,(P>,(/.)P)|L.,^j < 2^ 11(2^- + ||i^|U^(P,„))||P>,(/^)P|Ui(P,.)|Lj 

< 22^||P>,(/.)P|Ui(«„) +2iir|U.(u.)||P>,(/i)F||L?L^, 

< (^2'^\P:,,mLHn.)+2'\\K\\LHnjP>m\L^Ll^^^^^ 
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Together with the finite band property and the boundedness on L'^{Pt^u) of Pj, we obtain 

||d^P,(P>,(/i)F)|U2,ii < 2^(\\fh\\L^(n.) + ||i^||L^(«„)||/^|U^L^,)||F|U^(«„) 

< 2%, (9.27) 

where we used in the last inequahty the estimate fl4.33p for K and the estimate fl9.26p for 
h and F. 

Next, we evaluate the first term in the decomposition fl9.25p . We have 
||d^P,(P<,(/i)F)|L.,^j < ||P<,(/.)d^P,(P)|L.,^i + ||d^[P,,P<,(/.)]P|Li^.,. (9.28) 
In view of (19.121) . we have 

||d^[P„P<,(/l)]P|Uii2, < 2^- ||(||y/l||L2(P,„) + ||i^||L2(P,„)||/^||L^(P,„))||P|U^(P,„)|Li 

< V{\\yh\\L2^n^) + \\K\\L2^nJ\h\\LrLl,)\\nL\n^) 

< 2%, (9.29) 

where we used in the last inequality the estimate fl4.33p for K and the estimate fl9.26p for 
h and P. Next, we consider the first term in the right-hand side of (I9.28p . We have 

||P<,(/i)d^P,(P)|L.,^i < ||M^P,.(P)|L.,^j + ||P>,(/.)d^P,.(P)|L.,^i. (9.30) 

The first term in the right-hand side of (I9.30p is estimated as follows 

||M^P,(P)|U.,,.i < ||/^|U^^.||d^P,(P)|U2(^^) (9.31) 

< 2%, 

where we used the finite band property for Pj and the estimate fl9.26p for h and P. Next, 
we estimate the second term in fl9.30p . We have 

||P>,(/.)djA.P,(P)lU.(P,,„) < ||P>,(/i)|U4(p,,„)||d^A.P,(P)|U4(p,,„) (9.32) 

< \\p>AmLHP.j\tPAmUp,jm^ 

< ii^>.wiiw,.)iiy'^.<i^)iii(P,„)2^iip.<p)i^ 

where we used the Gagliardo-Nirenberg inequality (13. 3 p and the finite band property for 
Pj. Using the Bochner identity for tensors (13. 7p . we have 

||yV,(P)|U2(p,„) 

< iiAP,(p)iu.(p,„) + iii^'iiL^(P,„)iiyp,-(p)iu^(P,„) + iiiriii.(p,_„)i|p,(p)iu.(p,„) 

< (2^^- + ||K||i.(p^^^))||P|U.(P,,„), 
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where we used in the last inequahty the finite band property for Pj . Together with (I9.32p , 
we obtain 

||P>,(/i)d^P,(F)|U.(P,„) 

< \\P>jih)\\LHPt,u)^'^\\F\\LHP,,u) + \\P>jih)\\LHPt,u)^'\\K\\LHP,J\F\\L2iP,,^) 

< (^2^^\\m\\mP,,^i^ 2¥||F|U.(P,„) + ||/i||L4(P,„)2^||X|U2(p,_„)||F|U.(P,„) 



iL^iPt.n) 



where we used Bernstein, the boundedness on L'^{Pt u) and the finite band property for 
Pi. Taking the L\ norm, we obtain 

< 2%, (9.33) 

where we used in the last inequality the estimate fl4.33p for K and the estimate f l9.26p for 
h and P. Now, f lOOj) . flOT]) and fl9:33|) imply 

||P<,(/i)d^P,(P)|U.,^i <2%. 
Together with dOH]) and ( 19:29|) . this yields 

||d^P,(P<,(/.)P)|U.,^i <2^e. 
Together with fl^:^ and (E2ZD, we obtain 

||dvVP,(nx-railL^L,^<2%. 

Together with fl9.23p . this yields the desired estimate (I9.17p . This concludes the proof of 
the proposition. 

9.3.2 Proof of Proposition 12:371 

Using the estimate f l3.64p for transport equations, we have 



\fP<jtTX\\L^,L? 



< 

< 
< 



< 
< 



fnLfPj^^X\\Ll,Ll 

fP,{nLtTx)\\Ll,Ll + \\[fnL,f]P<jtTX\\Ll,Ll + \\f[nL, P<,]tTx\\Ll,Ll 

fP<j{nLtTx)\\Ll,L} + \\nxfP<jtTx\\Ll,Ll+'2''e 
fP<j{nLtTx)\\Ll,L] + \\n\\L^\\x\\L^L^J\fP<ji'^x\\Ll,Ll +2"% 
fP<,{nLtTx)\\L^,L}+e\\fP<jtTx\\L^L^+'2''e, 
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where we used the commutator formula fl2.48l) . the commutator estimate f l9.5p . and the 
estimates fl2.66p for n and f l2.69p f l2.70p for x- Since e > is small, we obtain 

\\fP<,tix\\Ll,Lr < \\fP<,inLtTx)\\Ll,Ll + 2-%. (9.34) 

Now, flCTjl follows from fICT]) and fICTp . Thus, it remains to prove (E89]). 
Next, using the Raychaudhuri equation (I2.28p . we have 



\fP<,{nLtTx)\\L^,Ll < \\fP<j{n\x\')\\L^,Li 



T.' 



< 



\1^P<Mx?)\\l\l\ 



y[n[ i(trx)' + 5trxj 



where we used the finite band property for Pj in the last inequality. Together with the 
estimate fl2.69p for trx, the estimate fl2.66p for n, and the estimates (12.661) fl2.67p for 5, 
we obtain 

\yP^^{nLtxx)\\Ll,L\ < \\fP<Mxf)\\Ll,Ll+e. 
Thus, it remains to prove 

\\fP<Mx\')\\Ll,Ll<e. (9.35) 
In view of (19.131) . we have for any a > 
\\[f,P<j]{n\x\^)\\LHP,,^) < \\K\\mP,,^){\\K\\L2^p^J\n\x\^\\L^P,^^) + ||A'^(n|xni|L2(P,,„)). 
Taking the norm, we obtain 

\\[f,P<jMx\^)\\LiLl, < \\K\\L2(^nd\\K\\LHnu)\ML^\\x\\l^Ll, + \\^"iri\x\^)\\LHH^)) 

where we used in the last inequality the estimate fl4.33l) for K, the estimate fl2.66l) for n, 
the estimate fl2.70p for x and the estimate (19.201) with the choice < a < |. Thus, we 
obtain 



\fP<Mx\')\\L^,Ll < \\P<,f{^\x\')\\L^,Ll+e. 



(9.36) 



Next, we estimate the right-hand side of (I9.36p . In view of (19.221) and the boundedness 
on L^(Pi^u) of P<j, we have 

\\fP<Mx\')\\LlLl < \\Pjinx-fx)\\Ll,Ll+e. (9.37) 

Now, recall the definition (I9.24p of the scalar h and the vectorfield F, the decomposition 
(I9.25P of nx ■ ^X a-^id the estimate (I9.26P for h and F. Using Bernstein for P<j, we have 

(9.38) 



|P<,(P>,(/i)F)|Ux,^. < 25||P>,(/.)F|| 4 

< 2^||P>,/lL.^4j|P|U.(^„) 

< 2i |^U2^||P,/i|U.(p,,,„)j WFU^H.) 



< 



< 



22 (^2-^^ \\fh\ 
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where we used Bernstein and the finite band property for Pi and the estimate fl9.26p for 
h and F. 

Next, we evaluate the first term in the decomposition fl9.25p of nx ■ ^X- We have 
\\P<AP<Ah)F)\\Li,L] < ||P<,(/i)P<iF|U.,^i + \\[P<,.P<mF)\\LlM- (9-39) 
Since [P<j, P<j{J^)\ = [P>jj P<j{h)], we have in view of the commutator estimate (19. lip 
\\[P<vP<Ah)]F)\\LlLl, = \\[P>,,P<Ah)]F)\\LlLl, (9.40) 

^ ||liy^lU2(Pt,„)||-F||L2(Pt,„)||^l 

^ \\y^HL^{Hu)\\F\\L^CHu)^ 

where we used in the last inequality the estimate f l9.26p for h and F. Next, we consider 
the first term in the right-hand side of fl9.39p . We have 

\\P<Ah)P<AF)\\Ll,Ll < ||/iP<,(F)|U.,^i + ||P>,(/.)P<,(F)|U.,^i. (9.41) 

The first term in the right-hand side of (19.41 p is estimated as follows 

\\hP<,iF)\\Li,L. < ||/i|Uoo^.||P<,(F)|U.(H„) (9.42) 

^ II^IIl^l2||-^IIl2(w„) 

< 

where we used the boundedness on L'^{Pt^u) of P<j and the estimate (I9.26P for h and F. 
Next, we estimate the second term in (I9.4ip . We have 

iip>,(/i)p<,(F)iu.(P,„) < \\p>m\LHP.j\p<m\WiP.^.) 



< |^|]2^||P,/.|U.(P,„)j2i||P|U.(p,„) 

< (^E2-^j||y/.|U.(p,,„)2i||P|U.(p,„ 



^ \\fHL2{Pt,u)\\F\\mPt,u): 

where we used Bernstein for P; and Pj, and the finite band property for Pi. Taking the 
Lj norm, we obtain 

||P>,(/i)P<,(P)|Li^2, < \\fh\\L2^nJ\F\\LHH.) 

< e, (9.43) 

where we used in the last inequality the estimate (I9.26P for h and F. Now, (I9.4ip . (I9.42p 
and fig^jg]) imply 

||P<,(/.)P<,(P)|U.,^i<2%. 
Together with ^M) and fICTD . this yields 

\\P<AP<Ah)F)hi,Ll<2^e. 
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Together with (19.381) and the decomposition of nx ■ given by (I9.25p . we obtain 

\\P<A^X-n)\\Ll,Ll<2'e. 

Together with fl9.37p . this yields the desired estimate fl9.35p . This concludes the proof of 
the proposition. 



A Appendix to section [4 



A.l Proof of Proposition 14.111 

Recall from the Gauss equation fl2.37p that: 



K = ^XabX^^ - ^trxtrx - p. 



First, remark from fl3.56p that: 

1^ ^ 1 
^XabX^^ - ^trxtrx 



<\\x\\l^L^<-^iix)'<e. [A.l] 



Furthermore, from the assumptions on the curvature flux fl2.58l) f l2.59p . we have: 

liHn^) < e. (A.2) 



f lATTj) and flX2|) imply (H? 



We now concentrate on fl4.34p . We assume: 



Y.'^-'WPMlrL^, + \\P<^K\\l^L^, < E'e\ (A.3) 



i>o 



where is a large enough constant. We will then try to improve (lA.3p . Note that (13.341) . 
(I3.35P and flA.3p yield for any scalar function / on _„: 



yVlli.(P,„) < \mW...) + {Ee + i?V)||y/||i.(p,,„). (A.4) 



In view of flA.ip . we just need to bound ||A 2p||^oo2,2 . Note from (I3.35P that it suffices 
to bound: 

The term ||-P<oP||l^l2^ is easier to bound, so we concentrate on estimating the sum 

J2j>o'^ ''\\PjP\\L^L'^r We will use the following variant of (I3.60p where we do not yet 
use Cauchy-Schwarz in t for the integral containing D^F: 



* " Jo 



(A.5) 
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Using (lA.Sp . properties (ii) and (iii) of Theorem 13.91 for Pj, the bound on p given by ( I2.59P 
and the bound on n given by the bootstrap assumption (14. ip . we have: 

$^2-M / \\PjP\\mp^.J\^LPjP\\L^iP,.^)dt+\\Pjp\\l2(^uA 

j>0 / 

5^2-^- ( I ||P,p|U.(p,„)||D,.P,p|U.(P,,„)rft') +5^2-ip||i. 

j>0 ^ j^n 

XI ^^-^ ll^jPllL2(P,,„)||nLPjp||i2(P,,„)rft^ +e 



< 



< 



(A.6) 



< 



j>o 

.2 



We have: 

where V{t) is satisfies: 



nLU{T)p = U{T)nLp + l^(r) 



(9,-f)y(r) = [nL,f]f/(r), y(0) = 0. 
Using fl3.14p and (lA.7p . we obtain: 

/■oo 

nLPjp = PjTiLp + / mj(r)V^(r)(ir. 
Jo 



(A.7) 
(A.8) 

(A.9) 



We now estimate ||PjnLp||j;^2(^^). We may assume the existence of Pj with the same 

~ 2 

properties than Pj such that Pj = Pj (see [IQ]), and for simphcity we write Pj = Pj. 
Also, using the fact that AA~^ = / and that A commutes with Pj, we obtain: 

P, = AP,P,A-\ (A.IO) 

which together with property (iii) of Theorem 13.91 for Pj yields: 

\\P,nLp\\L^^n.) < \\AP,iP,A-'nLp)U^H.) < 2iP,A-inLp|U2(^„). (A.ll) 

Using the Bianchi identity (12.531) . we have: 



n 



nL{p) = d^(n/3) - f{n)l3 - -xa + n{kAN - 2eA)P 
Together with properties (I3.23P and (13.251) of A, this yields: 



(A.12) 



\\A-'nL{p)\\L2^n^) < ||r2/3|U2(^^) + f(n)f3--xa + n{e-2e)f3 



< £ + ||y(n)||ic«i4j|/3||i2(^^,) + ||x||L-L4,||a||L2(K„) + ||e-2e||ic«i4j|/3||i2(^^) 

< 5(1 + M^(^{n)) + M^{x) + M(e) + Mm < e, 

where we have also used (13.561) to bound the LfL'^., norms, (12.591) to estimate a, /3, and 
the bootstrap assumptions fH?T|) - fji75l) . Now, flA.llI) and flA.131) yield: 

5^2-2^||P,nLp||i.(^^) < J]||P,A-inLp||i.(^^) < ||A-VLp||i.(^^) < e\ (A.14) 
i>o i>o 
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Property (ii) of Theorem EH f OCBj) . (OTOj) . (IX2|) . (OOTj) and (OTTS]) imply: 



i>o i>o 
< J]2-iP,p|U.(^„)||P,nLp|| 

j>0 



i>o 



l^iplU2(Pi,„) 



(A.15) 



/■oo 

+ J2^-^\\Pjp\\LrL'^, / m,(r)V(r)c?r 



d>0 



which yields: 



rnjiT)\\V{T)\\L2(P,^^)dT 



j>o i>o 



(A.16) 



iMo,i) 



In view of flA.16p . we have to estimate 1|V^(t)||l2(Pj^^). Let a,p real numbers satisfying: 

1 / 2 8\ 
0<a<-, 2<p< +00, such that p < min I , - J . (A. 17) 

fl3:28|) implies: 



< 



l|A-"l^(r)||i.(p,,„)+ / ||yA-"^(r')||i.(P,,„)rfr' 



A-'^V{r')[nL,/^]U{r')pd^it,udT'. 




(A.18) 



JPt, 



Let p defined in flA.lTp . and let p' such that ~ + ~7 = |- Using the commutator formula 
f l2.49p . (IA.7p . and integrating by parts the term ^'^U{t)p yields: 




A-2«F(r')[nL,A]f/(r')prfpt,„rfr' 



(A.19) 



'0 JPt,u 

< 'mnx)\\LHP,...) + M2xe-etTX - ftTx)\\LHP.,^)) / ||yf/(r') |U.(P,„) 





^0 
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(ra, <^M and (DD yield: 

iyf/(r')IU.(P,„)||A-^"V^(r')IL.'(P,„)rfr'+ r||yt^(r')llL.(P..)||yA-^"V^(r )||L^(P,.)rfr' 

2 2 ' 



r'llff/(r')lli.(P,„) 



dr' 



p-2 



yA-"^(r)lli^(P,„)rfr'+ / r-^||yA-'^l^(r')||i2(p,,„)rfr' 



(A.20) 

which together with the estimates for the heat flow (13.81) . fl3.f0p imphes: 

/Vf/(r')llL.(P..)l|A-^'^l^(r')IL.'(P,„)rfr'+ r||yf/(^')llL.(P,.)||yA-2"V^(r')||L^(P,.)rfr' 
Jo 'Jo 

<E^\\p\\lHp,,^) (£liyA-"V(r')||i2(p,,„)rfr' + £r'-^||A-'^V(r')||i2(p,,„)rfr' 
Finally, the choice of p flATT]) . flAlSj) . f lAlOj) and f lA^Tj) yield: 



(A.21) 



l|A-"V^(r)||i2(p,,„) + ||yA-«y(r')||i2(p,,„)rfr' 

£^(liyMllL2(p,„) + \H2xe - etix - ^tr^) ||L2(P,„))'||p||i2(p,,„). 



< 



(A.22) 



Using the interpolation inequality (13. 20 p . we obtain: 



+ 00 



2(l-a) 



(A.23) 



\\ViT)\\l,^^^ Jr < / ||A-»V(r')L2(p,,„)||yA-V(r')||i2(p,,„)rfr' 

<^^(||y(nx)||L2(P,„) + ||n(2xe-etrx-ytrx)||L2(P,„))^||p|||2(p,_„), 

which together with the bootstrap assumptions (I4.ip - (l4.5p and the estimate on p (1A.2P 
yields: 



+ 00 



mji^)\\ViT)\\LHPt,u)dT 



LH0,1) 



+ 00 



LH0,1) 



< 



2^"£;2(M(x)(A/'i(yn) + ||n||L-(«„)) + ||n|U^(w„)(A/'i(x)A/'i(e) + A/'i(x))||pI|l2(w„) 



In turn, we obtain together with flA.16p and the fact that < a < ^ 

j>o " j>0 

Using (lA.ip . we obtain for K: 



(A.24) 
(A.25) 

(A.26) 
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which is an improvement of (lA.3p . Thus, we have proved: 
which together with (I3.35P concludes the proof of (14.34p . 



(A.27) 



A. 2 Proof of Lemma 14.141 

Let uq < ui. We have 



F{uo, •) • fG{uo, ■)+ 9„ / F-fG\du 

Pt,UQ J UQ \J Pt,U 



< 



F{uo,-)fG{uo,-) + 



Pt,uo 



du\ I F-fG 

Pt,u 



du. 



Letting mq — )• — oo and taking the supremum in mi, this yields 



sup I / F-yG \ < 

« \jPt.n 



du\ I F-fG 

Pt,u 



du. 



Together with (I3.74p . this yields 



< 



< 



sup ( / F-fG] 

I I b{f^F-fG + F-f^fG + tTeF-fG)di2t,u 
I [ b{f^F-fG + F-ff^G + F-[fj„f]G + tTeF-fG)dfit^^ 



du. 



Decomposing 

F . ff^G = dHF ■ f^G) - fF . f^G 
and integrating by parts the divergence term on Pt^u, we deduce 



sup I / F-fG 

« \JPt,u 



< 



'U J Pt,u 



f^F -fG-fF- fj^G - b^'fb ■ F ■ fj^G + F ■ [fj^, f]G + tr^F ■ fG 



bdjj^t^udu, 
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which in view of the coarea formula (I3.53P yields 

sup I /" F-fG] (A.28) 

« \JPt.n J 

< [ f^F-fG-fF-f^G-b-'fb-F-f^G + F-[f^,f]G + tTeF-fG 
||VF|U.(2,)||VG|U.(s,) + (||riy6|U4(2,) + ||tr^^||L4(E.))l|i^llL.(Eol|VG|U.(EO 



< 

+\\F\Wij:MyN^r]G\\ 



L3(Et)' 



The commutator formula fl2.47p implies 



< {\\b-'fb\\LH^,) + WxWlh^.) + hllL^(Eo)l|VG|U.(s,) 



+ (||R|U2(so + (||x||l4(eo + ||e|U4(so + |lillL4(so + ||xI|l4(eo + ||CI|l4(eo)')I|G'||l4(so, 
which together with (IA.28P and the Sobolev embedding (13.681) on implies 



iup ( / F-fG] 

« \JPt,u J 



sup / F ■ I (A.29) 

< (l + ||riy6||^4(s,) + ||x||l4(s.) + ||r/||L4(s,) + (||R||l2(so + (||x||l4(so + 

+ |lilk4(so + llxlU^CE.) + IICI|l4(e.))') \\f\\hh^M\g\\hh^.), 

where we used in the last inequality the definition f l4.65p of 9 in the last inequality. Now, 
in view of the embedding f l3.56p . we have 

ll&"'yfe||L4(E.) + WxWlh^,) + WvWlh^.) + l|e|U4(so + llilU4(Eo + IIxIIl4(eo + IICIIl4(eo 

< \\b-^fb\\L^Li, + Wxhrii, + WvWl^li, + + IlilL.-L^, + Wxh^L^, + IICIL-l*, 

< 1, (A.30) 

where we used in the last inequality the bootstrap assumptions (14. ID - (14. 6 p for b, x, ^i 
X and C- Finally, ([OOjl . f[O0|l and the assumption f l239|) on R yield 

supf / F-fG] <||F||^.(2,)||G||hmeo, 
which is the desired estimate. This concludes the proof of Lemma [4. 141 
A.3 Proof of Lemma [4723] 

Using the formula (I3.52p for the commutator ^, SnL\i have: 
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which in view of Lemma 13.161 yields: 

+ w-^i^fnLMWLiL^ (a.si) 



Now, from the commutator formula fl2.48p and the fact that is a scalar, we have 

which together with flA.3ip implies: 

< \\nx-W'I^^\m^,,A+\\nX-fCV^\§))L,A 

i x' t x' 

< ll^llL-dlxlLrL^, + \\x\\L^,Ll,)\\W^i'(l)\\LHn^) 

< mx)m\LHnJ) 



2 



< Ds 

< e, 

where we used the bootstrap assumption (14.1 p for n, the bootstrap assumptions (14.40 fl4.5p 
for X, the curvature bound fl2.59p for (3, and the estimate f l3.49p for *V^^. This concludes 
the proof of Lemma 14.231 



B Appendix to section [S 
B.l Proof of Lemma [576] 

We decompose \\Pj{H ■ F)||i2(-^_^) using the property (13.151) of the geometric Littlewood- 
Paley projections: 

l>0 

We focus on the second term in the right-hand side of fIB.ip . the other being easier to 
handle. We start with the case I < j. Using the assumption (15.810 for F, the Sobolev 
inequality (I3.56P and the weak Bernstein inequality iv) of Theorem 13. 9[ we have: 

\\P,iH . PiF)U^n.) < \\H . PiF\\L2^n.) 

^ \\H\\L'rL^,\\PlF\\^L^, 

^ x' <■ x' 

< ^^^{H)2^\P^FU2^n.) 

< M(iJ)(2'Ci + 2^C2), 

which yields: 

J2\\PjiH ■ mh^in.) < J]M(i^)(2'Ci + 2^C2) < X,{H){2^C, + 2^02). (B.2) 

i<j i<j 
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We now focus on the case I > j. We further decompose: 

\\P,{H . PzF)|U2(^„) < \\P,{P<iH . P,F)|U.(^„) + \\P,{PyiH . PiF)\\L^^n.y (B.3) 

We evaluate first the second term in the right-hand side of (IB.3p . Using the dual of the 
sharp Bernstein inequality f l4.36p for scalars, we obtain: 

||P,(P>,/f-P,F)|U.(^„) < 2^||P>,if -P.PlL^^i, (B.4) 

~ \\P>iH\\l^lI,\\PiF\\l^('Hu) 

where we used the assumption fl5.8ip for F and the estimate fl5.87p for H . We now 
consider the first term in the right-hand side of (]B.3p . Using (15.880 with p = |, the dual 
of the sharp Bernstein inequality (14.361) for scalars and (15.871) . we obtain: 

||P,(P<,/7-P,P)lU.(«„) (B.5) 
= 2-2'||P,(P<,iJ-AP,P)|U.(«„) 

< 2-2'||P,(d^A.(P<,i/ ■ yP,P))|U.(^„) + 2-^'\\P,{fP^iH . fPiF)\\mn.) 

< 2-^^2lmP<iH-fPiF\\ ,+2-'^+mfP<iH-fPiF\\L2r^^ 

x' 

< 2-2'+f^||/7||^^.^4j|yP,P|U.(«^) + 2-2'+^||yP<,if|Lc„^.J|yP,^ 

< i2l^-' + 2^-"2^)Af,iH)iC, + 2-'2C2). 



B.2 Proof of Lemma 15.7 



We decompose \\Pj{hf)\\i^Pi2 using the property (I3.15P of the geometric Littlewood-Paley 
projections: 

\\PAhf)\\LlLl, < \\PAhP^of)\\LlLl, + Y.\\P^(^P^f^\\LlLlr (B.6) 

We focus on the second term in the right-hand side of (]B.6p . the other being easier to 
handle. Using the L^-boundedness of the Littlewood-Paley projection Pj, we have: 

\\Pj{hPif)\\^L-^ < WPifW^L-, < MlA^'C^ + 2-2C2). (B.7) 
We now decompose \P]{hPi!^\ifi;i- again using the property (13.151) of the geometric 

* x' 

Littlewood-Paley projections: 

iip,-(/.pj)iu.^., < iip,(p<o(/i)pj)iu.^., + Y}\P3{p,{mmLiLi,. (b.8) 

We focus on the second term in the right-hand side of flB.8p . the other being easier to 
handle. We have: 

\\PAP,{mf)\\LlLl, < 2^||P,(/.)PJ|L.^i, (B.9) 

< 2^\\P,mLrLl,\\Plf\\L^,Ll, 

< 2^{2'C^ + 2-^)\\P, 
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where we used in the last inequahty the assumption fl5.83p for /. 

We now derive a second estimate. Using the properties of the Littlewood-Paley pro- 
jection Pi, we have: 

\\P,iP,{h)Pif)\\^Ll, < 2-2'||P,(P,(/.)fP,/)|U.^., (B.IO) 

< 2-2'||P,<f(P,(/.)P,/))|U.^., +2-2'||P,(d^(yP,(/.)P,/))|U.^., 
+2-2'||P,(f(P,(/.))P,/)|U.^., 

< 22^-2'||P,(/^)PJ|U.^., +2^--2'||yP,(/.)PJ|U.^., 
+2^-+2^-2'||P,(/.)PJ|L.^i, 

< 2'^-'^\\P,ih)U^\\Pifh.,^^^ 
+2^-+M||P,(/^)|Lo.^.J|PJ|L.^., 

< f22^'-2'+^||P,(/.)|Uc„^.,+2^--f||yV,(/.)|||^^, llWWIlt^. 

+2^-+M||p,(/^)IL^^.,)||pj|L.^., 

< {2^^-^^+^ + 2^--f +^ + 2^-+M)||P,(/i)lU^.»^.,(2'e + 2-^e^{u)), 



where we used the dual of the sharp Bernstein inequality fl4.36p and the finite band 
property for Pj, the weak Bernstein inequality for Pi, the Gagliardo-Nirenberg inequality 
(13.31) . the Bochner inequality fl4.38p for scalars, the finite band property and the sharp 
Bernstein inequality f l4.36p for Pg, and the assumption (15.831) for /. 
Then, using (IB.9P when q > I, and (IB.lOp when g < /, we obtain: 

Y,m{P<iib)Pif)\\^Ll, < \\hhr{2^C, + 2iC2) 
q,i>3 

which together with (IB.8P yields: 

Y,\\PAhPif)\ULl, < WHb^VC, + 2iC2). (B.ll) 

i>i 

Finally, using flB.7p when I < j and fIB.lip when Z > j, we obtain: 

J2\\p,mmL^^Li, < miL- + \\h\\B^){2'c, + 2^02), 

which together with fIB.Gp implies: 

\\p,m\\^L^, < miL- + ii/^iib0(2^'ci + 2^02). (B.12) 



Now, the embedding (15. 9p applied to h together with flB.12p concludes the proof of Lemma 
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B.3 Proof of Lemma [578] 

Let / the scalar function on T-Lu defined by / = Vi{F). The assumption fl5.85p now reads 
for all j > 0: 

\\P,f\Wi^H.)<'^'C, + 2iC^ (B.13) 

where Ci,C2 are constants possibly depending on u. From the definition of /, we have 
F = V^^(f). We decompose the norm ||PjF||2,2(^^) using the property fl3.15p of the 
geometric Littlewood-Paley projections: 

\\P,F\\L^(n.) < \\P,V-'P^oif)\\L^in.) + $^||P,P-^P,(/)|U^(«„). (B.14) 

The first term in the right-hand side of flB.lSp is easier to handle, so we focus on the sum 
in q. We have: 

l|ppr'n(/)iu^(«„) < 2-iyi?ri£(L^(p..))r.(/)iu^(«„) < 2-^(2^0, + 2f c^), (b.is) 

where we used the finite band properties of the Littlewood-Paley projection Pj, the esti- 
mate (Km for V^^ and (IRT3|) . We now derive a second estimate. Using the properties 
of the Littlewood-Paley projection Pg and the identity fl3.37p for Vi, we have: 

lip,i?r'n(/)llL2(u.) < 2-2«iip,pr'An(/)lu^(p..) (B.16) 

< 2-2«||P/I)iP,(/)|U.(p,„) 

< 2^--2^||P,(/)|U.(p,,„) 

< 2^'-2^(2^Ci + 2iC2), 

where we used the finite band properties of the Littlewood-Paley projection Pj and (1B.13I) . 
We now use (IB.lSp for q < j and (1B.16P for q > j to obtain: 

Ell^:'-^r'^'?(/)ll^^(«") ^ $^2-^(2^Ci + 2§C2) + $^2^-2«(2^Ci + 2iC2) 

q>0 q<l q>l 

< Ci + 2-iC2 

which together with (IB.14p concludes the proof of Lemma 15.81 
B.4 Proof of Lemma 15.9 

First, from the finite band property of the Littlewood-Paley projection Pj, we have: 

IIW-i^llL,-L^, <2iP,P|UrL^, (B.17) 
so that we only need to estimate the first term in the left-hand side of f l5.87p . 
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Using (lA.Sp . properties (ii) and (iii) of Theorem 13.91 for Pj, and the L°° bound on n 
given by fl2.66p . we have: 

i>o 

j>0 ^"^0 ^ j>0 



< 



O>0 / \j>0 



which yields: 



E2^ll^:'-^llir^^, ^ T.^'m^fnL]F\\li,^^, +M(P)^ (B.18) 

i>o " j>o 



Now, the commutator estimate fl5.24p and flB.lSp yield 

^2^||P,P||^^.^.^ <5^2^2-2^--M(F)'+M(Ff <M(F)^ 

j>0 " j>0 



which together with fIB.lTp concludes the proof of Lemma I5.9[ 



B.5 Proof of Lemma 15.101 

By duality, it suffices to prove for any scalar function / on Pj ^j, for any 2 < p < +oo and 
for all j > the following inequality: 

IIW-/IU.(a,„)<2^(^-'^^||/||l^(p,.). (B.19) 

Now, using the Gagliardo-Nirenberg inequality fl3.3p . the Bochner inequality for scalar 
functions (14.38 p . and the property iii) of Theorem 13.91 for Littlewood-Paley projections, 
we have: 

imfhnp,.) < ii)^'^./iiSL)iiy^./iii(P,„) 

< (iiAP,/iu.(p,,„) + iiyp,/iiL^(P,„))'-'iiyp,/iii(p,,„) 

< 2^^-(^-^)||/|U.(p,,„), 



which is flB.19p . This concludes the proof of Lemma 15.101 
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B.6 Proof of Lemma 15JJJ 



We first decompose / using the property fl3.15p for the Littlewood-Paley projections Pi. 
We have: 

I 

where /; is the solution of the following transport equation: 



nL{fi) = 0,fi = Pifo on Po,«. 



(B.21) 



Using the boundedness of Pj, the equation flB.211) . and the estimate (13.641) for 
transport equations applied to //, we have: 



Next, we derive a second estimate for \\Pjfi\\j^^i2^. We define vi as 

VI = -2-''M + fi 
which in view of flB.2ip satisfies the following transport equation: 

nL{vi) = -2-^'[nL,^]fi, vi = on Po,«. 
The definition of vi yields: 

p,{fi) = 2-''p,{m+PAvi) 

which together with the finite band property for Pj implies: 

\\P,ifi)\\LrL-, < 2'^-''\\fih^L^ + \\PM)\\LrL^, 



(B.22) 



(B.23) 



(B.24) 



< 2^^~^C + 2-^' 



PA / {[nL,m 



L?°L^, 

i- rr.' 



where we used the estimate (1B.22P for and the transport equation (1B.23P for vi in the 



last inequality. Next, we estimate the second term in the right-hand side of flB.24p . The 
commutator formula fl2.49p implies: 



< 



LTK, 



P, (^^ d^(nx ■ ffi. 



which together with Lemma 15.161 and the dual of the sharp Bernstein inequality f l4.36p 
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for Pj yields: 



,^ i\[nL,m 
'o 



(B.25) 



L?°L^, 



< 



< 



2'\\nx-ffi\ 



Ll,L\ 



+ 2^ 



Jo 



cr,' 



< 2%||y/,|U.(«„), 



where we used the estimate f l3.64p for transport equations, and the estimates fl2.66p - fl2.70p 
for n, X, and e. 

In view of f lB.25p . we need to estimate ||y/z|U2(-H„)- In view of the transport equation 
flB.2ip satisfied by we have: 



nLiffi) = [nL,f]fi, ffi = fPifo on Pq,.- 
Together with the estimate fl3.64p and the commutator formula 02.480 . this yields: 

WffiWLHn.) < \\fPifo\\LHPo,.) + \\[nL,f]fihi,Ll 

< 2'\\Pifo\\LHPo,^) + \\nx-ffi\\Ll,Ll 

< 2'fc + \\n\\L^\\x\\L^L'i\\ffi\\LHn^) 

where we used the finite band property for Pi, the assumption on /q, and the estimates 
f l2.66p -f l2l70|) for n and x- Since e is small, we obtain: 



'1\\L2{Hu) 



< 2f C. 



(B.26) 



Finally, flB:25|) and flB:26|l imply: 



which together with f lB.24p yields: 

l|i^,(/OllLrL^ <2^^-tc + 2^-4^5. (B.27) 
Now, using f]B.20p . and summing f]B.22p for / < j and f]B.27p for I > j, we obtain: 

\\P,f\\LrLl,<J2\\P^Ul)\\LrLl,<C2i 
I 

which yields the conclusion of Lemma 15.111 
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B.7 Proof of Lemma 15.121 



We decompose \\Pj y {fnijctrj using the property fl3.15p of the geometric Littlewood- 

Paley projections: 



(B.28) 



< 



{fPl(Xl)dT 





< 


!\fPm)dT 






Jo 



We focus on the second term in the right-hand side of (IB. 281) . the other being easier to 
handle. Using the boundedness of the Littlewood-Paley projection Pj and the estimate 
for transport equations fl3.64p . we have: 

(B.29) 

^ II /-P/A^i II 

^ \\f\\L^,L'i\\Plf^l\\L^nu) 

where we used the estimate (15.931) for /ii and the assumption of Lemma [5.121 for /. 

We now make another decomposition using the property (13.151) of the geometric 
Littlewood-Paley projections: 



< 



{fPilii)dT 
Pj (^j\p<oU)Pm)dr 



(B.30) 



LH-Hu) g>0 



J2 pA !\p,U)Pm)dr 



We focus on the second term in the right-hand side of flB.30p . the other being easier 
to handle. Using the dual of the sharp Bernstein inequality (I4.36P and the estimate for 
transport equations (I3.64p . we have: 



P^ 



[P,{f)Pifi,)dr 



< T 



{P,{f)Pl^,)dT 



(B.31) 



< 2^||P,(/)P,/xi|U.(«„) 

< 2ip,/iu.(^„)i|pjiu2(«„) 

< 2^(De2' + De2^(«))||PJ|U2(^„) 
where we used the estimate (15.931) for jii in the last inequality. 
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We now derive a second estimate. Using the property of the Littlewood-Paley projec- 
tion Pi, we have: 



< 2-2' 



Pj (^j\pqU)Pm)d 
Pj (^j\pqU)^Pm)dT 

P,(^j\{P,{f)Piii,)dr 
P, (^j\/^{P,U))Pil^i)dr 



+ 2 



-21 



P,(^j\\UnPqU))Pil^i)dr 



which together with Lemma I5.15[ Lemma 15.161 the dual of the sharp Bernstein inequahty 
( I4.36P for Pj, and the estimate for transport equations fl3.64p imphes: 



Pj (^j\PqU)Pm)dr 



(B.32) 



3j 



< 2'^-^'\\p,{mi,4^.^L.+2--^'mp,{f^^^^ 

< 2''-''\\pmy,Lt^\Pl^^A^^^^^^ 

< 2'^^'^-'f\\P,{f)\\,.^njPif^A^^^^^^ 
+2^W||P,(/)|U.(^„)||P,/.i|U.(«„) 

< (22m-f + 2¥+'^-f +2^W)(De2' + Z}e2^7(n))||P,(/)|U^(«„), 



where we have used the weak Bernstein inequahty for Pg and Pi, and the estimate f l5.93p 
for fii. 

Then, using f lB.3ip for q > I and flB.32p for q < I, we obtain: 



E pA j\p,U)Pm)dr 

q>0 ^-^0 



< 



(22^-2' + 2^-^){De2^ + De2n{u)) J2 nPM)\\ 



LHHu) 



,q>0 



+2^{De + De2-n{u)) [ 2-l^-'l2'^||P,(/)|U.(^„) 

,g>0 



< (22J--2' + 2^-f)(D£2' + Z}£2^(M))£ 



+2^{De + De2-h{u)) r£ 2-l^-'l2''||P,(/) |U.(^„) ) 

\g>0 / 
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where we used the bound on ||y/||BO given by the assumptions of Lemma 15.121 in the last 
inequality. Together with flB.30|) . we obtain: 

-t \ 

< {2"^-^' + 2^-'i){De2' + De2^^{u))e (B.33) 



+V{De + De2-^n{u)) ( 2-l«-^l2'^||P,(/)|U.(^„) ) 

\g>0 / 



Finally, using dEM]), (E29]) for / < j and flR33|) for l> j,we get: 



< 



{De2^ + De2i-i{u))e 



(B.34) 



+ {De2^ + De2Hu)) ( E 2-l^-'l2^||P,(/)|U.(«„) ) 



< {Ds2^ + De2h{u))ie+\\ff\M 

< {D6^2^ +De'2i^{u)), 

where we used the bound on ||y/||BO given by the assumptions of Lemma 15.121 in the last 
inequality. This concludes the proof of Lemma 15.121 



B.8 Proof of Lemma [5331 

We have: 



< 



< 



< 



P, (^£djA.(P-y^(C)Mr 
{E . f,{0)dr 

p,(^j\uF-rdo)dr 

P^l^l\p-fnLfdO)dr 



(B.35) 



+ 


P^ 










+ 


P^ 











P,iP-f,m\L^iH.) 



where we used the assumption of Lemma [5.131 = ^^^(P) + E, and then where we 
integrated by part in t. Since ||-E||po < e and ^^iC) satisfies fl5.92l) . the fourth term in 
the right-hand side of (]B.35p is estimated using Lemma 15.141 



iE.f,i())dT 



< De^2^ + De^2^-i{u). 



(B.36) 



Next, we estimate the first, the second and the third term in the right-hand side of f lB.35p . 
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B.8.1 Estimate of the first term in the right-hand side of (1B.35P 

We decompose 

\\Pj ( Jl^di/^{F ■ ^iiC))dT] IlLacHu) using the property fl3.15p of the geometric Littlewood- 



Paley projections: 



< 



(B.37) 



l>0 



dUF ■ PiS L{0)dr 



We focus on the second term in the right-hand side of (]B.37p . the other being easier 
to handle. Using the boundedness of the Littlewood-Paley projection P,-, the weak 
Bernstein inequality for P,, and the estimate for transport equations (I3.64p . we have: 



pA / d^(F-P,yjC)Mr 



(B.38) 



< 



P 



{yF.Piy^{Q)dT 



+ 



< 23 



[fF.P,f^{0)dT 



3 



+ 



p, (£(p ■ yp,r^{c))dT 

{F-fP,f,{0)dT 



< 2i|iyp|u.(^„)iip,yjc)iiL?L«, + \\nL^,LiWPiyiXO\\LHn. 



where we used the finite band property for Pi, the weak Bernstein inequality for Pi, the 
estimate fl5.92l) for y^(C) and the assumption of Lemma [5.131 for F. 

We will need another estimate for \\Pj ^ dy(^(P ■ Piy/^{())dT^ ||/^2(^^). We decompose 

\\Pj ^ /q d^(P ■ Pi^^{C))dT^ using the property fl3.15p of the geometric Littlewood- 

Paley projections: 

t 



P,(^j^ di^iF . Pif,iC))dT 



< 



P, (^^ djA.(P<,(P) ■ Pif^iC))dr 

P, ( f dHP,{F) ■ PifdO)dT 



(B.39) 



We first estimate the second term in the right-hand side of (IB. 390 . Using Lemma 15.161 
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with p = |, we have: 



T 



< 2^||P,(F)-P,yjC)IL i , 

< 2¥||P^(F)|u.(^„)||p,y^(c)|L?L^ 



3j 



< 2^2-'^\\fFU^n.)2mPifr^{0\\L^ 



where we used the finite band property for Pg, the weak Bernstein inequahty for P/, the 
assumption on F and the estimate fl5.92p for ^^^(C)- This yields the following estimate 
for the the second term in the right-hand side of (16.39^ : 

ft 



E 

q>l 



d^(P,(P) ■ P,yjC))rfr 



<2^-h{De + De2^^-f{u)). (B.40) 

We now estimate the first term in the right-hand side of flB.391) . Using the property 
of the Littlewood-Paley projection Pi, we have: 

ir 



p,(^j^ mp<i{F)-Pif^{c))d, 



< 2-2' 

< 2-2' 
+2- 



PA / dHP<i{F)-^Pif,{0)dr 



-21 



d]^d]^iP<i{F)-fPif^{C))dT 

p,{^j\ufp<i{F)-fPir^{0)dT 



which together with Lemma 15.151 and Lemma 15.161 with p = I yields: 



pj / dHP<i{F) ■ Pif^{0)dT 



(B.4i: 



< 22^-2'||P<,(P) • fPifdOh^Ll + 2^-2'||yP<,(P) . fPifdOWA,, 



< 22^'-2'||P<KP)-yP,yjC)llL^Lj+2^-^'||yP<Ki^)-yP.yjC)IL K,. 

Using the fact that P<i{F) = F — P>/(P), we estimate the first term in the right-hand 
side of flB.4ip as follows: 

\\P<liF)-fPif^iC)h.,Lr (B.42) 
< IIP • yP,yjC)llL^,Lj + Ell^^(^) ■ fPlfLiO\\Ll,Ll 



q>l 



< 



\F\\L^Li\\fPlfLiC)\\L^H.) + J2hP^^^^^^ 



q>l 



< e2\De + 2^De^{u)) + Y,\\\\PqiF)\\LHP.J\fPifL^^^^^ 



q>l 
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where we used the finite band property for Pi, the assumption on F and the estimate 
fl5.92p for y/iiO- We consider the second term in the right-hand side of flB.42|) . The 
Gaghardo-Nirenberg inequahty f l3.3p . the Bochner inequahty for tensors (13. 7p . and the 
weak Bernstein inequahty for Pi yield: 



< 
< 



< 



IfPifdOUHP.,.) 

[\mf^ic)\\LHP.,.) + iii^iu^(p,.)iiyi^^yL(c)iiL^(p.„) 



(B.43) 



(2' 



21 



2^II^III^(Pi,.))^25||/^)^(C)|U.(^,„). 



Now, (1B.43I) . the weak Bernstein inequahty for Pg, the finite band property for Pg, and 
Lemma 15.91 imply: 



(B.44) 



< 



\P,iF)U2L.2^\\Pif^iC)\\LHn.) + \\P,i^^^^ 



< 2~-2+f\\fF\\L2^^^){De + De2-mu)) + 2-^^+'^^i{F)e^^{De + De2-^^^{u)) 



< 



(2- 



-2 I 3i 



+ 2^—s){De^ + De^2'2^{u)) 



where we used the bound f l4.33l) for K, the assumptions on F and the estimate fl5.92p for 
^^(C)- (EH and ^M) yield: 



\P<i{F).fPif^{0\\^.,^. 



< 



(2^ + J2i2- 

\ q>l 



2 -)- 2 4 8 



{De' + De'2-^^{u)) 



< De'^2^ + De'^2^^{u). 
Next, we estimate the second term in the right-hand side of (lB.4ip : 



\yp^i{F)-yPiy^{C)\\ 



< 



iyp<z(F)|U2^4j|yp,yjC)l|L^(K„) 



(B.45) 
(B.46) 



< {j2\\fP.iP)\kLt^ 2'p. + De2-h{u)), 



where we used the finite band property of Pi and the estimate fl5.92p for ^i^{C) in the last 
inequality. We estimate ||y-Pq(P) ||l4(p^^-) using the Gaghardo-Nirenberg inequality (13.31) . 
the Bochner inequality for tensors (13. 7p . and the weak Bernstein inequality for Pg-. 



\fP,iF)\\LHP...) 



< 
< 



tP,iF)\\hiP,JfP,iF)\\ 

-||^lli^(P,.)l|i^,(i^)IU^(P.„))^2i||P,(F)||i(^^^^) 
2 



< (22^+||ir||i2(p,,„))t2t||P,(P)|U2(p,„) 
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which together with the finite band property for Pg, and Lemma [5.91 imphes: 



,39 , 



|yP,(F)|U.^4, < 2-||P,(F)|U.(^„) + ||ir|U.(p,„)2^||P,(F)|U^^2, (B.47) 

< 2f||yFiU.(^„) + eM(F) 

< 2h 



where we used the bound fl4.33p for K and the assumptions on F. (IB.46P and flB.47p 
yield: 



|yp<KF)-yp.y^(C)ILi , < 



{j2 2'^^^ + De2-^^{u)) {BAt 



< 2^{De'' + De^2--^-i{u)). 
Finally, flRiTjl . ( |R45|) and f lR48|l imply: 



d^(P<z(P)-P,yjC))c?r 



Now, (|R39|) . f lRjnj) and ^Mi yield: 



P, f rdjA.(P ■ P^yjO^r) < (2^^-' + 2'^--^){De' + D£^2-^(«)). (B.50) 



Using flR37ll . flR38|) for / < j and flRBOjl for l> j,we obtain: 



P, / djA.(P-yjC)Mr 



< P)£22^' + De^2^-f{u) 



(B.51) 



which is the desired estimate of the first term in the right-hand side of (]B.35|) . 



B.8.2 Estimate of the second term in the right-hand side of (IB.SSp 



We decompose \\Pj{P-'^L{0)\\L^{Hu) using the property fl3.15p of the geometric Littlewood- 
Paley projections: 

\\PAP-fLm\LHH.) < ||P,(P-P<oyjC))l|L^(«.) + Ell^^'(^-^'^L(0)IU^(«„)- (B.52) 

l>0 



We focus on the second term in the right-hand side of f lB.52p . the other being easier to 
handle. Using the weak Bernstein inequality for Pj, we have: 



\PAP-PifLiCmLHn.) < 25||p.p,yjC)ILj 



(B.53) 



< 2i||P|Uc»^4j|P,yjC)l|L^(«„) 

< 2i^i{P){De + De2-h{u)) 

< 2HDe' + De'2-h{u)), 
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where we used the assumption of Lemma [5.131 for P and the estimate fl5.92p for 

We will need another estimate for \\Pj{P ■ P;y^(C)) We decompose \\Pj{P ■ 
PiV LiC))\\L'^{Hu) using the property fl3.15p of the geometric Littlewood-Paley projections: 

\\P,{P ■ P,yjC))IU^(«„) < \\PAP<iP ■ PifiXO)\\LHn.) + ■ Pif^iCMmn.). 

q>l 

(B.54) 

We first estimate the second term in the right-hand side of (IB.54p . Using the dual of the 
sharp Bernstein inequality f l4.36p . we have: 

\\P,{P,iP)-Pif^iO)\\LHn.) < 2^mP)-PifLiC)\\LUl, 

< 2^||p,(P)|Lc»^.j|p,yjc)llL^(«„) 

< 2^-^^i{P){De + De2-^-f{u)) 



where we used Lemma 15. 9[ the assumption of Lemma 15.131 on P and the estimate fl5.92p 
for y/^iO- This yields the following estimate for the second term in the right-hand side 
of flB3i|) : 

J2\\PAP,iP) ■ PifLmiLHH.) < + Ds'2-h{u)). (B.55) 

q>l 



We now estimate the first term in the right-hand side of flB.54p . Using the property 
of the Littlewood-Paley projection Pi, we have: 

\\P,{P<iP . Pif^iCmLHn.) 

< 2-''\\P,{P<iP.^Pif,iCmLHn.) 

< 2-2'||P,djA.(P<,P ■ fPif^iCmL^n.) + 2-^'||P,(yP<,P . fPif^miL^n.) 



which together with the property fl4.40p of Pj with p = | and the dual of the sharp 
Bernstein inequality f l4.36p yields: 



P,(P<,P-P,yjC))l|L^(«„) (B.56) 



< 2¥-^'||p<,p-yp,yjc)IL , 4 +2^-'^\\fP<iP.fPif,iO\\,.,.^ 



< 2'^-''\\P^iP\\L^L.JfPif^iC)\\LHn.)+2'-'^^^^ 

< 2¥-2'||P|Uo.^4,2'||P,yjC)IU^(«„) + 2^-^' (^E2'II^.^IU,-L^,j 2'||P,yjC)l|L^(«„) 



< 



2^-'M(P)(P)£ + P)£2-57(m)) + 2^-' ^^2iA/'i(P)j {De + De2-^j{u)) 



< {2'^-' + 2^--2){De^ + De^2'hiu)) 
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where we used the finite band property of Pi and Pg, the embedding fl3.56p . Lemma EH 
the estimate (15.921) for ^^.(C)) ^ind the assumption of Lemma [5.131 for P. 
Finally, flRM]) . f lB.55j) and f lB36|) imply: 



ll^.(^-^/yL(C))llL^(«„) < (2^-' + 2^--.)(Z}e2 + Z}e22-nW). (B.57) 
Using flR52|) . f lB33|) for / > j, and flRKT]) for / > j, we obtain: 

■ yjOIU^C^^) < + De'2h{u)), (B.58) 



which is the desired estimate of the second term in the right-hand side of flB.35p . 



B.8.3 Estimate of the third term in the right-hand side of ( ]B.35|) 



We start by deriving an equation for ^nL^^iiO- Differentiating the transport equation 
fl2.30|) satisfied by ( with respect to L, we obtain: 

flfLCA = -(Jb + (B)fMAB - {fLi^)B + 1/ l^O b)XAB " 

which together with the commutator formula (12.461) and the Bianchi identity (I2.52p yields 
after multiplication by n: 

fuLfiA = n(6 - X-)fLiO + B- finp) - {f{na)y (B.59) 
where the 1-form B is given by: 

B = _n(5 + n-V;vn)yjC)-2n(C-C)-K + MCAC+e V)-C 

-n(C + e) ■ fM - nf^^) ■ x - 2nx ■ ^ - 2n{5 + n"^ VArn)/3 - < ■ a 
~?>n{Cp + X^) + f{n)p + f{n)a. 

4 

We estimate the LfL^, norm of B. We have: 



Ili^lL 4 < II^IIl- ll^ + ^"'V;vn|Uc»^4J|yJC)IU^(«„) + IIC-CllLrL^IIKIlL^(w^ (B.eo) 

+ IIC AC+ G *(r\\mH Jew LTLl, + WC + nLrL^MfMhHn.) 

+ \\fLi'^)\\LHHj\x\\L^Ll, + Wxh^LlMh^inu) 

+ \\6 + n~^VNn\\L^Ll,\\f3\\LHHu) + U\\L^Ll,\ML^iHu) 

+ IICIIl-l4,(||pIIl2{w„) + IWWlhHu)) + h'^fn\\L^Ll,i\\p\\L^nu) + IWh^nu))^ 

< ||n|Uoo(^M(C)'+A/-i(5)^+A/-i(Vn)2+A/l(C)'+A/'i(e)2+A/;(x)'+M(0^ 
+ \\fM\\hin.) + Wfd'^Whin.) + Mhin.) + MUn.) + MUn.) 
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where we used the curvature bound f|2.59p for a,/3,p,a and /3, and the estimates fl2.66p - 
(!^-7ip for n, 5, e, (, X, i and (• 

We have the following estimate for the third term in the right-hand side of flB.35P : 



(B.61) 



< 



PA / {nP . {6 - x-W dC))dr 



[P ■ B)dr 



+ 



Pj 



{P ■ {y{np) + {y{na)r)d 



We estimate the three terms in the right-hand side of (IB.6ip starting with the first one. 
The non sharp product estimates (15.141) and (15.151) imply: 



\\nPiS - ■x)||po < Af2in)\\PiS - ■x)||po < Ar2(n)M(P)(M(5) + < 

which together with Lemma 15.141 yields the following estimate for the first term in the 
right-hand side of (lB.6ip : 



PA / {nP-{6-x-)fLiO)dT 



(B.62) 



To estimate the second term in the right-hand side of flB.6ip . we use the dual of the sharp 
Bernstein inequality (I4.36P and the estimate for transport equations (I3.64p . We have: 



P, ( {P- B)dT 



< 2^ 



(P • B)dT 



(B.63) 



.t' 



< 2^\P-B\ 



4 



< 2^||P||r2r4 ||P|| 4 
~ II ll^t^^,ll 11^2^3 



< 2Wi{P)e' 

< 2^e, 



where we used the assumption on P in Lemma [5.13[ and the estimate (lB.60p . 

We now focus on estimating the third term in the right-hand side of fIB.Gip . Using 
the decomposition of y/{np) + {^/{na))* given by Lemma [5. 171 we estimate the third term 
in the right-hand side of flB.6ip as follows: 



< 



P,(^l {P ■ if (np) + if {na)y)dr 

p,(^l\p-*v^-j.*v^\f„M)dT^ 



P, (^l\p ■ *V,iH))dr^ 



(B.64) 
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Next, we estimate both terms in the right-hand side of (lB.64p starting with the second 
one. We have: 



P,(^j\p.*V,{H))dT^ 



< 



Pj (^j^ dy(^(P • H)dT 



+ 



P, i ifP- H)dT 



which together with the finite band property for Pj , the sharp Bernstein inequahty fl4.36p , 
and the estimate for transport equations fl3.64p yields: 



P, / {P-*V,{H))dr 



< 2^ 



[ {P-H)dT 




[ {fP-H)dT 


Jo 




Jo 



< 2^||P|L.^6j|if|L.^3, +2^||yp|U.(^„)||if|U.(^„) 

< 2%, (B.65) 

where we used the estimate (1B.96P for H, and the assumption of Lemma 15.131 on P. 
We turn to the first term in the right-hand side of flB.64p . We have: 

(B.66) 



p, (^^ iP-*v,.j.*v^\f^,mdT^ 

P,(^l\p.[*V,,f^^]-J-*V^\P))dT^ 

< iip,(p-*Pi- j-*i?r'(^))iu^(«.) + 



+ 



+ 



P,(^l\p-[*V„f^^].J.*V^\^))dT^ 

p,(^j\p-*v,.j.[^v-,\yM)dT^ 



Next, we estimate the four terms in the right-hand side of (1B.66P starting with the first 
one. 

Using the dual of the sharp Bernstein inequality f l4.36p . we have: 

\\P,iP.*V,.J.*V^\mLHn.) < 2^\\P-*V^.J.*V^\mL-,Ll, (B.67) 

< 2mP\\^^^.J*V^- J ■*V^\mLHH.) 

< 2Wi(P)||^|U.(H„) 

< 2%^ 
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where we used the estimate fl3.49l) for *'D^^, the assumption of Lemma r5.13l for P and the 
curvature bound (12.591) for f3. 

We now consider the second term in the right-hand side of flB.661) . Using the dual of 
the sharp Bernstein inequahty fl4.36p and the estimate for transport equations fl3.64p . we 
have: 



< 2^ 



Jo 



(B.68) 



< 2mf„^iP).*V,.J-*V^\mLHn.) 

< 2^\f„,{P)\\,.^njm-J-*V^\mLHH.^ 

< 2Wi(P)||^|U.(K„) 

< 2%^ 

where we used the estimate (13.491) for *T)^^, the assumption of Lemma [5. 131 for P and the 
curvature bound (12.591) for (3. 

We consider the third term in the right-hand side of flB.66p . From the commutator 
formula and the fact that V^^{P) is a scalar, we have 

which together with the dual of the sharp Bernstein inequality (14.360 and the estimate 
for transport equations (13.641) yields: 



< 



{P ■ [*V,,f^,] . J . *V^\P))d 
{P-nx-f{*V^\mdr 



< 2? 



{p-nx-y{:v^\mdr 



rr.' 



< 2iP-nx-y(*I5r\pjJllLi(«„) 

< 2iPiu4(^„)i|niu^iixiiL4(«„)iiy(*2^r' 

< 2Wi(p)M(x)II^IIl^(«„) 



(B.69) 



where we used the estimate (13.490 for the assumption of Lemma 15.131 for P, the 

curvature bound (I2.59P for /3, and the bound for n provided by (12. 66 p . 
We now consider the last term in the right-hand side of (]B.66p . We have: 



< 



P,(^j\uP-J-m\fnLm)dr 



P,(^l\fP-J-[*V^\f^,]mdr 
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which together with Lemma I3.16[ the dual of the sharp Bernstein inequahty ( I4.36P and 
the estimate for transport equations fl3.64p yields: 



< 2Wi(P)£ 

< 2%^ (B.70) 



where we used Lemma [4.231 for the commutator term, and the assumption of Lemma [5.131 
for P. 

Finally, flRBHj) . f lRHT]) . flRMj) . f lRHOjl and f lRTOjl imply: 



p,(^^\p-*^?i-^-*^^r'(ynL(^))^^) 

Together with (]B.64p and (lB.65p . we obtain: 



< 2%. 



(P ■ (^M + mncr)r)dT 



< 2%. 



Now, fiRGT]) . (E62]), flRMj) and fiRTT]) yield: 



/ (^■ynLyL(C))c?r 



< 2% + P)£'2-' + P)£'227(u 



(B.7i: 



(B.72) 



which is the desired estimate for the third term in the right-hand side of (lB.35p . 



B.8.4 End of the proof of Lemma 15.131 

f[R35|) . f[R36|) . f lR5T|) . f[R58|) and f[R72|) imply: 



/ {F-ff,{0)dT 



< Ve + P)£22i + De^22-^{u) 



(B.73) 



which concludes the proof of Lemma I5.13[ 



B.9 Proof of Lemma 15.141 

We decompose \\Pj i Jq{F ■ ^LiC))dT] ||l2(-h„) using the property fl3.15p of the geometric 



Littlewood-Paley projections 
P,{^j\F-fUC))dT 



< 



I- ^' 



P, (^I\f ■ P^ofm)dr 



(B.74) 



cr.' 
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(P ■ PiyL{Q)di 



We focus on the second term in the right-hand side of (]B.74p . the other being easier 
to handle. Using the weak Bernstein inequahty for Pj and the estimate for transport 
equations f l3.64p . we have: 



pJ / {F . p,yL{c))dT 



< 23 



(F ■ Pifm)dr 



3 



(B.75) 



< 23||F-P,yL(C)|L 3 

< 2i\\FU^^nJ\PimC)\\L^Ll, 

< 2s2^e\\P,fm\\LHH.) 

where we used the weak Bernstein inequahty for Pi, the estimate fl5.92p for y/L{() and 
the assumption of Lemma 15.141 for F. 

We now make another decomposition using the property (13.150 of the geometric 
Littlewood-Paley projections: 



{F-PifL{0)dr 



< 



P, Q\p<oiF) ■ Pifm)d 
+ E Pj{^j\p,{F)-PifL{0)dr 



(B.76) 



We focus on the second term in the right-hand side of f lB.76p . the other being easier to 
handle. Using the property of the Littlewood-Paley projection P;, we have: 



< 2-2' 

< 2-^' 



P, (^j\p,iF) ■ Pifm)dr 

P, {^j\p,iF) ■ ^PifUO)dT 
P,QyHP,{F)-fPifm)dr 



cr.' 



+ 2 
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Pj (^j\yP,{F) . fPifLiO)dr 



which together with Lemma 15.161 with p = I , the strong Bernstein inequality fl4.36p and 



the estimate for transport equations fl3.64p yields: 

l^l\p,iF) ■ Pimo)dT 



(B.77) 



< 2^-2'| 



< 2^ 



^ x' 

P,(P) ■yP,yL(C)|L 4 +2^~'^\\fP,iF).fPifLiC)\\LHn.) 
P,iF)\\L^^r.^\\fPimO\\LHn.) + 2'-''\\fP,iF)U^^^^^^ 



< 



< 



(2¥+f-' + 2^^'~')\\P,{F)h^^nJ\Pifm\\ 



(2 



+ 2^-+«-0||P,(P)|U2(^„)(De + De2-^(«)), 
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where we used the weak Bernstein inequahty for Pg, the finite band property for Pg and 
Pi, and the estimate f l5.92p for ^L{C). Similarly, we may exchange the role of I and q and 
obtain: 



p, Q\p,iF) ■ Pifm)di 

>- X' 

Now, using f lB.77p for g < / and (IB.78P for g > / and assuming I > j yields: 



(B.78) 



^>i,<?>o 



\q>0 J 



< De^2^ + De'2h{u)), 

where we used the definition of "P^ and the assumption of Lemma 15.141 on F. Together 
with (IB .76 p . this yields: 



E 



PA / {F.PifL{0)dT 



< De^2^ + De^2i-^{u)). (B.79) 



Finally, using flB.74j) . f lB.75jl for / < j, and flB.79D for I > j,we obtain: 



P,{ / {F.fL{0)dr 



< De^2^ + De'2hiu)), 



which concludes the proof of Lemma I5.14[ 



B.IO Proof of Lemma 15.151 

By duality, the conclusion of Lemma 15.151 is equivalent to the estimate: 



< 2"^ 



(B.80) 



for any scalar function / on Tiu and any j > 0. Let w the solution of the following 
transport equation: 

nLiw) = Pjf, w = Oon Pq.u- (B.81) 
Then, flB.80p may be rewritten as: 

72 



\rw\\,.,,^<2'^\\f\\,2^n.y 
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(B.82) 



From now on, we focus on obtaining (]B.82p . We first derive an estimate for ||yw||ioo. 
Differentiating flB.811) with respect to y and using the commutator formula (12.481) . we 
obtain: 

fniiy^) = ^Xfw + fPjf, fw = Qon Po,u 
which together with the estimate for transport equations fl3.64p imphes: 

liy^^lU- ^ \\nx\\L^,L'i\\fw\\L^ + ||yp-/||.i^^. 

x' x' 

Using the bound for n given by fl2.66p and the trace bound for x given by fl2.69p 
fl2Tn|l . we get: 

\\yHL-<\\fP,f\\LlL^r (B.83) 

In view of (lB.83p . we need to estimate ||yPj/||^i^oo. Using the L°° bound fl3.36p for 
tensors on Pt^u with the choice p = 2, we have: 

< iiy'^./iii(P,.)2'ii^,/iii(p,„) + \mf\\L^iP.^.) + 

< 2i||yV,/|||,(^^^^)||/|||,(^^^^) + 22i/|U.(P,,„) (B.84) 

where we used the Bochner inequahty (14.381) . and the boundedness and the finite band 
property of Pj. In view of flB.84p . we need to estimate Wy"^ Pjf\\L'^{Pt^^)- Using the Bochner 
inequality for tensors (13. 7p . we have: 

WtP^nWiP.,.) (B.85) 

< ||Ayp,/|U2(p,_„) + ||i^lU.(P,„)||y'p,/||L^(P,„) + l|i^lli.(P,„)liyp,/IU^(p,„) 

< ||[f,y]p,/|U.(p,,„) + ||yAP,./|U.(p,„) 
+||K|U2(p,„)(||AP,/IU2(p,,„) + ||yp,/||L^(P,„)) + ||K||i.(p^^^)2iP,/|U2(p,,„) 

< \\[/^,y]p,f\\L^p,^^) + 2'^\\f\\L^^p,^^) + 2 
+2ii^lli.(P,.)ll/llL^(P,.) 

where we used the Bochner inequality (I4.38p . and the boundedness and the finite 
band property of Pj. Now, for any scalar function / on Pt ^i there holds the following 
commutator formula: 

[y,m = Kff (B.86) 

which together with flB.85p yields: 



\tP3f\WiP...) < WKfPjfWmp^^) + 2=^^||/|U^(P,„) + 2'^\KU 

|2 



< 



+2^ll^lli^(P,.)ll/IU^(p..) 

\mLHnJ\fP,f\\L^iP,,^) + 2'^\fh2^P,^^^+2'^\Kh 



+2^ll^lli^(P,„)ll/IU^(p..)- (B.87) 
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Now, (IRM]) and (iRSTl) imply: 



\fp^f\\L^iPuu) < 2-^\\K\\i,^p,jmf\\i 

+2'^Hl + lli^ 



\L^Pt,u))\\J \\L^(Pt.u) 

which yields: 

imfh^iP.^.) < 2'^'(l + l|i^l|L^(p,.))ll/l|L^(p.„)- (B.88) 
Integrating (1B.88P and using the bound (14.331) for K, we obtain: 

imfhlL- < 2'^'(l + \\K\\,.^n.))\\fhHn.) < 2'^||/||l^(«„). (B.89) 

Next, we come back to w. (IB. 831) and (]B.88|) yield: 

\\fwU^<2'^\\fh2^n.)- (B.90) 

Differentiating (]B.8ip with respect to and using twice the commutator formula (12.481) . 
we obtain: 

fnLif'^w) = -2nxf^w + {2nxe + f{nx) - nl3)fw + f^Pjf, f^w = on Pq^^ 
which together with the estimate for transport equations (I3.64p implies: 

\\fML-^,Lr ^ Wnxf^L^Ll + \\{2nxe + f{nx) - n/3)fw\\ 

^ II^IU-llxllL-L2||y^w||i2(^^) + \\n\\L^\\fw\\L--{Afi{xy+Afi{iy 

where we used the Bochner inequality (I4.38P in the last inequality. Now, using flB.901) . 
the boundedness and the finite band property of Pj, the bound (I2.59P for f3, and the 
estimates (I2.66I) - (I2.70I) for n, x and e, we obtain: 

liy^w||L2,L- < 4f^M\LHnu) + 2^-'||/||l2{w„)- 
This yields (IB.82P which concludes the proof of Lemma 15.151 

B.ll Proof of Lemma 15.161 

By duality, the conclusion of Lemma 15.161 is equivalent to the estimate: 

fffp.fdr) <2^^(^-i)l|/lUj^., (B.91) 



for any scalar function / on Tiu, any 1 < p < 2 and any j > 0. Consider again w the 
solution of the transport equation flB.8ip . Then, flB.9ip may be rewritten as: 

\\fM\L^,L-<2'''^'-'^^\\fhiL^. (B.92) 
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From now on, we focus on obtaining (lB.92p . Differentiating (IB.Sip with respect to y and 
using the commutator formula (12.481) . we obtain: 

fuLifw) = nxfw + fPjf, = on Po,« 

which together with the estimate for transport equations fl3.64p imphes: 

\\fw\\Ll,L^ < \\nx\\L^L^J\fw\\Ll,L^ + || ^Pj/ || lJL^, • 

Using the L°° bound for n given by fl2.66p and the trace bound for x given by fl2.69p 
fl2Tn|l . we get: 

\\fw\\L^,L^ < mfhlL^r (B.93) 
In view of flB.931) . we need to estimate Hy-Pi/llLiLP • The Gaghardo-Nirenberg in- 

i x' 

equahty (13. 3p yields: 



LPiPt,u) ~ Pif\\L^Pt,u)\\^Pif\\h(Pt,u) (B.94) 

< 2-^mP,fh^P,^^) + ||yP,/||L^(P,.))'-'||P,/|li(p,_„) 

< 2^^'(^-^)||/|U.(p^^^) 



where we used the Bochner inequality (14.381) . and the boundedness and the finite band 
properties of Pj. Integrating f lB.94p . we obtain: 



z x' ^ x' 

which together with (1B.93P yields (IB. 920 . This concludes the proof of Lemma I5.16[ 
B.12 Proof of Lemma [5.171 

Recall that J denotes the involution (p, a) — )■ (— p, o"). Then, y{np) + {y{na))* may be 
rewritten as: 

y{np) + {finer))* = *Vi ■ J{np,na). 
Now, in view of the Bianchi identity (I2.57p . we have: 

(np, na) = *V^' (^f^M - f{n)p + y{n)a - 2nx ■ /3 - n5p_ + 3n(Cp - *C^)^ 
which yields: 

r{np) + {r{na)r = *V,.J. *V^\f^^m + *V,{H) (B.95) 
where H is given by: 

H = J- *Pf 1 ( - f{n)p + f{n)a - 2nx ■ (3 - nS(3 + 3n(Cp - 
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Now, using Lemma [3.161 with p = |, g = 3, we obtain for H the following estimate: 



li^l 



^ .t' 



< 



J ■ *V^' - f{n)p + f{n)a - 2nx ■ /? - nS(3 + 3n{Cp - *Ca) 



'' cr.' 



< \\-fin)p + fin)a-2nx-(3-nS(3 + 3n{Cp-*C(^)\\ , 4 

I I — — — — I 1 r z r o 



^ \\fn\\L^Ll,\\p\\L^(nu) + \\fn\\L^Ll,\H\L'^(Hu) + INX II L-L^J] /3 1| i2(^^) 
+ II^^IU-L4j|^||i2(^^) + WnCh^LlMph^nn) + ll<llL-L4jk||L2(W„) 

< (B.96) 



where we used the curvature bound (12.591) for P,p,o- and /3, and the estimates fl2.66p - 
f l2.7ip for n,6,x ^"^^ C- flB.QSp and flB.96p give the conclusion of the proof of Lemma 

Em 



C Appendix to section [o 



C.l Proof of Lemma 16.8 



Recall the transport equation fl6.27p satisfied by U^d^jX)- We have 

fLO^idujX))AB = -fd^NXAB - idu,X)ACXCB " XAcid^X)cB " Sdu^XAB 

+eAXau.NB + ^BXAd^N + {d^N)AXcBec + {du,N)BXAc'^c 
-{2eQ^N - n-^Vd^Nn)xAB + {du.N)c{eAc * Pb+ ^bc *Pa). 

Differentiating with respect to this yields, schematically 

yLC5^L(nax))) + [y^,yj(nax)) (c.i) 

= ~fji{d^x) -X-X- fiX^{d^x)) - ~6f^{n{d^x)) + d^NfJ5 + f{F,) + F4, 
where the tensors F3 and F4 are given schematically by 

Fz = d^Nf^x, 

and 

Fa = f{d^N)f^x - ff^d^N^ - (du^N) [f^, f]x - d^x ■ VlX ' f lX ■ ^uX - LW^X 
+y^{t)xdu,N + efMduN + txfipo.N - {2t9^N - n'^V a^Nn)f ^X 

F3 satisfies the following estimate 

II ^3 II L-L2(W„) < ||5.;iV||L-||yLX||L-L2{W„) ^ ^, (C.2) 
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where we used in the last inequahty the estimate f l2.75p for d^N and the estimates (I2.69P 
fl2.70p for X- Also, satisfies the following estimate 



\\F4^L\ (C.3) 

< \\Bd^N\\L^Ll,\\^x\\L?rLHnu) + \\dujN\\L^\\[f^,f]x\\^Ll, + Wd^xW L^LlMfLXh^Lnnu) 

+ \\L(S)\\L^L2^^J\d^X\\L^Ll, + \\du^N\\Loo(^\\f^(e)\\L^LHHu)\\x\\L^Ll, 

+ M\L^Ll,\\fLix)\\L?^LHnu) + lh"^Vn||i^^2j|y^xl|L-L2(w„)) 

+ l|e||L-L4,llx||L-L4,||yL5^A^||L-L2(w„) + Wfii^''^^ d^Nn)\\ L^nu)\\x\\ 

HfLd.mL^LlML^LHH^) 

< £+\\{fL,f]x\\L^,Ll,, 

where we used in the last inequality the estimates f l2.66p - fl2.70p for x, 6, e, and n, the 
assumption (12.591) for (3, the estimate fl2.75p for d^^N, and the estimate fl2.76p for d^jN 
and di^x- Now, in view of the commutator formula (12. 45 p . we have 

^ (WxhrLi, + UWl^li + \\b-yb\\L^Li)\\^x\\L?^LHH^) 

< e, ^ ^ 

where we used in the last inequality the estimates f l2.66p -f l2l70|l for x, x, ^, b, and (, and 
the assumption fl2.59p for (3 and (3. Injecting in f IC.Sp . we obtain 



4||l?l 



t ^^1 



^ < e. (C.4) 



Next, we estimate the commutator term in the right-hand side of flC.ip . In view of 
the commutator formula fl2.46p . we have 

[f^, f^md^x)) = -6f,{Uid^x)) + f{F,) + F„ (C.5) 
where the tensors and Fq are given schematically by 

F, = ic-cmd^x), 

and 

F, = {S + n-iv^n)yjn(9^x)) + (K - fCMd.x) + (CC + ^mid.x))- 

F5 satisfies the following estimate 

\\F5\\l^LHHu) ^ (IICIIl-L? + IICIlL-L2)ll^a.XllL^L- < ^, (C.6) 
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where we used in the last inequahty the estimate fl2.67p for (, the estimate (12 .Tip for 
and the estimate fl2.76p for d^^x- Next, we estimate Fq. We have 

WFeW^L^ (C.7) 

T,' 



Lr-Ll, + 11^" ^Nn\\L^L2j\\f^{U{d^x))\\L^LHnu) + (IIKIU-L2(^„) 
+ \\y^C\\L^L2{Hu) + \\C\\L^L^{Hu)\\C\\L^L^nu) + \W\\l^L^{Hu))\\(^'^X\\l^lI, 

< ^+liyL(n(fi'.x))llL-L2(«„), 

where we used in the last inequality the estimate fl2.66p for n, the estimate (12.671) for S 
and (, the estimate fl2.7ip for (, the assumption f l2.59p for a and the estimate fl2.76p for 
d^X- Now, the estimate fl6.34p for ^ ^(Il{d^x)) together with the estimate fl2.76p for d^^x 
implies 

Injecting in f lC.7p . we obtain 

ll^6||L?L^ (C.8) 

Next, we evaluate the term involving in the right-hand side of fIC.ip . In view of 
the bianchi identity f l2.52p . we have 

d^Nf^l3 = f{Fj) + Fs, (C.9) 

where the tensors F^ and Fg are given schematically by 

Fj = d^Np + d^Na, 

and 

Fs = fd^N{p + a) + d^N(x§_ +{5 + Vjvn)/3 + ^ ■ « + Cp + X^^) ■ 
Fy satisfies the following estimate 

WFiWl^lhHu) ^ l|5c.iV||L-(||p||L-L2(^„) + ||a||i^L2(^„)) < e. (C.IO) 
Next, we estimate Fg. We have 

mw.Li, < (||ya^Ar||^oo^., + ||a^iv|u^(llxlU?^L^, + ||5||L^L2, (c.ii) 



< 



where we used in the last inequality the estimates fl2.66p -( l2ni) for £, 5, n, ^ and C, the 
assumption fl2.59p on {a, f3, p,a, f3), and the estimates fl2.75p fl2.76p for d^^N. 
Finally, in view of (IC.ip . (IC.Sp and (IC.Qp . we obtain 



where the tensors Fi and F2 are given by 

Fi = F3 + F5 + Fj and ^2 = ^4 + ^5 + Fg. 
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In view of (ES), (Ej]) and dUlQ]) . we have 

11-^1 II LS°L2(W„) ^ 

Also, in view of (lU^ . flUISj) and dClTT]) . we have 

l|i^2lL?L^ 

This concludes the proof of the lemma. 
C.2 Proof of Lemma 16.91 

Applying the estimate fl3.64p for transport equations to the transport equation f l6.48p for 
M, we obtain: 

II^IU- ^ ll7l|Po.„ + II^-xIIl-li 

x' 

< 1 + ||M||Loo||x||Lc«i2 

< l+e\\M\\Lo. 

where we used the estimates (I2.69p fl2.70p for x in the last inequality. This yields: 

llMlUoo < 1. (C.12) 

Now, since if) = 0, we may rewrite the transport equation fl6.48l) for M as: 

y^(M - 7)ab = MacXcb, {M-^)ab = on Po,«, 

Together with the estimate fl3.64p for transport equations, the estimates fl2.69p f l2.70p for 
X, and the estimate (lC.12p . this implies: 



I|M-7||l- < ||M-x||l-li (C.13) 

< ||M||l^||x||l-l2 

< e. 

Next, we estimate ^M. We rewrite the transport equation fl6.48p for M as: 

y„^M = nx-M, Mab = lAB on Po,n. 
Differentiating with respect to y and using the commutator formula fl2.48p . we obtain: 

= nx-fM+{nx-e + nf3 + f{nx))-M 

Together with the decomposition f l5.3ip for n/3 and the decomposition f l5.55p for y/{nx), 
we obtain: 

f^^ifM) =nx-fM+ {nx ■ e + Kl(^) + E) ■ M, (C.14) 
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where P and E satisfy: 

M(P) + ||E||po <£. (C.15) 



flC.14|) and the sharp trace theorem for transport equations fl5.22[) imply: 

II^MIIbo < {^i{nx) + \\nx\\L^,L'i)\\fM\\vo (C.16) 
+ (A/'i(M) + \\M\\lool2) ■ {Afi{P) + ll^llpo + ll^x • e||po) 
< e + 6\\fM\\ro, 

where we used the estimates fl2.66p (12.691) (12.701) for n and x, the estimate (1C.12I) for M, 
the estimate (IC.ISP for P and E, and the estimate: 



\nx-e\\vo <Af2in)Af,{xWii 



< 



which follows form the non sharp product estimates (I5.14p (I5.15P and the estimates (I2.66p - 
(I2.70p for n, e and x- 
Finally, flCnBj) yields: 

\\fMho<e 

which together with flC.lSp yields the conclusion of Lemma 16.91 



C.3 Proof of Lemma 16.111 

(I6.52P follows immediately from the sharp Bernstein inequality for tensors (I4.4ip . Then, 
(I6.53P follows immediately from (I6.52p by taking the dual. This concludes the proof of 
Lemma 16.111 



C.4 Proof of Lemma [6321 

It suffices to prove the dual inequality. Let H the solution of the following transport 
equation: 

f^^{H) = PjF, H = Oon Po,u. (C.17) 
Then, the conclusion of Lemma [6. 121 is equivalent to: 

<2^||F|L.^.,, (C.18) 

z x' ^ x' 

for any 1 < p < 2. 

From now on, we focus on proving (IC.lSp . Note first from the estimate on transport 
equations (I3.64p and the transport equation (IC.17P satisfied by H: 

\\H\\l- < \\PjF\\lIl^ < ^'WFWl^lI,, (C.19) 

where we used in the last inequality the sharp Bernstein inequality for tensors (I6.52p . 
Next, we differentiate the transport equation flC.17p for H with respect to y/: 

= nx ■ fH + (nx ■ e + nl3) ■ H + fPjF, 
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where we used in the last equahty the commutator formula (12.481) . Together with the 
estimate for transport equations fl3.64p . this yields: 

WyHWLTLl, (C.20) 

< \\nx-yH + {nx-e + nl3)-H + yP,-F|U2,ii 

< ||n|U^(||x||L^L?liy^lU^(«.) + (MWMle) + ||/3|U2(^„))||i/|U^) + liyP.FlUi^., 

where we used in the last inequahty the estimates f l2.66l) - fl2.70p for n, e and x, the estimate 
f lC.lQp for H , and the finite band property for Pj. 

Finally, flC.20p yields (IC.ISP which concludes the proof of Lemma 16.121 



C.5 Proof of Lemma 16.131 

Using the product estimate (15.101) . we have: 

||y(M"i)||go = \\M-^{fM)M-^\\t30 (C.21) 

< {\mM-^)\\LrLi, + WM-^L-fWfMUo 

< iWfMU^LlMM-'Wl^ + \\M-'U^f\\fM\\so 

< e 

where we used in the last inequality the fact that ||M — 7||2,oo + ||yM||go < e from the 
assumptions of Lemma 16.131 Then, in view of flC.2ip . Lemma 16.131 is an immediate 
consequence of the following slightly more general lemma. 

Lemma C.l Let F a Pt^u-tangent tensor and 2 < p < +oo such that for all j > 0: 

\\PjF\\^Ll,<2'e + 2ie^{u). 
Also, let H a Pt^u-iangent tensor such that for any 2 < r < +oo, we have 

Then, we have for any 2 < q < p and all j > 0: 

||P,(//F)|L,^., <2% + 2i£7(«). 

We conclude this section with the proof of Lemma IC.ll Using the property fl3.15p of 
the Littlewood-Paley projections, we have: 

\\P,{HF)\\^.^.^ < J2\\PAHPiF)h^^Llr (C.22) 

I 

We estimate the right-hand side of f lC.22p . Using the boundedness of Pj, the assump- 
tion ||if||L'-^oo < 1 on if with r large enough, and the assumption for F: 

\\P^iHPiF)h.r.'^ < ||ii||LrL^||P^F||LfL^ <2'e + 25e7(«). (C.23) 

z x' x' t x' 
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We will need a second estimate for the right-hand side of (IC.22p . Using the property 
of Pi, we have: 

\\P,iHPiF)\\^.^.^ (C.24) 
= 2-''\\P,{H/^iF)\\^.^.^ 

< 2-2'||P,d^(ijyP,F)|L,^., +2-2'||P,(yifyP,F)|L,^., 

< 2-^'\\P,/^{HPiF)\\:^.L.^+2-^'\\P,dUyHPiF)\^^^^^^ 

^ x' ^ x' ^ x' 



Next, we bound the three terms in the right-hand side of flC.24p starting with the first 
one. Using the finite band property for Pj, we have: 

||P,-A(i/PzP)|L,^., < 2'^\\HPiF\\^.L.^ (C.25) 

< 2^^\\H\\LrLOo\\PiF\\^^2 

t x' i x' 

< 22^-(2'5 + 2^£7H), 

where we used the assumption ||i^||L''L°° 1 on H, the fact that we may choose r large 

* x' 

enough, and the assumption for P. 

Next, we estimate the second term in the right-hand side of (lC.24p . Using the property 
fl3.15p of the Littlewood-Paley projections, we have: 

\\P,dmiH)PiF)U.L.^ < Y,WHPm{fH)PiF)\\L.L.. (C.26) 

m 

Using the finite band property for Pj, and the weak Bernstein inequality for Pi and P^, 
we have: 

l|p,-dyV(p^(yi/)p,p)IL.^2, < v\\p^{yH)PiF\\^.^.^ (C.27) 

z x' ^ x' 

< 2^||p^(yij)|L.^4j|p,P|L.^4, 

x' '- x' 

< 2^-+f+i||p„(y/j)|U.^.j|p,P|Up^., 

< 2^-+f+^||P^(yi7)|U.^.,(2'e + 2^57(n)), 

where we used the assumption for F. 

We will need another estimate for the right-hand side of (IC.26p . First, let g+ such 
that q < < < p. Using the finite band property for Pj, we have for r large enough: 

||P,-d^(P^(yi/)P,P)||^,+^. < 2^\\Pr,,m)PiF\\^.^^, (C.28) 

t x' t x' 

< 2^\\PUfH)UrL.^\\PiF\\^. 

X ^ x' 

< 2^-+'||P„(y/7)|U.^.J|P,P|U.^.,, 

where we used in the last inequality the sharp Bernstein inequality for tensors (16.520 . 
Also, using the properties of P^,, we have: 



||p,d^(p^(yi/)p,p)IU.(P,,„) 

= 2-^™||P,d^(f(P^(yi/))P,P)|U.(P,„) 

< 2-2'"||P,d^d^(y(P„(yi7))P,P)|U.(P,„) + 2-2-||P,.d^(y(P„(yi7))yP,P)|U.(P,„). 
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Together with the finite band property for Pj, this yields: 

||P,-d^(P„(yif)P,F)|U.(P,„) 

< 2-2™l|P,d^d^|U(^.(p,,„))||y(P^(yif))P,F|U.(P,,„) + 2^--2-||y(P„(yi7))yP,P|U.(P,,„) 

< 2-2-||y^P,|U(^.(p,„))||y(P„(yi7))|U.(P,„)||P,P|U^(P,,„) 
+2^-2-||y(P„(yff))|U4(p,„)||yP,P|U4(p,„) 

< 2~-||yV,|U(z.2(p,,„))||P„(yi7)|U2(p,,„)||P,P|U^(P,,„) 

where we used in the last inequality the Gagliardo-Nirenberg inequality (13. 3p and the 
finite band property for Pi. Finally, using the Bochner inequality for tensors (13. 7p . the 
sharp Bernstein inequality (I4.4ip for tensors, and the fact that p > 2, we obtain for r 
large enough: 

\\P,di^iPrnifH)PlF)\\,.,.^<{2'^+^-"^ + 2^-f^^^^^ 

which in the case j < I < m implies: 

||P,-d^(P„(y/J)P,P)|Lj,., < 2^-f +f ||P„(y/7)|L.^.J|P,P|L.,.,. (C.29) 

Since 1 < g < g+, we may interpolate flC.28p and flC.29p . We obtain for j < I < m: 

\\P,dHPmm)PiF)UiLl, < 2^-+'H--'l+||P^(yi7)|U.^.J|P,P|U.^., (C.30) 

< 2^'+'-(-')+||P^(yi7)|U.^.,(2'£ + 2^e7M), 

where we used the assumption for P. Now, using (]C.26p . (1C.27P for m < / and (1C.30P for 
j < I < m yield for any j < I: 

\\P,dH{fH)PiF)\\,.,., < 5^2^+'H-^l+||P^(yi7)|L.^.,(2^e + 2^e7H). (C.31) 

m 

The the third term in the right-hand side of (lC.24p satisfies for r large enough the 
following estimate: 

\\P,{fHfPiF)\\,.,.^ < J]2^-+'-l-''+||P„(yi/)|L,.^.,(2'e + 2^e7H). (C.32) 

m 

The proof of (1C.32P is similar to the proof of (]C.3ip . so we skip it. 
iHMf . (in:25|) . (in:3T]) and ( 1U32|) yield for any j < I: 

\\P,{HPiF)\\^lLl, < 22^-2'(2'e + 2ie7(«)) (C.33) 

+ ^2^--'-l-'l+||P^(yi/)|U.^.,(2'e + 2i57(t.)), 

m 

where r is large enough. Finally, summing f lC.22p for / < j and (IC.33P for / > j implies 
for r large enough: 

J2\\PAHPiF)htLl, < (1 + ||yi/|L.B0,(P,„))(2% + 25£7(«)), 
I 
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which together with the bound (]C.2ip for H and the inequahty (]U.22p yields: 

||P,-(iJF)|L,^., <2% + 2ie7(«). 
This concludes the proof of Lemma IC.li 



D Proof of Lemma 16.15 



Using the property fl3.15p of the Littlewood-Paley projections, we have: 

\\F ■ ^^llLrBO,(P,„) < Y.\\P^P<^^^) ■ Pi^H)\\^^.Llr (D.l) 

Note first that fl6.85p is symmetric with respect to F and H . Thus, we may assume for 
instance / < g in (ID.ip . We will estimate the right-hand side (ID.ip in the two cases q < j 
and q> j starting with the first one. We have: 

||P,P,(F)-P,(^)IU^(P.„) 

< 2-2^||P,fP,(P)-Pz(i/)|U3(p,,„) 

< 2-^^\\p,dUfP,{F) . PKi/))|U^(p,,„) + 2-2^||p,d^(p,(p) ■ ypKi/))|U2(p,„), 

which yields: 

||P,P,(P)-PKi/)|U^(P,„) (D.2) 

< 2-2iP,d^|U(i.(p,,„),i.(P,„)) {\\fP,{F) . PiiH))\\L.iP,,^) + 1|P,(P) ■ fPi{H))\\Lnp...) 

< 2-'^\p,dMciLnp.^..),LHP..^))(\\fP^^ ^ 

\ LP {-rt,u ) 

+ \\P,iF)\\^ \\fPiiH))h2^P,^^ 

Li " \L^t,U ) J 

where 1 < p < 2 will be chosen later, and where we used the finite band property for 
Pi and Pg, and the weak Bernstein inequality for Pi and Pg. In view of flD.2p we need 
to evaluate \\Pjdi^\\c{LP{Pt u),L'^{Pt u))- Let p' the conjugate exponent of p, i.e. ^ + ^ = 1. 
Using the Gagliardo-Nirenberg inequality (13. 3p . we have: 

\mnL.'iP,.) < iiyp,piij(p,,^)iiy'p,piil;(l„) (d.3) 

< 2f^||p,p||g(^^^^)(||fp,p|U.(p,„) + ||ir|U.(p,„)||yp,-p|U.(p,„) 

< (i + II^IIl^(1„))2^II^.^IU^(p..), 
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where we used the weak Bernstein inequahty and the Bochner inequahty for tensors (\'S.7\i . 
In view of (ID.3|) . we have: 



2i 



\\PA]^\\c{LnPi,u),LHPt.u)) = \\fPj\\ciLHP,,^),Lr''{Pt,u)) ^ + H L^'p,,,) )2 

which together with (]D.2p imphes: 

||p,p,(F)-PK^)IU^(p.„) 

We fix p = which satisfies 1 < p < 2. Using the estimate fl4.33p for K, and the fact 
that I < q < j, obtain: 

\\PMF) . P,{H)\\,r,.^ <2-^'^^^^^^ (D.4) 

Next, we consider the case q > j- Using the weak Bernstein inequahty for Pj and Pi, 
we have: 

||P,P,(F) ■ PKi/)|U2(p,„) < 2§||P,(P) • PiiH)\\j^^^^^ 

< 2i||P,(P)|U.(p,„)||PKi/)|Ua(P,.) 



< 2§+f||P,(P)|U.(p,,„)||P,(i/)|U.(p,, 

j-g I'-j „ q 





< 2-^-^2i||P,(P)|U.(P,,„)2t||P,(i/)|U.(P^_„) 
where we used the fact that q > j and q > L This yields: 

\\PMF) . PiiH)\\,^,.^ <2-'-^-'^2HP,iF)\\^^^^^^ (D.5) 
Recall from (KWl} that: 

J2nP,iF)\\l^Ll,<-^iiFy and 5^2'||PKif)||i.^., <M(//)^. (D.6) 

(ID.ip , flD.4p , fID.Sp and flD.6p imply fl6.85p which concludes the proof of Lemma 16.151 



D.l Proof of Lemma 16.161 

Since H = {p, a, (3,(3), Lemma 16.201 yields: 

II^z^IIl.-l^, <^2i (D.7) 
We estimate the quantity \\Pj'D2'^{bF ■ PiH)\\^^^4_. Using the weak Bernstein inequality 

^ x' 

and the finite band property for Pj, we have: 

\\Pp^\bF-PiH)\\^^^.. < 2-^^'^^^\\fV^\bF-PiH)h^,.^ (D.8) 

* a:' ^ 

< 2-^-(5)+||6F-P,if|Uc.^., 

< 2-^-(i)+||6|U^||P|U^||P,/J|Lc»^2^ 

x' 

< 2-^-(i)++^||P|Uooe, 
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where we used the estimate fl3.49l) for V2 ^, the estimate f l2.68p for b and the estimate 
(Ell) for H. 



We derive a second estimate for ||-P,^^2 ^{bF ■ PiH)\\^^^4_. We have: 

\\P,V,\bF.PiH)\\^^^.. 
2-'^\\P,V^\bF-^PiH)\\^^^._ 



< 2-2'||Pp2-M^(6F • yPiH)\\^^^.. + 2-''\\Pp:^\f{bF) ■ fPiH)\\^^^.. 

t x' ^ x' 

which together with the weak Bernstein inequahty for Pj yields: 

\\P,V^\bF.PiH)\\^^^._ (D.9) 

< 2^-(^)-^'P2-M^(6F ■ fPiH)\\^^^.^ + 2^'~'^^~-'^\\V^\f{bF) . fPiH)\\LrLl, 

< 2^'-'^^-~'^\\bh^\\FU^\\fPiH\\^^^ 

< 2^-(^)-'(i)-(||F|U. + ||yF|U^.»^.,)e, 

where we used the estimate fl3.49p and Remark 13.1 51 for P^^, the estimate (I2.68P for b and 
the estimate fID.Tp for H. In the last inequality, note that as soon as 4_ is fixed in the 
Lf^L^r norm, then is fixed in Let us fix = j(| — a) for some a > 0, 

then we may choose /(|)- = /(| — f) in order to obtain: 

which together with (1D.9P yields: 

Summing on j and / and taking (ID.Sp for / < j and (ID.lOp for / > j, we obtain: 



||PP2-l(6P-P,if)||^^^4_ < 5^||P,D2-'(&i^-i^.^)ILo.^*- 

3,1 

< ('j]2-^-a)++i + J]2^-(^^)-'(M)') (IIPIU. + \\fF\\L^Ll,)e 
\ i<j i>j J 

< i\\F\\L- + \\fFh^Ll,)s 
which yields the conclusion of the Lemma. 

D.2 Proof of Lemma [6371 

Since h = {p,cr), Lemma 16.201 yields: 

x' 
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We have: 

'(D.12) 

Lemma [6. 181 applied to the firs term in the right-hand side of (]D.12p with F = b ^^b and 
H = h = {p,a) yields: 

\\V,'b-'V,\{fb)h)\\^,^._ <mfb)e<e, (D.13) 

where we used the estimate fl2.68l) for b. 

Next, we evaluate ||P;(6Pj7i)||^oo^2 . Using the boundedness of Pi, we have: 

\\Pi{bPjh)\\L^L^ < WbPMlLrL^ (D.14) 



< 



|loc||P,-/i||^oo^2^ 



< 2i 



where we used the estimate (12.681) for b and the estimate (ID. lip for h. 
We derive a second estimate for \\Pi{bPjh)\\ioo]^2 . We have: 

^ x' 

wPiibPMiL^L^, ^ 2-'mPi{b^p,h)\\^^^.^ 

< 2-'^\\PidUhfPM\LrL-,+'^-''\\mWPM\LrL-, 



which together with the finite band property and the weak Bernstein inequality for Pi 
yields: 



\\Pi{bP,h)\\^^^.^ < 2'-^^\\byp,h\\LrL-+'^^'''mm,^A (D.15) 

< 2^~'^\\bu^\\fp,hh^L.^+2'^-'^\fbh^r.^\\fmLrL^ 

z x' 1^ x' ^ x' 

< 2^-^\\P,h\\,^L.^+2'^-^Af,ifb)\\PMLrLl, 

where we used the finite band property for Pi, the estimate fl2.68p for b and the estimate 
flmTj) for h. Finally, dEH]) for j < I and (imsj) for j > I yield: 

\\Pim\\L-Li, < Y^WPiibPMLrLi, < 2^e. (D.16) 

j 

In view of (lD.12p . we need to evaluate ||^^2'^^^^^2'^(y(^^)llrPr*- • Note first that we 
have the following commutator formula: 

which yields: 

\V^'b-'V,\f{bh)\\^,^._ < \\V,'b-'fV^\bh)\\^,^._ + \\V,'b-'V,'KV^\bh)\\^,^._ 

(D.17) 
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We first evaluate the first term in the right-hand side of (ID.lTp . Using the weak Bernstein 
inequality for Pj, we have: 



\\Pp,H-'fV^^Pi{bh)\\^^^.. (D.18) 



< 

< 2(^ 

< 2^-2 

< 2^-2 



\\b-'h^\\V^'Pi{bh)h^,2^+2^-2^-^\f{b-')V^'^ 

4^ + 2(^)-iy(ri)IUoo^4j|i?r^PK&/^)llLrL^ 



where we used the estimate (13.491) and the Remark [3.151 for 1^2^, the estimate fl3.49p for 
V^^, the finite band property for Pi, the estimate fl2.68p for b, and the estimate flD.16p 
for bh. 

We derive a second estimate for \\PjV2^b~^y/V^^ Pi{bh)\\ 4_ . Using the weak Bern- 
stein inequality and the finite band property for Pj, we have: 

\\PP2'b-'fV^'Pi{bh)\\^^^._ (D.19) 

< 2^-2)-^\pp-^b-yV^'Piibh)\\L^L2^ 

< 2-^'2M\\fV2'b-yV^'Pi{bh)\\L^L.^ 

< 2-(^)+^||ri|u^||yi?r^Pz(&/i)ILrL^, 

< 2-^'2M\\p,(bh)h . 

x' 

where we used the estimate fl3.49p for the estimate fl3.49p for Pf^, the estimate 

fl2.68p for 6, and the estimate (ID.16P for bh. Summing (ID.lSp for j < I and (1D.19P for 
j > I yields: 

\\V2'b-yV^\bh)\\^^^._ < ^2^-(i)-^e + ^2-^-(^)++^e < e. (D.20) 

j<i j>i 



Next, we evaluate the second term in the right-hand side of (]D.17p . Using Remark 
13.151 for P^^, we have: 

\\V2'b-'V2'KVi\bh)\\^,^._ < \\b-%^\\V2'KV^\bh)\\r^rL2^ (D.21) 

i x' ^ 

< \\V2'KV^\bh)\\L.r.^- 
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Using Remark 13. 151 for 7^2^, we have: 

\\V2'P,iK)V^'Piibh)\\^r^.^ < \\P,iK)V^'P,ibh)\\^,^.^ (D.22) 

< \\P,{K)\\^,^.^\\V^'Pi{bh)U^L.^ 

t x' ^ 

< 2^-(i)-||ir|||,(^^)||A-^ir||^,^2-'||PK&/^)IUrL^, 

where we used the weak Bernstein inequahty for Pj, that finite band property for Pi, the 
estimates fl4.33p and fl4.34p for K, and the estimate (]D.16p for bh. 

We derive another estimate for \\T)2^ Pj{K)T)i^ Pi{bh)\\i^p . We have: 

\\V2'P,iK)V^'Piibh)U.L.^ 
= 2-'^ WV^'^Pj {K)V^'Pi ibh) lU.^., 

< 2-^^\\V2'dUfP,{K)V^'Pi{bh))\\L.L.^ + 2-'^\\V2'fP,{K)fV^'Pi(bh)\\L.L.^ 



which together with the estimate f l3.49p and the Remark 13.151 for T>2 ^ yields: 





\\v2'PAK)v^'Pim\\^Li, 




< 


2-'^\fP,iK)V^'Piibh)\\L.L.^ + 2-'^\fP,{K)fV^'Piibl 

x' 


t X 


< 


2-^^\\rp,{K)\\^,^.^\\yv^'Pi{bh)\\^^^., 




< 


2-2^||yV,<ir)||^,|||yp,<ir)||J^,j|PK&/^)llLrL^, 




< 


2-^-^-^\\P,{K)\\,.,.^ 




< 






< 







(D.23) 



where we used the finite band property for Pj, the estimate f l3.49p for ^, the Bochner 
inequahty for scalars f l4.38l) . the estimates fl4.33p and fl4.34p for K, and the estimate flD.16p 
for bh. Using (lD.2ip . and summing (1D.22P for j < I and (]D.23p for j > I yields: 



(D.24) 



\\V2'b-'V2'KV^\bh)\\^,^^., <Y^2m--2e + ^2-^-(^)++i5 < e. 

j<i j>i 

Finally, (lDl2|l . (ID7[3|) . flPTfll . ^DlO\f and I^Dl^ yield the conclusion of Lemma [HTTl 



D.3 Proof of Lemma [6381 

Since H = {p,a,f3,f3) and Mi{G) < e, the curvature estimate fl2.59p and the finite band 
property for P/ yield: 

Wmh^H^) < e and \\PiG\\v2(h^) < 2-'e. (D.25) 
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while Lemma I6.2UI and Lemma 15.91 yield: 

WmhrL^ < and \\PiG\\l^l^^ < ^-'^e. 

z x' 1^ x' 

Using Remark 13.151 for 1^2^, we have: 

< \\b{v,\F.Hm,r,i, + mv,\F.fGm^Li, 



(D.26) 



(D.27) 



where we used the estimate f l2.68p for b in the last inequality. 

Next, we estimate the two terms in the right-hand side of (lD.27p . Using Remark 13.151 
for 1^2^, we have: 



\\V2\P,{F) ■ PiH)^.^.^ + \\V2\P,{F) ■ fPiG)h^^Ll, 

< \\P,{F) ■ + \\P,{F) ■ y^^GII^,^!^ 

< \\P^{F)\\l^l^\\PiH\\lpl'^ + \\P,{F)\\L^L^]\\fPiG\\^,^H 

1--" 



(D.28) 



< 2-tAri(F) 20+'||P,i7|L.^.,+ 



LP(0,1) 



< 



2-fM(F) ( 2°+'||P,ff||^,J|P,i7 



2 

I -\- 



LP(0,1)' 



< 2 



('3__2__i')_a 



2(1-0^). 



^^-wi(F)(i+iiKii^.(^:- 



< 2'(5)-fAri(F)e, 

where we used Lemma for ||Pq(P)||L°oL2 , the Bochner inequality for tensors fl3.7p . 
flD.25p and flD.26p for G and if, and the estimate fl4.33p for K. We also used the fact 
that once p < +00 is fixed, we may choose 2+ > 2 such that 1 ~ ^ ~ ^ < 0. 

We derive a second estimate for ||r'^^(P„(F)-P;i7)||iPi2 and ||r'^^(P„(P)-yP;G)||^p^2 . 
We have: 

\\V2\P,iF) . PiH)\\l.l., + \\V2\P,{F) . fPiG)\\^L2^ 

< 2-''\\V2\P,iF) . mH)\\L^,Ll, + \\V2'dHP,{F) ■ PzG)|U?x^, 
+ \\V2\fP,{F) ■ PiG)\\,.,., 

< 2-''\\V2'di^iP,{F) ■ fPiH)^.^.^ + 2-^'\\V2\yP,{F) ■ fPiH)]]^.^.^ 
+ \\T^2'mP,iF) ■ PiG)\\,.,^ + \\V2\f P,{F) ■ P,G)|U.,.2, 
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which together with the estimate fl3.49l) and Remark 13.151 for V2 ^ imphes: 

\\V,\P,iF) . PiH)\\^.L.^ + \\V,\P,{F) . fPm^.^.^ 

< 2-^'\\P,{F) ■ fPiH^PL^ + 2-2'||yp,(F) ■ yP/if||^,^i+ 
+ ||P,(F) ■ P.GIU.^., + ||yP,(F) ■ P,G)||^,^i+ 

< 2-''\\fp^{F)\\L.L^^\\yPiH\\L^L.^ + 2-''\\yp^{^^^^ 

+ \\P,iF)\\^L^\\PiG\\L^L-, + \\fP,{F)\\ .^WPiGh^L^ 



(D.29) 



< 2-^ 



< 2-5 



LP(0,1) 



< 2'^(^)-iA/l(P)^, 



LP(0,1) 



where we used Lemma EH for ||P„(P)||^oo^2 , the finite band property for Pg and Pi, the 
Bochner inequahty for tensors (13.71) . (1D.25P and (1D.26P for G and H, and the estimate 
f03|l for K. 

Finally, summing (ID.28P for / < q and (1D.29P for / > g implies: 

\\V^\F . H)\\,.^.^ + \\V,\F ■ fG)\\,.,l, < ^i{F)e 
which together with flD.27p yields the conclusion of Lemma 16.181 



D.4 Proof of Lemma 16.191 

The analog of Lemma [3. 161 for implies: 



\V,\FGH)\\ 



4 < WFGHW 4 



x' 

~ I|-^IIl?°L4, l|G^llLt°°L4, l|-f^llLj°°L4, 



< 



^,{F)^,{G)^,{H), 



which concludes the proof of Lemma 16.191 



D.5 Proof of Lemma 16.201 



Note first from the curvature bound f l2.59p for a that H satisfies the following 

estimate: 

II^IIl^{w„)<^- (D-30) 
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The proof follows the same strategy as the one of Proposition 14.111 However, one has 
to be more careful since /3 and /3 are tensors unlike K. In particular, using the estimate 
flA.Sp . the boundedness of Pj, and the estimate flD.30|) for iJ, we obtain: 



< 



< ||P,/f|U2(^„)||P,y„^if|U.(^„)+ (^^ ||P,i7|U2(p,,„)||[y„^,P,-]/f|U.(P,,„)rft^ 

^ 4P,fnLH\\LHH^)+(^j^ ||P,i/|U2(p,^„)||[y„^,P,]/J|U2(p,„)rft^ +e'. 

Now, the Bianchi identities ^M), fl233|) . fl235D and fl237D for f ^{P) , L{p) , L{a) and 
have the following structure: 

y^iJ = (d^(a), d^(/3), cuA/3), yp, ya) + P ■ (a, /3, p, a, ^) 

where in view of the estimates fl2.66p -f l2n]) . P satisfies A/i(P) < £. Thus, using the finite 
band property and the weak Bernstein inequality for Pj, we obtain for ^^j^H the following 
estimate: 



\Pjf^H\\mn^) < 2^||(a,/3,p,a,^)|U2(„„)+2i||P-(a,/3,p,a,^)|| 4 (D.32) 



< 2^||(a,/3,p,a,^)|U.(«,„)+25||p.(a,/3,p,a,^)|| 4 

< 2% + 2^M(P)£ 

< 2%, 

where we used the curvature bound fl2.59l) for a,f3,p,a and (3. (lD.3ip and (ID.32P imply: 



which yields: 

\\PjH\\l^lI, < +2^5. (D.33) 

We now evaluate the right-hand side of flD.331) . Again, let us say that the difference 
with the proof of Proposition 14.111 is the fact that is a tensor unlike K. Using the 
definition fl3.14p of Pj, we have: 

POO 

[fnL.Pj]H= / m,iT)ViT)dT, (D.34) 
Jo 

where V{t) satisfies: 

id, - m{r) = [fnL^ mir)H, ViO) = 0. (D.35) 
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dEMl) yields: 



WnL^P^H\\LlL-,< 



(D.36) 



^1(0,1) 



In view of (1D.33P and (1D.36p . we have to estimate ||V^(T)||L2(Pt „)• Let a,p real numbers 
satisfying: 

1 , , 4 

0<a<-, 2<p< +00, such that p < 



2- a 



(D.37) 



The energy estimate f l3.28p implies: 



< 



A-^V^(r)||i.(p,,„)+ / ||yA-^V^(r')lli.(P,„)C^r' 



A~^''V{T')[fnL, ^]U{T')Hdfit,udT'. 



JPt 



(D.38) 



We need to estimate the commutator term [f^nLj^^jU. Using twice the commutator 
formula (12 .48 p . we have: 



[fnL, = Ff^U + GfU + f{GU) 



(D.39) 



where the tensors F and G are given hj F = nx and G = nx£ + 'n*p. Using the curvature 
bound fl2.59p for f3 and the bound fl2.66p - fl2.70l) for n, e and x, we obtain the following 
bound for F and G: 

\\fF\\L.^n.) + \\G\\LHn.)<e (D.40) 
Let p defined in f ]D.37p . and let p' such that ^ + ^ = |- Using the commutator formula 
flD.39p . and integrating by parts the terms y^f/(r)if and y/{GU) yields: 



JPt 



< 



A-^^V{T')[f^^,/^]U{r')Hd^t,udT' 
mF\WiPt,.) + \\G\\LHPtJ riiyf/(r')llL.(P..)l|A-''^l^(r')IL.'(P,„)rfr' 

+ \\G\\lHp,^) / l|f/(r')l|L»(p,.)||yA-2"\/(r')|U.(P,„)rfr' 



(D.41) 



< 



\yF\ 



+ IIGI 



L^{Pt,r.)j 



fUir')\\,.^P,J\fA-'^V{r') 



\L2{Pt^^) 



dr' 



where we used the Sobolev embeddings (13. 3p and (13.40 in the last inequality. The 
Gagliardo-Nirenberg inequality (13. 3p . the properties fl3.2ip and (13.200 of A, and the 
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Bochner inequality (13. 7p for tensors yield: 

riiyf/(OllL.(A.)liyA-^'^r(r')|U.(P,,„)rfr' 



< 



< 



< 



(D.42) 

./M|l-a 



mi 



T 



'\ II P 



{\\mr')\\L^iP,.) + \\K\\mP,J\fUir')\\,.^p,^^) 



r\\fU{r')\\h^P^^^dT'+ rr'Wmr'nUp.^^dr' 
Jo 'Jo 

Jo 



X 



2(p-2) 



||yA''^V^(r')||i.(p,„)dr' + J 
which together with the estimates for the heat flow (13.81) . fl3.10p and (13.271) . implies: 

< (II^^IU^(P..„) + \\K\\l^p,J\A-'H\\l^p,,^)) 
(£||yA-y(r')||i.(p,,„)rfr' + ^V'-^||yA-l-(r')||i.(p,,,„) 

Finally, the choice of p flD^T]) . f lD^Sjl . flD^ and (1043]) implies: 



(D.43) 



l|A-"l^(r)||i.(p,,„)+ / ||yA-"l-(r')||i.(P,,„) 



dr' 



Using the interpolation inequality (13. 20 p . we obtain: 



(D.44) 



C+oo 



\\nr)\\l.,P,Jr < 



2(l-a) 

<{\\fF\\LHP.,.) + l|G'|U^(P,„))(||i/|U^(P,,„) + ||ir|U.(P,,„)||A-iiJ|U.(p,„)), 
which together with the estimate flD.30p for H and the estimate flD.40p for F and G yields: 



hoo 

mj{T)\\V{T)\\L2^p^^)dT 



< 2^" 



"^u L^{0,1) v-'u / 

<2^Ml + l|A-^i/|UrL^)• 



foo 



\\V{t)\\ 



dr 



LHo,i) (D.46) 
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Now, (!D:33|) . (1D36|) and I^DMlf imply: 

WP^HhrL^ < 2^£ + 2^-'^£(l + ||A-ii7|Lc.i.,) (D.47) 

L x' ^ a:' 

< 22£ + 22£||A-^if||^ooi2 , 



where we used the choice of a flD.37p in the last inequality. Finally, from the properties 



of A and Pj, we have: 

\\tC^B\\LTLl, < J]l|P,A-ii7|Uo.^., 

j 

< j2^~mp,H\\LrLi, 

which together with (1D.47P implies: 

^ x' 

This concludes the proof of Lemma 16.201 

D.6 Proof of Lemma 16.221 

Using the estimate f l3.80p . we have: 

\\Q>iN\\l^ < ||g>iiv|U-L2(so + l|vg>iiv|Uc»i2(s,) + ||yvg>iiv|Uc«i2(s,) 

< ||ViV|U^-L2(2,) + ||yViV|U^L2(s,) + ||yVQ<iiV|U^^i2(2,), (D.48) 

where we used in the last inequality the finite band property for (5>i, and the decompo- 
sition AT = g<i(Ar) + Q>i (AT). 

We now evaluate the various terms in the right-hand side of flD.48p . Since A^ = 
— L), the Ricci equation fl2.23p imply: 

VaN = eABCB, VnN = -b-yb. (D.49) 

f lD^iOj) implies: 

\\^N\\LrLHE,) + Wf^NllLr LH^t) (D.50) 

Furthermore, the Bochner inequality (13.780 and the finite band property for Q<i imply: 

||yVQ<iAr|Uc»^2(so < \\V^Q<iN\\l^lhj:,) (D.51) 

< \\AQ<^N\\L^LHJ:,) 

< ||VA^||l^l2(s,). 
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Now, dEH]), (1D30|) and (lD3T|) yield: 

IIQ>lA^IU- < PWlTL^^t) + \\fd\\LfL^(J^,) + ||6'y&||L-L2(s,) (D.52) 



In view of flD.52p . we need to estimate h and 6' on S^. So far, we only proved regularity 



estimates on 1-iu- In order to transfer them to Et, we consider the structure equation for 
the foliation generated by u on (see |1] p. 56): 



NN 



(D.53) 



Recall from the definition of 6 fl4.65p that tr^ is given by: 

tr^^ = trx — 6 

where we used the fact that the time foliation is maximal (12. 2p . In view of the estimate 
(I2.67P for S and the estimate (I2.69P for trx, we obtain: 

l|tr^lU^L2(p.,.) + ||ytr^|U^L2(P,.„) + ||V,vtr^lU^L2(p,,„) < e. (D.54) 
Furthermore, using the definition of 6 (14.650 and the Sobolev embedding (I3.56p . we have: 

wmL^LHP,.) < ml^LHP...)^^l((^)'^^l(xr+^flivr<e^ (D.55) 

where we used the estimate (I2.67P for t] and the estimates (12.701) (I2.69P for x- Also, using 
the Sobolev embedding (I3.60p . we have: 

\\fb\\L-L^iP.,^) + Wfbh^LHP.,.) < M(y6) < e, (D.56) 

where we used the estimate (12.680 for b. 

Next, we estimate ||y^&||L^L2(St)- In view of the Bochner inequality (I4.38p . we have: 

Wf'bWL^L^j:,) < \m\L^Lm:,) + \\fb\\LrLHj:.) (D-57) 

~ ||&|U°°(|| VAftr^^||ioo^2(s^) + II |^n|Lf=L2(Et) + ||-RjVAf||Li°°L2(Et)) 
+ \\fb\\L^mSt) 

< e, 

where we used in the last inequality the curvature bound (I2.59j) for -Rat at, the estimate 
fl2:68|) for b, and the estimates flD34l) - (lD:56|) for 9 and b. 



Next, we estimate 116*11^0:3 2,2(pj^). in view of the Hodge estimate (I3.49p . we have: 

||y^lUr^^(S0 ^ liytr^lUj»L2(2o + ||i?Aiv|U-L2(so (D.58) 
< e, 

where we used in the last inequality the curvature bound (I2.59P for Ran and the estimates 
flD^i]) and flD36l) for 9 and b. 



Finally, flD32|) . (EM]), flD^Hj) . f lD^T]) and f lD38|) yield (KTT7} . This concludes the 



proof of Lemma 16.221 
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D.7 Proof of Lemma [QSl 

We estimate the following quantity: 

yQ<i(iV')IUr^^(sO + l|VyQ<i(iV')|U^^L2(2,) (D.59) 

vg<i(iv')llLrL2(so + liyvQ<i(iv')|U^L2(so + l|[y,yjQ<i(iv')llLr^^(so 



< 
< 
< 
< 



viv'IU^^i2(2o + ||Ag<i(iv')|Uj«L2(s,) + ||[y,yjv]<5<i(^')IUrL2(Eo 



where we used several times the finite band property for (5<i and the Bochner inequality 
fl3.78p . Now, for any tensor F, the following estimate is a immediate consequence of the 
proof of (Km (see (^M))- 



II [f, Vjv]i^||L-L2(S0 < £\\f^F\\L^L2^^^) + ^Ili^lU- 

Using fiDlHOl) with F = Q<i{N') yields: 

ii[y,v^]Q<i(iv')iUrL^(Eo < ^iim<iWiiL^L^(so+^iiQ<iWiu° 

< e\\V^Q<r{N')\\L^LHj:,)+e\\N'\\L^ 

< £||Ag<i(Ar')llLri^(St) + ^II^'IU- 

< £||Viv'|U^L2(Eo +^II^1U-, 



(D.60) 



where we used the boundedness of Q<i, the Bochner inequality (13.781) . and the finite 
band property for Q<i. 

Note from the proof of Lemma [6.221 (see (ID.SOp the following estimate: 

II VA^' 11x^00^2(2^) < e. 

Together with (ID. 590 and (lD.60p . this implies: 

||yQ<i(A^')IUri^(St) + l|Vyg<i(Ar')|U^-L2(s,) < \\VN'\\L^LHE,)+e\\N'\\L^ 

< E. (D.61) 

We will prove for any tensor vectorfield F the following non sharp estimate: 

ll-^IU" ^ \\F\\L^L2(j:t) + l|VF||Loo^2(St). (D.62) 



flDlBTj) and fiDlHl) immediately yield flOTSD . 

In order to conclude the proof of Lemma I6.23[ it remains to prove dEMJ. We estimate 
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\\PjF\\l^^2 ■ In view of (1X751) . we have: 

\\P^F\\l-LHP,.) (D.63) 



-22£:||PjF||^oo^2(s, 



where we used the estimate flD.54p for tr^, the Bernstein inequahty for Pj, and the finite 



band property and the boundedness of Pj. f lD.63p imphes: 

\\P,F\\^^r.^<2-i\\VF\\,^L^j:.)+2-i\\[%^,P,]F\\ . (D.64) 

Now, flD.64p and the commutator estimate fl9.1p imply: 



where < a < |. In view of the definition of this yields flD.62p . This concludes the 
proof of Lemma 16.231 

D.8 Proof of Lemma [67241 

In view of the Ricci equations (12. 23 p . we have: 

< \\x'\\LHn.) + \\x:\\LHn.) + \W\\LHn.) + \\5'\\LHn.) (D.65) 

+ \\C\\L'^iHu) + \\n''^^N'n\\L2(Hu) + \\§^\\lHHu), 

where x' iX' i^' X' i^' ^'^^ the Ricci coefficients associated to u{.,uj'). We only estimate C' 
since it is the worst term in (ID.65p . In view of the computations (13.540 and (13.740 . we 
have for any scalar function /: 



'Pt,u J JPt,u 

Together with the coarea formula (13.530 and the fact that C^' vanishes at infinity, we obtain: 
:'\\l\n.) (Dz,(C')-C'+lC'r(trx + riD^(6)))dH„dw (D.66) 

J U JHu 

' ' ' ' + llC'lli4(^)(l|trx|U^(^) + ||riDz,(6)|U2(^)) 



< 




Di(C') ■ C'd-Hudu 



< 




Dl(CO ■ C'd-Hudu 

U JHu 
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where we used the estimates fl2.68p - fl2.7ip for (', b and tr^. 

Next, we estimate the right-hand side of f lD.66p . Decomposing L on the frame 
L', I/, e[, 62, we have: 



u Jn 



[ [ BLiO-C'dn^du 

J u J Hu 

I f g{LU)^L'{C')<'dHudu 

J U J Hu 

{- [ ! g{L,L')-DLiC)-Cdnudu 

J u J Hu 

WfL'iOhHM) + m'\\LHM))\\C\\LHM) + 

< I I 9iL,L')BL'iC)-Cdnudu 

J U JHu 



(D.67) 



g{L,e'^)Ti,,{C')<'dnudu 



I I giL,L')-DLiC)-Cd'H^du 

J U JHu 



(D.68) 



where we used the estimate f l2.7ip for C,' in the last inequahty. 

Now, we estimate the right-hand side of f 1D.67p . Using the Littlewood-Paley decom- 
position, we have: 

I I iPpL'iC)-P-{9{L,LX)dn^du 

J U JHu 

< \\Pp^iC)\\LHM)\\P;i9{L,LX)\\LHM) 

< e2-^\\f{g{L,L')C)\\LHM) 

< e2-^{\\fC\\LHM) + ||De^(L)COI|L^(^) + \\B,'^{L')C)\\lhm)) 

< 62~^{\\fC\\LHM) + ||C'I|l4(a^)(||DL|U4(^) + ||DL'|U4(^))) 

where we used the estimate fl2.73p for Dj^/(C'), the finite band property for Pj, the estimate 
fl2.7ip for (\ and the Ricci equations fl2.23p together with the estimates fl2.66p - fl2.7ip of 
the Ricci coefficients to estimate DL and DL'. 

Finally, summing with respect to j in f 1D.68p . together with f ]D.66p and f ]D.67p yields: 

IIC'IIl2ch„) ^ ^• 

The estimates of the other Ricci coefficients in the right-hand side of flD.65p are easier, 
and we obtain in the end: 

\\BL{N')h2^nu)<e, 
which concludes the proof of Lemma I6.24[ 



E Appendix to section [» 
E.l Proof of Lemma 18.31 

We have constructed a global coordinate system on in section 14.2.21 We will need 

another global coordinate system. Let w G Let $4 : — > defined by: 

^t,uiit, x) := u(t, X, uj)uj + d^u{t, X, u). (E.l) 
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Then we claim that $t is a global diffeomorphism from to and therefore provides 
a global coordinate system on S^. The proof has been done in [21] for the particular case 
t = of a global coordinate system on Sq. The proof for Et is completely analogous 
an we refer the interested reader to Proposition 2.9 in [21]. The proof also provides the 
following bound for 

\\d^t'jL^<e. (E.2) 
Recall from f l6.3ip that we have \\'DL{dcoN)\\i^oc^2 < e. This yields: 

llDz. {9{d^N,d^N)-I)\\Loo^L.<e 

which together with the estimate for transport equation (13.641) and the corresponding 
estimate at initial time (see [21]) yields: 

\\g{d^N,d^N)-I\\L^<e. (E.3) 

Consider the global coordinate system on provided by ^~[^(u^y'). Then, for any scalar 
function / on Ej, one easily derives the following formulas: 

^ = g{N + 0(e), V/) and ^ = (7 {d^N + 0(e), V/) , (E.4) 

where we used the fact that g{N,dujN) = 0, Vu(t,x,uj) = b^^N, Vdi_ju(t,x,co) = 
-b-^d^bN + b-'d^N, \\b - lIUoo < 6, \\d^b\\Lo. < e and 

Finally, u being fixed, («,?/') provided a coordinate system on P^ ^ such that the 
following estimate holds for the induced metric 7 in the coordinate system: 

\lAB{v)i^e - < e\^\^ uniformly for all p G Ml (E.5) 

We evaluate ||F||2,2(^^). Using the global coordinate system on Pt^u provided by 
^t,uiu,y'), we have: 

Wnhin.) = j \F{<^^l,M))\^^dy'dt (E.6) 

where we used f lE.51) in the last inequality. Let {t,Xt) a point on E^. Let < cr < 1 
parametrize the arc on joining uj and w', and let Uo- € corresponding to a. Let 
u„ = u{t, Xt, cUo-) and d^^u^ = d^u{t, Xt, uj„). Let p a positive smooth bounded function on 
M vanishing in the neighborhood of 0. We consider the following integral: 

/(^) = I IH^tXi^ = n^,y'))\'p{d.u - d^u,)dy'dt. (E.7) 

We have: 

/(O) = j'^ j |F($i(« = u,,y'))\^dy'dt > \\F ^ p{d^u - d^u^)\\l,^^^,^^^^ (E.8) 
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where we used (lE.Sp and (IE.6p . and where u' = u{., .yu'). We also have: 



< 



< 




= ui,y'))\^p{d^u - d^u„)dy'dt 



\F{^-}^{u = m,y'))\'^dy'dt 



(E.9) 



II^IIls°l2{«„)5 



using again (lE.Sp and (]E.6|) . 
Next, we evaluate 4^: 



da ' 

dl f d 

— = 2/ I DF{^;Uu^,y'))— <^-l{u^,y') F{<!>-^^^^^^ 



da 




'0 



'0 

Now, we have 




da 



iFi'^tlAu = u^,yWd>aP'{d^u - d^u^)dy'dt. 



(E.IO) 



d 



da 

which yields: 



i ( d 
da 



(icT 



(i r 



< \\d<^'^\\L 



< \\dl 

< 1 



da 



(E.ll) 



where we used flE.2p . Also, differentiating twice the Eikonal equation with respect to u, 
we obtain: 

Lidlu) = -b-'g{d^N,d^N). 

Since ||9(^iV||ioo < 1, the use of the estimate for transport equations fl3.64p together with 
a corresponding estimate at initial time (see f21J) yields: 

\\dlu\\,^<l. 



Together with flKlOD and flKTTjl . we obtain: 



dl 



da 



< 




{\DF{<!>;Xi^^,y'mF{<!>;Xi^^,y')Md^u-d^u,) (E.12) 



+ \F{^T,U^^,y'))\')p'{d^u - d^u^))dy'dt. 
In view of dEB]), flKOjl and flKT2|) . we obtain: 



II^IIls°l2(w„) 




'0 ^0 



-|F(<l>ri K,y'))lV(5c.n - d^u,))dy'dtda. 



(E.13) 
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Next, we consider the change of variables {cr,y') — J- {u, z') where: 

u = u(t, X, co), y' = d^u(t, X, Ua-) and / = d^u(t, x, co). 

Given (t,x) G S^, there is only one a(t,x) such that u{t,x,Uo-) = u„. cr(t, x) is given 
implicitly by the following equation: 

u{t, X, Wo-) = u{t, Xq, u) 

which after differentiation provides the formula: 

Vu{t,x) 



V(j{t,x) 



d^u{t, x, uja) - d^u{t, X, uja) 



(E.14) 



Also, we have: 



Vu{t, X, CO,) = b-'K and Vd^u{t, x, u„) = -bfd^b^N, + b-'d^N,, (E.15) 

with the notation = N(t, x,u), b = b(t, x, uj), N„ = N(t, x, cOa), and b^- = b(t, x, u^). In 
view of (lE.4p . the Jacobian J of the change of variable {a, y') {u, z') in is the 3x3 
matrix given by: 



J 



( g{N + 0{e),Va{t,x)) g{N + 0{e),Vd^u{t,x,uj„)) 
\ g{d^N + 0{e),Va{t,x)) g{d^N + 0{e),Vd^u{t,x,uj^)) 



Together with (IE. 141) and (]E.15|) . this yields for the determinant \J\: 



\J\ 



d^u{t, X, uj„) - d^u{t, X, u^) 

giN + 0(e), N^) g{N + 0(e), ~b-^d^b„N„ + d^N^) 
g{d^N + 0{e),N,) g{d^N, -b'^d^b^N^ + 

Now, recall that: 

\\b - lIUoo < 1, lia^^lUoc < e and \\d^N\\Lo. < 1 
which together with (IE.16P yields: 

~ d^u{t,x,uj^) - d^u{0,xo,u}„)' 



(E.16) 



(E.17) 



Now, recall that p vanishes in the neighborhood of 0, which together with flE.17p implies: 

\p{d^u - d^u,)\J\\ + \p'{d^u - d^u^)\J\\ < 1. (E.18) 

Next, we consider the range of u{t, x, u) in the domain of the integral in the right-hand 
side of flKT3D . We have: 

\u{t,x,u) — ui\ < \u(t,x,ijj) ~ u(t,x,ijj„)\ + \u(t,x,ijj„) — u„\ + \u„ — ui\ (E.19) 



< 
< 



< 



\u(t, X, co) — u(t, X, Ua) I + \u(t, Xt,Ua — u{t, Xt, u) \ 



\\O^U\\loo\UJ^ - iO\ 

\uj — u'\, 
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where we used the fact that u(t,x,ijJa-) = u^-, = u{t,Xt,a), Ui = u{t,Xt,u) and 

||9a;'"||L°° < 1- 

In view of (lE.lSp and flE.lQp . the change of variables (cr, y') — {u, z') in (IE.13P yields: 



||FVpa«-5^«o)||i.(«^,_^^) (E.20) 

Jo Jux J 

p1 pui + \uj—lu'\ p 

< + / / \DFi<^-'Ju,y'))mn'J^^,y'))\dy'dtdu 

Jo Jui J 



Ju Jo J 



u+\lu—u]'\ nl 



m \DF{^-^{u,y'))\'dy'dtdi}j . 



X sup 

u 

Now, we have: 

W^Wlnn.) = I' J \Fin'^M))\'V^dy'dt>J^' / \F{<!>-'Ju,yWdy'dt 
where we used (lE.Sp . Together with (IE.20p . this yields: 




sup I y ||DF||i.(^^)rfr 

Now, (lE.2ip holds regardless of the choice (t, Xt) on Pt,uo- Also, d^u as a map from Pt^ to 
the tangent space T^S^ is a diffeomorphism (see [21] Proposition 2.8 for a completely 
analogous proof in the case t = of Pq.m)- Thus, we may choose p, and two points (t, x^) 
and (t, a;^) on P^^u^ sufficiently far from each other such that for all (t, x) G Pt,ui we have: 

p{duju{t, X, u') - d^u{t, xl,uj')) + p{d^u{t, x, u) - d^^uit, x^, u')) > 1. 

Together with flE.211) . we obtain: 



< \\F\\l^^.^^^) + \^-ujr^\\FU^,Hn.) [ sup ^ \\T>F\\l,^^^^dr 
Taking the supremum over Uq implies: 

\\F\\l^^LHn^,) < \\F\\1^l,^^^^+\u-ujT^\\F\\l^lhh^) h^P I ^ \\^F\\hin^)dr 
which concludes the proof of Lemma 18.31 



"U+luJ—Lj'l 
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Remark E.l The change of variables {(J,y') — i- {u,z') in (1E.13P is singular at {t,x) = 
{t,Xt) in view of the determinant of the corresponding Jacobian flE.17|) . This is also the 
case in the fiat case where u{t,x,u) = t + x ■ u and where Pt^u are parallel planes in 
orthogonal to u. In this case, the corresponding change of variables corresponds to a 
change of variable in the plane of M.^ spanned by u and u' passing through Xt from polar 
coordinates with origin at Xt to cartesian coordinates. This explains why the singularity 
at {t, Xt) in the change of variables {a, y') — )■ (m, z') in f lE.13|) is natural. Fortunately, one 
has the freedom to chose the point (t, Xt) around which we rotate the surfaces Pt,u which 
allows us to tackle this issue by considering successively two point in St {t,x\) and {t,xf) 
as preformed in the end of the above proof. 



E.2 Proof of Lemma 18.41 



Let us apply Lemma [8.31 with F = Pif where / is a scalar function. Then: 

\\Pif\\L^,LHn^,) (E.22) 

1 

^ 1 II ru+\uj-u'\ \ 2 

< \\Pif\\L^L^(H^) + \uj-J\-^\\Pif\\l^^,^^^^^ It IX \\^Pif\\l^{n^)d^ 

< 2-^\\ff\\,^,.^n.) + 2-^u;-uf^\\ff\\l^,,^^^^^^^ 

where we used the finite band property for Pi in the last inequality. 
In order to prove Lemma 18. 4^ it is enough in view of flE.22p to prove: 

\\BPif\\L^LHH.) < \\Bf\\L^LHH^y (E.23) 

Furthermore, flE.23p for D = ^ follows from the properties of Pi, so we may focus on the 
case of L and L, or even L and A^. Also, the case of L being easier, we focus on the case 
of A^. Thus, the proof of Lemma 18.41 reduces to: 

\\NiPif)h^LHn.) < WBfU^LHn.)- (E.24) 
Since ||6 — l||i^oo < e, we have: 

\\NiPif)\\L^LHH.) < \\bNiPif)\\L^LHH.) 

< \\PiibNif))h^LHn.) + \\[bN,Pi]f\\L^L.^n.) 

< \\T>fUo.L^n.) + \\[bN,Pi]fh^mn.), 

where we used the L'^{Pt^u) boundedness of Pi in the last inequality. Together with the 
commutator estimate (19. 2p . we obtain the desired estimate flE.24p . This concludes the 
proof of Lemma | 
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E.3 Proof of Lemma 18.51 



Let us apply Lemma [8.31 with F = P<if where / is a scalar function. Then: 

\\P<lf\\L^,L^iH^,) (E.25) 

where we used the finite band property for P<; in the last inequality. Now, we have: 

I|D^<//IIl^(«„) < ||yP<J|U^(«„) + ||L(P<,/)|U2(«„) + ||iV(P<J)|U.(«„) (E.26) 
< 2'||/|U3=^.(^„) + ||nL(P<,/)|U.(«,„) + l|6iV(P<J)|U.(^„), 
where we used the finite band property for Pi in the last inequality. Also: 

||nL(P<,/)lU.(H„) + ||6iV(P<J)|U.(^„) 
< ||P<KnL(/))|U.(«„) + ||P<,(&iV(/))|U.(^„) + ||[nL,P<,]/|U.(^„) + || [6iV, P<,]/|U.(^„) 

which together with the commutator estimate fl9.4p implies 

||nL(P<J)|U.(^„) + ||6iV(P<J)|U.(^„) (E.27) 

< (Iln(^^(/))IU^(W.) + ||P,(feiV(/))|U.(«„) + 2''||/|Uc,^.(«„)) 

< (Iin(^^(/))IU^(«.) + l|P,(&iV(/))|U.(«„)) + 2'||/|Uso^.(^„). 

Finally, in view of flE.25p - (IE.27p . we obtain the conclusion of Lemma [8.51 



E.4 Proof of Lemma 18.61 

Lemma [8.91 with the choice p = 2 yields the following estimate for any a > i: 

U-L2(«„,) < $^ll^i/IU^i2(^^,) (E.28) 



, ^ - - 

- Z^II-^i/llls°L2(«„)ll^-^i/llls°L2(H„) 
i 

< 5^2^||P,/||,5,,.(^„) 

3 

< (^J]2-^(i-)j||AVIU5,.2(«„) 
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where we used the finite band property for Pj. 
Next, we evaluate [duj,P<i]f. We have: 

d^U{T)f = U{r)d^f + W{T) 

where W{r) satisfies: 

{dr - ^)W{t) = [9^,f]f/(r)/, 1^(0) = 0. 
Using the definition of Pq f lXTij) and flK29|) . we obtain: 

POD 

[d..,P,]f= / m,iT)WiT)dT. 
Jo 

Together with (lE.28p . this yields for any a > |: 



(E.29) 



\\[d.,P<l]f\\L-,LHH^,) < 



q<l 



(E.30) 



< 



< 



< 



. q<l 



. g<l 



sup||A"W^(r)|U.(^„) 



AW(r)|U.(^„)rfr 
dr] sup||A"iy(r)|U2(^„) 



Let 



< a < 1. 



The energy estimate f l3.28p implies: 



1 ° 

< r [ [ A'^WiT')[d^,miT')fdfIt,^dtdT' 
0_Jo JPt,u 

< / II A l+QT 



< 



/ ||yA'^iy(r')|U.(«„)||A-i+»[9.,A]f/(r')/||L^(u.)^r', 
where we used the property fl3.2ip for A. Thus, we obtain: 

l|A"W^WIIi^(«.)+ rm''W{T')\\l.^^^^dT'< r\\A-'^''[d^,mir)f\\hin.)dr'. (E.31) 
Jo Jo 

The following formula has been established in [21]: 
[d^, A]f/(r)/ = -2y^^^Vjvf/(r)/ + 2^(c'^Ar, fU{r)f) - tiOf, ^^U{T)f 



(E.32) 
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where 6 = x + V has been defined in fl4.65l) . The estimates ( l2.67p -( ETn]) for 6, fl2.75p for 
dujN and (12.761) for d^tiO together with the Gaghardo-Nirenberg inequahty (13.31) . the fact 
that a < 1, the estimate <K2B for A-i+" and flK32|) imply: 



||A-i+"[9.,f]t/(r)/|U.(«„) < ||[a.,A]f/(r)/|| 



< 



iyV^f/(r)/|U^(«„)||9^iV|| 



L° 



+ll^llL^L^I|5c.iv|u.||yf/(r)/|L.^4, 

+ ||9^tre|Lc.^.J|yV^f/(r)/|U.(^„) 
< l|y^f/(r)/|U.;«„) + ||yV;vf/(r)/|U.(«„). 

Together with the Bochner inequahty for scalars (14.381) . the estimates for h (12.681) and the 
definition of V flRT6|l yield: 

IIA-i+n^^, A]f/(r)/|U.(^„) < ||At/(r)/|U.(^,,) + \\fU{r)V,Nf\W^n.) + II^^W 

(E.33) 

Using the Heat fiow estimate (13.91) . we have: 

^0 

Using the Heat fiow estimate (13.81) . we have: 

POO 

\\Uir)VNf\\Un.)+ / mir)VNf\\Un.)dr<\\Vj,f\\h^n.y (E.35) 
The estimate flRTT]) for fV, flK33l) . flKMD and flE:35|l imply: 

\\A-'^'^[d^,mir')f\\h^n.)dr' < l|D/||i.^.(^„), 
which together with flE.3ip yields: 

l|AW(r)||i.(^^) + r||yA"H^(r')||i.(«„)rfr' < ||D/||i.^.(^^). (E.36) 
Jo 







Since flE.36p holds for any | < a < 1, we obtain together with flE.301) 

P<l]f\\L°^L^H^,) < ||D/||ls°L2(«„)- 



This concludes the proof of Lemma 18.6 



E.5 Proof of Lemma 18.7 

We have: 



\^tQ<i{N)\\l^lhj:,) + ||VDTg<i(Ar)|| 

< ||D„rQ<l(A^)||L-L2(2^) + ||VD„TQ<l(iV)|Uc„i2(2^) + ||Vn|Uc«i6(2,)||DTQ<l(Ar)||iooi3(s,) 

< \\r>r,TQ<l{N)\\L^LH^,) + ||VD„TQ<i(iV)||i^i2(s,), 
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where we used in the last inequahty the estimates (I2.66P and (I4.5ip for n, and the Sobolev 
embedding f l3.68p on S^. This yields: 



||DTQ<i(iV)|Uc«^2(s,) + \\VBtQ<i{N)\\l^lh^^) (E.37) 

< ||g<i(D„TA^)||i^i2(s,) + ||VQ<i(D„riV)||i^i2(s,) + \\[r>nT,Q<i]iN)\\L^LHi:,) 
+ ||V[D„t,Q<i](A^)||l-l2(so 

< ||D„TiV|Uc.i2(s,) + ||[D„r,Q<i](iV)|Uc»^2(s,) + ||V[D„r,Q<i](iV)|U-L2(£^). 



Now, we have in view of the Ricci equations (12.231) . we have: 

which together with the estimates (12.661) for n and (I2.7ip for ( yields: 

||D„TA^||Lf L2(S0 < ||Vra||ioo^2(2,) + llClUf L2(St) < e. 

Together with flE.37p . this yields: 



||Drg<i(Ar)|U-L2(£^) + \\VBtQ<i{N)\\l^l2^^^) 
< ||[D„r,Q<i](A^)||Lri2(2,) + ||V[D„r,Q<i](A^)||L,-L2(so+^- 



(E.38) 



Next, we estimate the commutator terms in the right-hand side of flE.38p . Using the 
definition of Qj, we have: 



[r>nT,Qj]N 



mj{T)Z{T)dT, 



where Z{t) satisfies: 

{dr - A)Z{r) = [D„T,A]r (r)iV, Z{0) = 0, 
with Y{t)N the solution of: 

{dr - A)Y{t)N = 0, Y{0)N = N. 

In view of flE.39p . we have: 

||[D„T,Q<i](iV)||LrL2(E0 + ||V[D„r,Q<i](iV)|Uc„^2(2,) 



(E.39) 



(E.40) 



(E.41) 









POO 


2 


< 


sup||Z(r)||L2(s,) 


+ 


/ ||VZ(r)||i.(s^)rfr 






r 




^0 





Our next goal is to evaluate the right-hand side of flE.4ip . Multiplying f lE.40p with 
Z{t) and integrating on and with respect to r yields: 



dT'<r [ ZiT')[-D^T,A]YiT')NdJ:tdT'. (E.42) 



236 



In view of the commutator formula fl3.92p . we have: 

[D„T, A]F(r)A^ = nk\/'^Y{T)N+{nR + k\/n + n\/k)\/Y{T)N 
+ (VWn + kAn)Y{T)N + V(ni?F(r)iV). 

Integrating by parts, this yields: 

Z{T')[DnT,A]Y{T')NdJ:tdT' 

= [ [ nkVZ{T')VY{T')N(n:tdT' + [ [ Z(r')(nR + Wn + nVA;) Vy(r')A^t^Strfr' 

Jo JT,t Jo JT.t 

+ [ [ Z{T'){VkVn + kAn)Y{T')NdJ:tdT' + [ [ nRVZ(r')F(r')iVdSidr' 
Jo Jjit Jo J^t 

< r||V^(^OIU^(Eo(l|VF(rOIU3(Eoll^^llL6(EO + r(r')||L^(EolNR||L^(Eo) 
Jo 

+ ||^(r')IU6(so (||Vr(r')|U3(2,)(||nR|U2(2,) + ||nVfc|U2(2,) + ||Wn|U2(so) 







+ r(^')llLa(E0(l|VWn||^3^^^^ + ||A:An||^3^^^p )dr' 

< e£||VZ(r')|U.(so(l|Vr(r')|U3(EO + r(r')|U^(Eo) 
+ ll^(r')l|L«(Eo(l|Vr(r')|U3(so + r(r')|U6(s,))dr' 

where we used in the last inequality the estimates fl2.66l) and fl4.51l) for n, the estimate 
fl4.46p for k, the curvature bound fl2.59p for R, and the Sobolev embedding (13.681) on E^. 
Together with the Sobolev embedding fl3.68p . the L°° estimate (13.701) . and the Bochner 
inequality (I3.78P on S^, we obtain: 

r / Zir')[Br,T,A]Y{T')NdE,dT'<e r||V^(OllL^(so(l|A^(^')IU^(EO + l|Vr(r')|U.(so)rfr', 

Jo JT,t Jo 

which together with (]E.42p yields: 

ri|V^(^')lli2(E0^^'^ r(l|Ar(r')||i.(s,) + ||Vr(r')||i.(sJrfr'. (E.43) 
Jo Jo 

Now, usual Heat flow estimates for Y{t)N yield: 

r(l|Ar(rO||i.(^,) + ||Vr(r')||i.(s,))rfr' < ||DiV|U.(s,) < e, (E.44) 

^0 

where we used in the last inequality the Ricci equations (12.231) to compute DA^ in function 
of the ricci coefficients, and the estimates (I2.66p - (l2.7ip to estimate the ricci coefficient in 
L^Ll, which embeds in L^~L2(St). Finally, flK43|) and flKlil) yield: 

\\Z(r)\\l,,y.+ / ||VZ(r')|| dr'<e 







L'^(T,t) ^ I II ^^l' JllL2(St)"' ~ ^' 
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< 

< 



which together with (lE.4ip imphes: 

||[D„T,Q<l](^)IUrL^(SO + l|V[D„T,g<l](iV)||LrL^(EO 

In view of (lE.38p . this yields 

\\^TQ<i{N)\\L^LHj:t) + l|VDTg<i(Ar)||ic»i2(s,) < e, 
which concludes the proof of Lemma 18.71 

E.6 Proof of Lemma [8781 

Let 6j = 1 if j = I and otherwise. Our goal is evaluate the L°° norm of 

(7(g<i(iv,),g<i(iv,))-(5/. 

The L°° estimate (13.701) on together with the Bochner inequality (13.781) on yields: 

\\g{Q<i{N,),Q<,{Ni))-6i\\L^ (E.45) 
\\9{Q<i{N,),Q<M))-5i\\L^LH^,^ + \\W\giQ<,iN,),Q^,i^^^^^ 
\\giQ<liNJ),Q<^{N^))-5i\\L^LHJ:.) + \\AQ^^{N,),Q<^^^^ 

+ \\Nj\\L^\\J)Ni\\L^L2^^^) + ||DiV,-|U^L2(soll^dU- 

< \\g{Q<iiN,), g<i(iVO) - + e, 

where we have used the finite band property for Q<i, the boundedness of Q<i on L°°(Ef), 
the Ricci equations (12.231) to compute DA^ in function of the ricci coefficients, and the es- 
timates (I2.66p - (l2.7ip to estimate the ricci coefficient in L'^L'^i which embeds in L'^L'^iT^t)- 
Now, we have: 

ll^?(g<i(iv,),g<i(iV0)-5/IUrL^(so 

< lk(iv„ivo -5/|U^x2(s,) + ||^?(g<i(iv,-),g>i(iV0)IUrL^(so 
+||(7(g>i(iv,),g<i(iv,))|U^i.(so + lk(g>i(iv,),g>i(A^/))llLrL^(Eo 

< \\g{N,,Ni) - 5/||LrL^(E0 + ||iV,||L-||DiV,|Uc„i2(s,) + \\DN,\\l^lh^^^\\Ni\\l^ 

< \\g{N,,Ni)-6l\\L^L^^,)+e, 

where we have used the finite band property for g>i, the boundedness of Q<i on 
the Ricci equations (12.231) to compute DA^ in function of the ricci coefficients, and the es- 
timates (I2.66p - (l2.7ip to estimate the ricci coefficient in LfL^., which embeds in L'^L?{Tit)- 
Together with (IE. 450 . this yields: 

\\g{Q<,{N,),Q^,{N{))-5l\\L^ < \\g(N,, Ni) - dlh^LHi:,) + e. (E.46) 

Next, we have: 

\\giN,,Ni)-5jh^LH^,) 

< UN„Ni) - 5/|U.(So) + \\BTgiN„N,)\\L.^M) 

\\g{N,,Ni) - + ||iV,|U^||DiV,|Uc»^2(s,) + ||DiV, |Uc„^.(sol|iVdU^ 

< r 
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where we have used in the last inequahty the estimate on g{Nj,Ni) on Sq derived in 
[21], the Ricci equations f l2.23p to compute DA^ in function of the ricci coefficients, and 
the estimates fl2.66l) - fl2.71l) to estimate the ricci coefficient in L'^L'^i which embeds in 
LfL'^{T.t). Together with flK46|) . we obtain: 



MQ<i{N^),Q^,{Ni))~5l\\L^<e. 

This proves that Q<i{Ni), Q<i{N2) and Qki^N^) form a basis of the tangent space of S^. 
This concludes the proof of Lemma I8.8[ 



E.7 Proof of Lemma 18.91 

Let {if, ip) the spherical coordinates on §^ such that ip measures the angle in the plane 
spanned by u,u', and ip measures the angle with the axis u A u'. Then, we have in 
particular: 

d^u ■ (cu - to') = 0. (E.47) 
Now, we claim that we have the analog estimate: 



Indeed, we have: 



\g{d^N,N-N')\ < \co-tu'\ie+\Lo-tu'\). (E.48) 



g{d^N,N-N')= I g{d^N,d^N")du"{u' -co) 



where d^N" = d^N{.,uj"). This yields: 



\g{d^N,N-N')\<\co-Lu'\ sup \g{d^N,d^N")\, 

a;"e[aj,aj'] 



and flE.481) now follows from: 



sup \g{d^N,d^N")\<E+\uj-uj'\. (E.49) 

oj"e[uj,u;'] 



Now, let ui G defined as: 



u — u' 



lu — u'\ 



Arguing as in the proof of (12.821) . we have: 

\\g{d^N", iVi) - IIIloo < £ + - tu'\. (E.50) 
The choice of ui and the fact that if measures the angle with the axis u Au' implies 

dipU ■ ui = 0. 

Arguing again as in the proof of fl2.82p . we obtain: 

\\g{d^N,N^)\\L^ <e+\cu-cul 
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which together with (lE.SOp yields (lE.49p . This concludes the proof of (IE.48p . 

Now, we consider the coordinate system on l-iu' consisting of the functions t, u and 
d^pU, where u = u{t,x,ijj) and d^^u = dy,u{t,x,u). The fact that it is indeed a coordinate 
system on Hu' follows from the fact that {u, d^u) is a coordinate system on Pty- The later 
claim follows from the invertibility of the corresponding matrix of the metric coefficients 
in the coordinate system {u, d^u) which we check now. Using the fact that g{N, d^N) = 0, 
we easily compute the following identities for the coordinate system {u^d^u) on Pt,u''- 



du l-g{N,N'Y'- ' ' ' g{d^N,d^N)\'^ l-g{N,N' 

and: 



dd^u gid^N,d^N) ^ 

Let 7' denote the induced metric on Pty. The previous identities yield the corresponding 
coefficients for 7' in the coordinate system {u,d^u): 



7 



and 



d_ d_\ ^ A _ MN, N')g{N',d^N)d^b _ 2g{N, N' fg{d^N, N'f 

du du) l-g{N,N'Y\ g{d^N,d^N)b l-g{N,N'Y 

(E.51) 

' ( ^ — ^ = ^^^^ fE ^21 

^ \dd^u du) g{d^N,d^N)' ^ • ' 

7'f^,^V^^. (E.53) 



ddipU dd^pU 



Note that we have: 



which together with (I2.82p and the fact that ||i9(^A^||l°o < 1 yields: 

1- g{N,N'f ^\uj -uo'\^. (E.54) 

Now, since \\g{d^N ,d^N) <6, 116-111^-= <e, and in view of (IE.48P 

and (lK5T|) - (lK54l) . we have: 

\du du J Iw — cj'p' ydd^u du J ' ydd^u dd^u J 

This yields the following estimate for the determinant |7'|: 

Since |7'| 7^ in view of flE.SSp . {u,d^u) is a coordinate system on Pty- Note also 
that this coordinate system is global. Indeed, t,u and d^pU are defined everywhere on Ai, 
and thus everywhere on so we only need to show that {t, u, d^u) is one-to-one on T-Lu'. 
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t and u being fixed, this is equivalent to check the injectivity of d^u on „ fl Pty- Next, 
we check the injectivity of d^pU on Pt^u H Pt,u'- Let i a curve in Pt^u H Pty parametrized 
by arc length. We have: 



(E.56) 



g{-b~^d^bN + b-^d^N,i) 
b-'gid^N,i), 



where we used in the last equality the fact that £ is a curve in Pt u fl Pty which yields: 

g{i,N)=g{i,N') = 0. 
Note that this implies the fact that: 

N'-g{N,N')N . 



^l-g{N,N'y 



forms an orthonormal basis of S+. Now, we have: 



g{d^N,N) = 



and: 



g d^N, 



N' - g{N, N')N 
^l-g{N,N'y 



g{N,N')g{d^N,N'-N) 



y/1 -g{N,N'y 
< e+\uj-uj'\, 



where we used flE.48p and flE.54p in the last inequality. Since g{d^N,d^N) = 1 + 0{e), 
and since 

A^' - ^(A^, N')N . 



y/l~g{N,N'y 



forms an orthonormal basis of St, we deduce: 

g{d^N,i)^0 

which together with ( IE.56P and the fact that 6 ~ 1 yields: 



— [d^u{e{a),uj)] ^ for all a. 
da 

In particular, d^pU is one-to-one along i which implies that d^pU is one-to-one on any connex 
component of Pt^u H Pty- 

Thus, to conclude that d^u is one-to-one on Pt,uf~^Pt,u' , is suffices to show that Pt^u^^Pty 
is connex. Assume for some <tQ < 1 that Ptg^u H Ptoy is connex. Note that on "H^/, we 
have: 



du 



dt 



\giL, L')\ = l- giN, N') = ^giN -N',N- N') > \iu - uf 
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where we used ( I2.82p in the last inequahty. Thus, we have: 



du , 

and the imphcit function theorem imphes that in a neighborhood of t = to of size depend- 
ing only on \uj — w'p (but not on to), Pt,u H Pt,u' is the image of Pto^u H Pto,u' by a smooth 
map. Thus Pt^u H Pt.u' is connex for t in a neighborhood of t = to of size depending only 
on \uj — cj'p. Therefore, if Po,m l~l Pq.u' is connex, applying the implicit function theorem 
successively 0(\uj — we obtain that Pt^u H Pt^u' is connex for all < t < 1. Now, 

Po,u n Po,«' is connex as an easy consequence of the construction in |21j on the initial slice 
t = 0. Therefore, Pt^u H Pt,u' is connex for all < t < 1. 

Finally, we have obtained the fact that (t, m, d^u) is a global coordinate system on 
Now, we use it to estimate the norm of a scalar / in L^('H„') for 2 < p < +oo. Let uq a 
real number. We have: 

Un^,^^^) =11 m^^/VAddM^dt (E.57) 







< 



Ifl^dd^ududt J , 



I /I 1 I I ij I "-^i/j"- I 

|a; — w'l yJo i / 

where we used ( ]E.55|) in the last inequality. Note that we have on u' = uq the estimate: 



\u — uo\ = \u — u'\ < \\dcju\\L°°\u — u'l < |w — u'\ 
which together with (1E.57|) yields: 

1 f PUO + IUJ-LU'I P 



Next, recall the global coordinate system ^t,uj on introduced in (lE.ip . Since 
{d^u, d^u), we have in view of flE.SSp : 



1 f puo + luj-w'l P \ 

Un, )^| 7\\ / snp \f{<l>-'^{u,y„y,Wdy,dudt]. (E.59) 



1 f rUQ + \uj-uj'\ 

'o Juo~\iLj-uj'\ Jyi 1/2 

From a standard estimate in M^, we have: 



< 



/ snp\f{^-^{u,y,,y2Wdy^ (E.60) 
\f{^-'^{u,yr,y2))\'^^-'^dy,dyX ( [ \dyj{^~'^{u,yuy2))\'dy,dy2 



y / \->y 

1 1. 

2 / „ \ 2 
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where we used the estimate (lE.Sp for the coefficients of the induced metric 7 on P^^u in 
the global coordinate system $^2(^)2/1)^2)- Together with (IE.59p . this yields: 



1 puo+luj—uj' \ 

p < 

" 1^ _ ^ I 1 JuQ-\iU-Uj'\ 




1 1 

2 / „ \ 2 



/ \f\'^P-'Ufit,u] { [ \ff\''dfit,u] dudt 

JPt,u / \JPt,u / 



\UJ — UJ' 



L2(P-1)(-H„)I 

UQ — \UJ — UJ' I 



~ ll/llL->L2(p-i)CH„)ll^/IUs°i"(W-)- 

Since this holds for any real number Mq) we take the supremum which yields: 
Finally, let F a tensor. Applying the previous inequality to / = we obtain 

This concludes the proof of Lemma I8.9[ 

E.8 Proof of Lemma [8321 

Let 2 < r < +00. Then, we have 



\FH\\TrTca ^ Lf^ r2rroo Lff r2rroo 



Thus, it suffices to bound F'^H and F'^H in LlB2i{Pt,u)- These terms are treated 
exactly in the same way, so we focus on F^/H. We have 

||P,-(Fy/7)|U,.^2, < J2\\P,iFPiifH)\\LiLlr (E.61) 
I 

Next, we estimate the right-hand side of flE.6ip . Using the finite band property for 
Pj, we have 

\\P,iFP,ifH)hr^.^ (E.62) 

< 2-^mFP,{fHm,r,.^ 

< 2-^||y(F)P,(yiJ)|L.^2, +2-^||FyP,(yi7))lL.^2, 

< 2-^mF)\\^.r^.JPl{fH)\\L.r^^+2-^\F\\^.r^^^^^^ 

< 2-^-+'||P,(yi7)|L3.^2,, 

x' 

where we used in the last inequality the finite band property and the sharp Bernstein 
inequality for tensors (14.411) for P;, and the assumptions on P. Also, we have 

\\p,{FPi{fH)\\^rL.^ < 2-2'||p,.(pfp,(yiJ)iL^i2, 

< 2-2'||p,djA.(pypKyi/)iL^z.^, +2-2'l|p,(ypyp,(yi/)iL.i2, 

< 2^--2'||pypKyi/)iL.^2, + 2^--2'liypypKyi/)IL2,.^i,, 
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where we used in the last inequahty the finite band property and the dual of the sharp 
Bernstein inequality for tensors fl4.4ip for Pj. We obtain 

||P,-(FPKWIlLrL^, (E.63) 

< 2^-'e\\fPi{fH)\\L.r^.^, 

where we used in the last inequality the finite band property for Pi, and the assumptions 
on F. Finally, using (]E.62p for / < j and (]E.63p for / > j, we obtain 



\\PjiFPi{fH)UrL.^ < 2-\^-'\E\\fPi{fH)Ur^.^, 
which together with flE.61j) and the assumption on H implies 

\\FfH\\LrBO^,iP,,^)<e. 
This concludes the proof of the lemma. 

E.9 Proof of Lemma [8381 

Note that it suffices to prove for any / > the estimate 

m,Pi]f\\L^,L'Hn^,)<2h, {EM) 
provided / satisfies the assumptions of Lemma 18. 181 Let W{t) solution of 

{dr - ^)W{t) = [d^, f ]f/(r)/, W{0) = 0. (E.65) 

Then, we have 

POO 

[d^,Pi]f= / mi{T)W{T)dT. (E.66) 
Jo 

Assume that we have the following decomposition for W: 

W = Wi + W2, (E.67) 
where Wi and W2 satisfy respectively 

sup||l^i(r)|U.(^„) + \\fW,{-)h2LHn.) < e, (E.68) 

r 

and 

\\W2{T)\\LHn.) + V^WfW^i-n^LHn.) < e. (E.69) 
Then, (IKBTI) . flKHSj) . f lKMj) together with flKHHj) yields: 



POO 

m.PiMWL^LH'H.) < sup / miiT)\\W{T)U^n.)dT (E.70) 

u Jo 

poo POO 

sup / mi{T)\\Wi{r)\\L2(nu)dr + snp / m,(r)||iy2(r)||L2(w„)C?r 

U Jo U JQ 



< 



< 



00 



^ e mi{T)dT 
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and 



\W^.Pl]f\\L^L^ 



< sup / mi{T)\\fW{T)\\L2(^n^)dT 

u Jq 



{E.71] 



< sup / miiT)\\fWiiT)\\L2^n^^dT + snp m^(r)||yiy2(r)|U2(^„)rfr 
u Jq u Jo 



< e miirfdrj +ej mi{T)T'2dT 

( ]E.70p and (IE.7ip together with Lemma [8.91 yield 



< 



ilJ \\l^LHnJfl9u,Pi]f\\l^L2^^^) < 2-26, 



which is flKM]) . Thus it remains to prove ^K67\f flKGSj) flKGOD . 

We first precise our choice for Wi and W2- Let h a scalar on function on S^. Then, 
we have the following commutator formula 

[d^, = -2f Q^^VNh + 2e{d^N, fh) - tiOf Q^j^h - d^treV Nh. (E.72) 

(1E.72P is in the spirit of section I6TT1 We refer to section 5.1.1 of [21 J for a proof. We have 

VmU{T)f = U{r)Vmf + V{t), (E.73) 

where V{t) is the solution of 

{dr - = [VbN, A]f/(r)/, V(0) = 0. (E.74) 

In view of (]E.72|) and (IE. 731) . we deduce 

[a^,f][/(r)/ = -2y,^^{h~^U{r)V,Nf)-2fQ^j,{h-'V{r)) + 2e{d^N,fU{T)f) 

-tiefg^^Uir)/ - b-'d^tTeU{r)VbNf - b-'d^tieVir). (E.75) 

We choose Wi and W2 solution of the following equations 

{dr-^)Wi{r) = -2d]^{d^Nb-'U{r)VtNf)-2fQ^^{b-'V{T)) 



-2e{d^N, fU{r)f) - tiOf g^^U{T)f - b-'d^tieVir 



and 



Wi{0) = 0, 



{dr-^)W2ir) = b-\2d]^{d^N)-d^ti9)UiT)VbNf, 

1^2(0) = 0. 



(E.76) 



(E.77) 
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In view of (IE.65p . (lE.TSp . (IE.76P and (lE.77p . we have (IE.67p . Thus, it remains to prove 
the estimate flE.GSp for Wi and the estimate flE.69p for W2- We start with the estimate 



f lE.68p . The energy estimate f l3.12p imphes: 



\\Wi{rWmn.)+ IIW(^')lli^(w„)^r'= / / W^iT'){^r-^)W,iT')d^^,,^dtdT'. 
Jo Jo JHu 

(E.78) 

In view of (lE.76p . we obtain after integration by parts 



JHu 

< \\b-'d.NU^ r\\fW,iT')h2^nJ\UiT')V,Nf\\LHn.)dT' 

Jo 

+ \\b'^\\L^i\\du.N\\Loo + II djA^(9^iV) 11^00^2 + ||9^tr^|Uc»i2 ) 

^ x' >^ x' 

X r||yW^i(r')IU^(«„)liy^(r')llL^(«.)rfr' 

^0 

+ \\d.N\\L^\\eh^L.^ r\\fW,iT')\\L.^nJfU{r')fh^n.)dr' 
Jo 

< r\\fW,{T')\\L^n.)i\\U{r')W,^fhHn^ + ||yV(r')|U^(«„) + \\fU{T')fh^n.))dr\ 



< 



where we used in the last inequality the fact that 9 = x + V (see (14.651) ). the estimates 
fl2:69|) flXTOjl for X, the estimate (^:W7} for k, the estimate fl2:6k|) for b, the estimates flXTBj) 
(I2.76P for d^N, and the estimate (12.761) for d^x- Together with (lE.78p . we deduce 

r \\fWiir')\\l,^^^^dT' (E.79) 

Next, we evaluate the right-hand side of flE.79p . The heat flow estimate (13. 8p yields 

mir')\\hin.)dr' < WfWl^LHn.) < (E.80) 

where we used in the last inequahty the assumptions on /. A heat flow estimate yields 

/V(r')V.^/||i2(«,„)rfr' < ||A-^(V,^/)||isoi2(^„) < e\ (E.81) 

where we used in the last inequality the assumptions on /. Also, as a consequence of the 
estimate (IF. 170 which will be proved later, we have 

f m{r')\\l,^^^^dr' <M,{ff <e\ (E.82) 

^0 



where we used in the last inequality the assumptions on /. Finally, flE.791) . flE.80p . flE.8ip 
and flE.82p imply the desired estimate flE.68p . 
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It remains to prove the estimate (lE.69p . Using (1E.77P together with Duhamel's for- 
mula, we have 

W2{t)= [ Uir-a)[b-\2d]^id^N)-d^tTe)Uia)VbNf]da. (E.83) 
Jo 

Using the Gaghardo-Nirenberg inequahty (13. 3 p and the heat flow estimate f l3.10p . we have 
for any scalar h and any 2 < p < +00 



\mr)h\\ 



r 2 p 



(E.84) 



In view of the formula (1E.83P of W2, and using the dual of (lE.84p . we have: 



\Wo(t) 



< 



< 



< 



< 



\\U{t - a) [b-\2dUd^N) - d^tT0)U{a)VtNf] \\LHH^)d(T 
1 



[T~a)* 
1 



r\\b-\2di^id^N) - d^tre)h^r.^,\\Uia)\/,Nf\\LU\da 
(r — cr)4 



(r — o") 4 (74 



da. 



(E.85) 



where we used in the last inequality the fact that 



a' 
27' 



(JEHU) with p = 4, the fact that 6 = x + V (see dMSD), the estimates (12:691) fl2Top for x, 
the estimate (jMZD for k, the estimate fl2!6gp for b, the estimates f l2T5P fl2T6P for d^N, 
and the estimate (I2.76p for d^^x- The heat flow estimate (I3.27P and flE.85p yield 



\W2{T)\\mHu) ^ ^ 



(r — (j) 4 (7 4 



•{Hu 



(E.86) 



< 



where we used in the last inequality the assumptions for /. Next, we estimate yW2. 
Using the fact that 



we obtain 
\\W2{r)\\ 



< 



\2 2 



\\fU{r - a) [b-\2d]^{d^N) - d^tTe)U {a)V f] \\LHnu)da 

[b'\^md^N) - d^ti9)U{a)Vmf] 
V r — a \ Z 2 / ^ 



da. 
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where we used in the last inequahty the estimate f l3.10p for the heat flow. Then, arguing 
as for the proof of flE.861) . and noticing that we have: 



da <T 2 . 



3 3 r\J 



{t — a)t ai 
we obtain: 

\\fW2iT)h2^n.)<r-h. (E.87) 
Finally, flE.86p and (IE.87P imply the desired estimate flE.69p . This concludes the proof of 



Lemma 18.181 



E.IO Proof of Lemma KT9 



We start with the estimate for ^6. We have 

fmfb = nVmib)) + [y,^, f]b, (E.88) 

with 

hi = Vmib) and = [f,^, f]b. 
In view of the commutator formula (12.50 p . we have 

\\hl\\L^LHH^) + \\H2\\ I < \\m\\L^L2(^nu) + \\b{x + k)fb\\ . 

t x' t x' 

< WDb\\L^L^(^nu) + II^IU-dlxlL-L*, + \\k\\Lr'Ll,)\\fb\\LHnu) 

< e, . . ^^^^^^ 

where we used in the last inequality the estimate (12.681) for b, the estimate (I2.67P for k 
and the estimates (1^:^ (I^TOD for x- 

Next, we consider the estimate for (. In view of the identity (12.261) . we have 

fmC = fh3 + H,, (E.90) 

with 

hs = b-^Vm{b) = b-^h and = b-^{f^^, y]b + f^^e = r^i/s + f^N^- 
We have 

||/i3|U-L2(W„) + ||i^4|| I < \\b-^hi\\L^LHHu) + \\b~^H2\\ 4 + \\fbN4.^A 

t x' t x' t x' 

< ||&"iL-(||/il|U-L2(W„) + \\H2\\^^^^) + \\b\\LA\f N^WL^i-Hu) 

< e, (E.91) 



where we used in the last inequality the estimate ( I2.67P for e and the estimate (1E.89P for 



hi and H2. Finally, ( 1E.88P -( lE.9ip yields the desired decompositions. This concludes the 
proof of Lemma 18.191 
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E.ll Proof of Lemma [87201 

Recall the transport equation fl6.39p for d^^b 

L{d^h) = -b(d^N - d^{b)6 - Id^Nb. 
We differentiate with respect to L. This yields 

L{LdJ) + [L,L]dJ = ~bf^Cd^N-mCd^N-bCy^^^^-Ud^{b))~5-d^{b)m 

-fi^d^Nb - y^g^j^b - iQ^NLib). 

Together with the commutator formula (12.461) . we obtain 

LiLd^b) = -bf^Ca^N + f, (E.92) 

where the scalar / is given by 

/ = -LibXa^N - Kf^g^N ~ ^^(b)L(5) - fjIg^Nb - y^g^Nb - eg^NUb) 
-(5 + n-^VNn)L{dJ) - 2(C - C) • fd.b. 
f satisfies the following estimate 

Wfh^LHn.) (E.93) 

< {\\m\\Ll,L?^ + ||D9^iV||^.,^c» + \\L{dM\Ll,Lr + \\fdMLl,L?^) 
X (l + IICIU-L? + llelU-L? + Ml'^l^ + \\n'^^Nn\\L^ + HCIIl-l?) 

x(l + \\d^N\\Loo + \\b\\Lo. + + \\fLe\\L^L^nJ\du>N\\L^\\b\\Lo. 

< e, 

where we used in the last inequality the estimates fl2.66p - fl2.68p for n, e, 6, ( and b, the 
estimate fl2.7ip for (, the estimate fl2.75p for d^^N, and the estimate fl2.76p for d^jN and 
dujb. 

In view of the identity fl2.26p . we have 

bfiXd^N = bf^{b-yb + e)g^i, (E.94) 

= {yLfb)d^N-b~^L{b)yg^^b + y^ea^M 
= d\^{L{b)d^N) + 

where the scalar /i is given by 

h = {Wl^ y]b)d^N - mmd.N) - b-^m^g^^b + f^ea^^. 

In view of the definition of /i, we have 

ii/iiL 4 < m,.m\,,A\\d^mL^ + \\m\\LrL^uHd.N)\\LrL^ 

M\b-^d^N\\LAL{b)\\L^Ll}\fb\\L^L.^ + \\yj^e\\L^ 
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where we used in the last inequahty the estimate (I2.68P for b, the estimate (I2.67P for e 
and the estimates f l2.75p fl2.76p for d^^N. Together with the commutator formula fl2.45p . 
we deduce 



II/: 



111... 4 < mixyb)\\^^,.^\ 



^ cr,' 



r4 +e 



(E.95) 



< 



where we used in the last inequality the estimates fl2.66p -( l2TT|) for 6, x and ^. 

In view of the transport equation (IE.92P and the estimate for its initial data, we have 



nL{Ld^h) = -d\fj{nUh)d^N) + /s, 

where /2 is given by 
In view of the definition of /2, we have 

1^/11 

lhlU-(ll/il 



(E.96) 



ll/2lL,.4 ^ wmfa^Nn 



^ x' 

< \\L{h)\\LrL^,\\fn\\L^,L^,\\du.N\\L^ 



T.' 



+ IK fill 4 

T.' 



T.' 



(E.97) 



4 + 



where we used in the last inequality the estimate fl2.68p for b, the estimate fl2.66p for n, 
the estimate f l2.75p for d^jN, the estimate (1E.93P for / and the estimate (1E.95P for /i. In 
view of the transport equation (1E.96P and the estimate for its initial data, we have 



\A-\bLd^b)\\L^L^^<e + 



+ 



A 



-1 



b /*/2 



z x' x' 

(E.98) 

Using the estimate (13.250 for A^^ and the estimate fl3.64p for transport equations, we have 

I^IU^IIML 4 (E.99) 













< 


b f f2 


< 

4 




^ x' 


Jo 


L?°L^, 

^ x' 



where we used (1E.97P and the estimate fl2.68p for b in the last inequality. Finally, we 
define 



t 

w= I d]/^{L{b)d^N) 
'o 



and the tensor W solution to the following transport equation 

fnL^ -nx-W = Ub)d^N, = on Pq,.- 
Then, Lemma [5.21 implies 

< \\L{b)du.N\\LlL^^, 



\\dHW)-w\\^^j ~ 



(E.lOO) 



< 



< 
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where we used in the last inequahty the estimate f l2.68p for b and the estimate fl2.75p 
for dujN. Also, in view of the transport equation satisfied by W, the estimate fl3.64p for 
transport equations yields 

< II^X ■ W\\l2^lI + \\L{b)d^N\\L2^Ll 

^ II^IU-IIxIIl-l2||W^IU2(w„) + \\L{b)\\L^Ll,\\du^N\\L^ 

where we used in the last inequality the estimate fl2.66p for n, the estimates fl2.69p fl2.70p 
for X, the estimate fl2.68p for b and the estimate fl2.75p for d^jN. We deduce 

\m\L^Ll,<e. (E.lOl) 

Using the estimates (13.231] and fl3.25l) for A~^, we have 

\\A-\bw)h^Ll, < \\A~\b{w-dHWmL^Ll, + \\A-\bd\^{W))h^L.^ 



< 



< \\b\\L^\\w-d]^iw)\\ . + \mb)-w\\ . + \\bwh^L-^ 

< \\b\\L^\\w~d]^iW)\\ .+\\fbU^L.,\\Wh^L.^ + \\^^^^^ 

1^ [ XX X 

< 

where we used in the last inequality the estimate fl2.68p for b and the estimates (lE.lOOp 
and (lE.lOip . In view of the definition of w, and together with (lE.QSp and (lE.99p . we 
finally obtain 

\\A-\bLdMLrLl<e. (E.102) 

On the other hand, we have 

\\A-\bLdMLTL^ < WbLd^L^L^^ (E.103) 

t x' x' 

< \\b\\Lc^\\Ld^b\\L^L2^ 

< e, 

where we used in the last inequality the estimate fl2.68p for b and the estimate fl6.4ip for 
d^b. Recall that 

which together with flE.102p and flE.103p implies 

\\A-\bNdMLrL-,^^- 

^ x' 

This concludes the proof the lemma I8.20[ 
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F Appendix to section M. 

F.l Proof of Proposition 19.11 

Using the definition fl3.14p of Pj, we liave: 



mj{T)V{T)dT, 



wliere V{t) satisfies: 



{dr - mir) = [%j„mir)F, ViO) = 0. 



flRTjl yields: 



< 



T 3 



(F.l) 



(F.2) 



(F.3) 



In view of (19 .ip and (IF.Sp . we liave to estimate || V"(r)||^2(p^ Let a,p real numbers 
satisfying: 

0<a<-, 2<p< +00, such that p < min ( ^, ) . (F-4) 



4' 



3' 2-a 



The energy estimate fl3.28p implies: 

A-2"\/(r')[y&iV, /^]U{r')Fd^it,udT'. 



< 



(F.5) 



JPt 



We need to estimate the commutator term ^hN ^ . Using the definition of 6 (14.651) . 
we may rewrite the commutator formula (I2.50p for any m-covariant tensor Ha tangent to 
Pt,u as: 

yBfrn^A-y.^llB^A = hOBcyc^A (F.6) 

+ h^{-eBch'^fc^ + esch'^fc^ - kABkcN + ksckAN 

i 

-^GA.C*(/3B+^.))n^,..C..A^. 



Using twice the commutator formula flF.6p . we have: 



(F.7) 



where the tensors H and G are given hj H = bO and G = 9 ■ ^/b + k ■ k + b*{P + f3). Using 
the curvature bound (I2.59P for (3, (3, the bound (12.681) for b, the estimate (I4.47P for k 
on Si, and the bounds flD.54p - (lD.56p for b and 6 on Sj, we obtain the following bound 
for H and G: 



|y7if||^ooi2(Si) + ||G'||L^L2(Si) < \\b\\L^\\f6\\L<^L2(^j^^) + 



+ 



Lf>L2(St) + ||^||Lf'L2(St)) 



< 
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Notice that the structure (1F.7P (IF.Sp is completely analogous to (]D.39p (]D.40p . Therefore, 
proceeding as in f lD.4ip . we obtain: 



Jo JPt,u 



< 



(F.9) 



The Gagliardo-Nirenberg inequality fl3.3p . the properties (I3.2ip and fl3.20p of A, and the 
Bochner inequality (13. 7p for tensors yield: 



iyf/(r')llL.(P,„)||yA-^'^V^(r')||L^(P,„)rfr' 



< 



< 



< 



,2(1-1) 



1 

2./0 



iyA-y(r')||i.(p,„)Cir'+ / r'-^||A-l^(r')||i.(p,„)Cir' 

Jo ' y 

which together with the estimates for the heat flow (13.81) and (I3.10p implies: 

iyf/(r')llL.(P,.)||yA-2"V(r')|U.(P,„)rfr' 



(F.IO) 
(F.ll) 







yA-'^V(r')||i.(p,,„)rfr' + 



2(p-2) 
7- op 



yA-'^V(r')||i.(p,,„)rfr' 



Finally, the choice of p flATT]) . flD^Sj) . flaiTjl and flD^ implies 



l|A-'^n^)||i.(P,„)+ rWfA-^Vir 
Jo 



,2(l-f) 



(F.12) 



Using the interpolation inequality (13 .20 p . we obtain: 



\\V{r)\\l 



L^Pt.u) 



dr < 



2(l-a) 



l|A-"^(r')IIZ^„)liyA-V^(r')||i.(p,,„)Cir' 



< 



2(1-1) 



(F.13) 
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The estimate (IF.Sp for H and G and the choice flF.4p for p, yields: 

"+00 



^j{'rW{'r)\\L^{Pt,u)dT 



< 2^" 

4 r\j 
T ^ 



\\V{r)\\ 



2 \ 2 



4 



,2(1-1) 



< 2^"(||yi/|Uc«^2(so + ||G|Uoo^2(so) ( 1 + II^LV^^so J W'^Fh^LHP,,.) 
f lFUil) and (El]) yield 



(F.14) 



Taking the supremum in t yields the desired estimate (19. ip . This concludes the proof of 
the proposition. 

F.2 Proof of Proposition [9721 



The proof of the estimate (19.31) being similar and slightly easier than the proof of (19.21) . 
we focus on (19. 2p . In view of (IF.ip ( IF.2p . we have: 



[bN,Pi]f= / m,ir)Vir)dr, 
Jo 

where V{t) satisfies: 

(dr - mir) = [bN, mir)f, ¥(0) = 0. 
Assume that V satisfies for all r 

Jo 

Then, in view of flF.151) . we obtain 

\\[bN,Pi]fU2^n.) + 2-'mbN,Pi]fU^n.) 

POO 

miiT)\\ViT)hHn.)dr + 2-^ / m^r) ||yy(r) |U2(«„)dr 



(F.15) 



(F.16) 



(F.17) 



< 



< e^^^if){ / miiT)dT + 2 



-I 



JO 

00 



mf(r)dT 



< 



e^flif), 



which after taking the supremum in u yields (19. 2p . Thus, it remains to prove (lF.17p . 
The energy estimate (I3.12p implies after integration along null geodesies: 

mr)\\lHn.)+ fm{r')\\l.^n.)dr'< f I V{T')[bN, mir')fd^^t,udT' . (F.18) 
^0 ^0 JHu 
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We need to estimate the commutator term [bN, ^]U. Using twice the commutator formula 
f l2.50p together with the fact that U{T)f is a scalar function, we have: 



[bN,^]U = Hf'^U + GfU 



(F.19) 



where the tensors H and G are given hj H = b{x + k) and G = b^x + + (x + 
k)y7b + x(e + + xC + + Using the curvature estimate fl2.59p . and the estimates 
fl2.66p -f l2n]) for k, b, x, ^ and x, we obtain the following bound for H and G: 



< 



< 



\\b\\L^iAfi{x)+^fi{k)) + \\iL,f)b\\,.,.J\\xh^^., + 

+ll/3|Us°L2(w„) + WPllL^m-Hn) 

e. 



(F.20) 



Using flF.20p . we obtain: 

V{T')[bN,^]UiT')fdfit,udT' 




JHn 



< 



mLrL^\\tUir')U.^nJ\Vir')h.L.dT' 



< 



JQ Jo 







^0 
^0 

which together with flF.lSP implies: 



\\V{r)\\h^n.)+ / mir')\\lHn.)dr' 



(F.21) 



< e I \\tU{T')\\l,^^^^dr' + e 



fU{r')\\lHP,.)dr' 



< e r \\mr')\\lHn.)dr' + e F \\fU{r')\\%^p^ ^^dr' 
Jo Jo 



where we used the Bochner inequality for scalars fl4.38p in the last inequality. Now, the 
energy estimates (I3.8p and fl3.9l) yield: 



'\ l|2 



dr' + e 



\fU{r')\\l^P^^,Jr' 
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<\m\\l^in.) + \\f\\lrLt,^^iif)^ 



Together with (lF.2ip . we obtain 

\\V{r)\\l.(n.)+ / m{T')\\ A'<5M(/), 

^0 

which is the desired estimate (lF.17p . This concludes the proof of the proposition. 



F.3 Proof of Proposition 19.3 



The estimate of the first term in the right-hand side of (19 ■4p being similar and slightly 
easier, we focus on the estimate of the second term involving [bN, Pq]f. In view of flF.lSp 
and flF.16p . we have: 



\[bN,P,]fU^L.^n.)< 



mgir)\\V{T)\\L2(^H^)dT 



(F.22) 



L°° 



where V{r) satisfies: 

(dr - mir) = [bN, mir)f, V{0) = 0. (F.23) 
In view of flF.22p . we have to estimate ||y(r) ||i;,2(^^). Let a, 6 real numbers satisfying: 

- < a < 1, and < (5 < a - -. (F.24) 
The energy estimate fl3.28p implies: 



< 



T fl 



Jo 



Jo JPt,u 



A-'''V{T')[bN,^]U{r')fdfit,udtdT'. 



(F.25) 



As in flF.igp . we need to estimate the commutator term [bN,/^]U. Using twice the 
commutator formula fl2.50p together with the fact that U{T)f is a scalar function, we 
have: 

[bN, = Hf'^U + fiHfU) + GfU (F.26) 

where the tensors H and G are given by if = b{x + k) and G = {x + k)'^b + x{^ + ~^ xC + 
b*{(3 + (3). Using Lemma ESI Lemma and the estimates f l2.66p -( PTT]) for k,b,x,C,^ 
and X, we obtain the following bound for H and G: 

snp(2i\\PjH\\L^L2^+2-'^\\PjG\\L^L2^) (F.27) 
< AfMx + k)) + 11^61^2^4^ (||x||l^-l4, + ||A;||L-L^) + \\x\\l^l^{\\4l^l^ + Uhr'L^) 



< 



e. 
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Using the property of Pj, and in view of (1F.26P and (lF.27p . we have: 
r f [ A-'^Vir')[bN,^]U{T')fdfit,udtdT' 

Jo Jo JPt,u 



= y,f I I {PAH)Pj{nfUA-''V{T'))) + P,{H)P^{fUfA''''V{r')))d^^^^^^ 

■ Jo Jo JPt,u 

+ 111 Pj{G)Pj{fUA-'''V{r'))dfit,udtdT' 

Jo Jo J Pt,u 

< Y^T^e rmififUA-^'^Vir'mLHH.) + \\PAfUfA-'^V{r'm,.^n.))dr' 

j 

+ J2^ie r\\PAfUA-'-V{r'))U.^n.)dT'. (F.28) 

In order to estimate the right-hand side of flF.28p . we derive three product estimates. 
Let hi, h2 two scalar functions. Let 6 > a. small constant to be chosen later on. Using 
the finite band property for Pj, the weak Bernstein inequality, the Gagliardo Nirenberg 
inequality (13. 3p . and the Bochner inequality for scalars f l4.38p . we obtain: 

\\Pjfiini)h)\\LHP.,^) (F.29) 

l+S 1-S 

< i|p,y((y/^i)/^2)iij(p,,„)i|p,y((y/^i)/^2)iij(p,,„) 

< (2^-°+||(y%)MIL^-(p,„) + 2^-°+||(y/.0(y/^2)L^-(P,„))'*' 

< 2^-(^i)|iMiiiitp..)ii^^^iii4.)ii^^2ii^^(^*^")- 

Also, the weak Bernstein inequality, the Gagliardo Nirenberg inequality f l3.3p . and the 
Bochner inequality for scalars f l4.38p yields: 

\\Pji{fhi){fhmLHP,.) < ^'^'^''^\\ini){fh2)\\^,^,,^^^^^^ (F.30) 



< 2^'(5-'5)||mj| 4 \\fh2\\L2(P 



< 2^-(^^)|iy^/.iiiiYp,„)iiy/^iiiiTp,„)ii)^^2iiL^(P,„) 

< 2^-(^^)||f/zi||iYp,^^)||y/.,|||4^jy^^ 

Finally, we have: 

\\p,{{fhi)h2)\\mp,.^ < J2\\PAfimi))PM)\\mP,.). (F.31) 

l,q 

If j > max(/,g), we obtain using the finite band property for Pj,Pi and Pg, the strong 
Bernstein inequality fl4.36p for Pg, the Gagliardo Nirenberg inequality (13. 3p . and the 
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Bochner inequality for scalars ( I4.38p : 

\\P0{Pi{h,))P,{hMLHP.,.) (F.32) 
< 2-iy^(PK/^i))n(M)IU^(P..) + 2-iy(P/(/^i))y(P,(M)IU.(P,„) 

) 



< (2-^-+^+^' + 2-^'+t+f)||P,(/^i)IU^(P..)l|i',(/^2)IU^(P,. 



< 2-^-(i+^)|iMiiiiYp,„)ii)^^iii^,.)ii^^2iu^(P,„). 



Next, if / > max(j, q), we obtain using the finite band property for Pj and Pi, the strong 
Bernstein inequality f l4.36p for Pq, the Gagliardo Nirenberg inequality (13. 3p . and the 
Bochner inequality for scalars f l4.38p : 

\\pmPiihi))p,{hmLHP.,.) < \mPiih))PMh.^p,^^) (F.33) 

< mPi{hmLHP.j\p,ih2)\\L^iP.,.) 



< 2-'(^+^)||MllSp,„)liy/^illI."(P,„)liy/^2|U^(P,„). 



Finally, if g > max(j, /), we obtain using the finite band property for Pj,Pi and Pq, 
the weak Bernstein inequality for Pg, the Gagliardo Nirenberg inequality fl3.3p . and the 
Bochner inequality for scalars f l4.38p : 



\\P,{f{Pl{h))Pq{h,))\\LHP.,.) < ||y(P/(/^l))P,(/^2)||L^(P,„ 



< iim(/^i))iiL«(P,„)iip,(MiiL3(P,„) 

< 2f + f||P,(/^l)l|L^(P,.)lln(/^2)||L^(P,.) 

which together with (lF.3ip - (]F.33p yields: 

\\Pj{ifhi)h,)U^P,^^<2-^(-^+'^^^^^ (F.34) 

Now, we use (1^29]) flR30|) and flRMl) with hi = U and /i2 = A'^^V to estimate 
respectively the first, second and third term in the right-hand side of flF.28p . We obtain: 

1 r 

2a^ 




A-^^V{r')[bN, ^]U{T')fdfit^^dtdT' (F.35) 

/O Jo JPt,u 
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where we used the interpolation estimate (13.20 p . f l3.2ip . and the fact that 5 > in the 
last inequality. Next, (EMI), (E25]) and f lR35|) yield: 



Jo 

e r {r')\\mr')\\hin.)dT' + e F \\fU{r')\\l.^^^^dr' 
Jo Jo 



(F.36) 



< 



where we used the heat flow estimates (13. 8p and (I3.10p in the last inequality. 
Using the interpolation inequality (I3.20p and (lF.36p . we obtain: 



< e 



2{l-a) 



Together with flF.22p . we obtain 



||[6iV,P,]/|U^^^.(^„) 



< 

< 2^'" 



mg{r)\\V{T)\\L2^nu)dr 



\\yir)\\l,in.)dr 



(F.37) 



Since a < 1 in view of flF.241) . flF.37p yields (19. 4p . This concludes the proof of the 
proposition. 



F.4 Proof of Proposition 19.41 

In view of the analog of (IF.ip (lF.2p . we have: 



[nL,P,]trx= / m,{T)V{T)dT, 
Jo 

where V{t) satisfies: 

{d^ - mir) = [nL,^]U{r)tTX, V{0) = 0. 
Assume that f/(r)trx satisfies the following estimates 

\\xf^U{r)tix\\L^LmL^Pt,^) ^ 

and 

\\fU{T)tTx\\L^L^^L^(^P,^^) < e. 



(F.38) 

(F.39) 

(F.40) 
(F.41) 
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Then, in view of the commutator estimate ( I2.49p . we have 

||[nL,f]f/(r)trx|ks=LiL|L2(p,„) (F.42) 



+ \\n ^yn||^c„i2j|trx||L- + \\firx\\L^L^,)\\fU{T)tTx\\L^LmL^{Pt,u 



< 



where we used in the last inequahty the estimate fl2.66p for n, the estimates fl2.69p fl2.70p 
for X, the estimates fl2.66p f l2.67p for e, and the estimates flF.40p and f lF.4ip . The energy- 
estimate fl3.1ip imphes 

\\fV{r)\\h^p,^^ + rm{r')\\l^p^^^dr' < \\[nL, m{r')tTx\\h^p, ^^dr' . 
Jo ' Jo 

Taking the L'^Lj norm, and using the estimate (IF. 421) . we obtain 

WWW L^LmLHPt,u) ~ ^' 

which together with flF.381) yields the second part of the estimate (19. 5p 

\\f[nL,P^]tTxWLlLl,<e. (F.43) 
Also, the energy estimate (13.121) implies 

II^WIIi^(P.„) + rWfV{r')\\h^p^^)dT' < /V(r')llL^(P.„)IIK,f]f/(T')trx|U.(P,.„)^r'. 
JO ' Jo 

(F.44) 

Let 



Y{r)= / ||\/(r')|U2(p,^)||[nL,A]f/(r')trx|U.(P,„)rfr'. 

^0 

Then, (iRlill yields 

Y'{r) < VY{^)\\[nL,mir)tTxWLHP,.)- 
Integrating in r and using 1^(0) =0, we obtain 



II^MIIl^(p.,„)< ^ W[nL,m{r')tTxWLHP,,.)dr'j < r|| [nL, ^]f/(-)trx|U?L^(P,„). 
Together with (]F.38p . this implies 

POO 

\\[nL,Pj]tixWLHPt,^) < / mj{T)T\\[nL,^]U{r)tixW^LHPt,^)dT 

Jo 

< 2-^||[nL,A]t/(-)trx|U?L^(P,„). 

Taking the L'^Lj norm, and using the estimate (lF.42p . we obtain the first part of the 
estimate (19. 5p 

||[nL,P,]trx|LiL^ <2-%. (F.45) 
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Finally, (EH]) and ( iRiSj) yield the desired estimate (jHS]). Thus, it remains to prove the 
estimates flR4n|l and flR4T|) . 

We start with the proof of flF.4ip . We have 

||yt/(r)trx|U^(P,„) < J^llP.yf^Mi'^trxllL^CP,^). (F.46) 

3,1 

We first consider the case j < I. Using the sharp Bernstein inequality for tensors f l4.4ip 
and the finite band property for Pj, we have 

||P,yf/(r)P,trx||L^(P,„) < 2^-(l + \\KU^p^J\\P^fUir)PitTx\\LHPu.) 

< 22^-(l + ||K|U.(p,„))||f/(r)P,trx||L^(P,,„). 

Taking the LfL^ norm, we obtain 

\\P,fUi-)PitTx\\L'iLlL^iP.^.) < + \\K\\L^LHH.))\\U{-)Pitrx\\L^L^LHP.,.) 

< 22^||A-ip,trx|L^i2,, 

where we used in the last inequality the estimate fl4.33p for K and a heat flow estimate 
for U (r)trx. Together with the finite band property for Pj and the assumption j < I, we 
obtain 

||P,yf/(-)^^trx|L.^2^oc(p,^) < 2-2|'-^-|(2'||P,trx|L^^.,). (F.47) 

Next, we consider the case I > j. Using the sharp Bernstein inequality for tensors (I4.4ip 
and the finite band property for Pj, we have 

||P,Tf/(r)P^trx||L^(p,„) < 2^-(l + ||ir|||,(^^^^))||P,y[/(r)P,trx||L^(P,„) (F.48) 

< (l + ||ir||i,(p^^^))||y'f/(r)P,trx|U^(P,„) 

< (l + ||ir||i,(^^^^))||A[/(r)P,trx|U.(P,„), 

where we used in the last inequality the Bochner inequahty for scalars fl4.38p . Also, using 
the sharp Bernstein inequality for tensors fl4.4ip and the finite band property for Pj, we 
have 

||P,-yt/(r)P,trx||L-(P,„) (F.49) 

< 2^-(l + ||ir|||,(^^^^))||P,yt/(r)P,trx||L^(P,„) 

< 2-^-(l + ||ir|||,(^^^^))||P,f yf/(r)P,trx|U^(P,„) 

< 2-^-(l + ||ir|||,(^^^^))(||yAf/(r)P/trx|U^(P,„) + ||P,-([4y]f/(r)P^trx)|U^(p,„)). 

Using the commutator formula (]B.86p . the Bernstein inequality for Pj, the Gagliardo- 
Nirenberg inequality f l3.3p . and the Bochner inequality for scalars f l4.38p . we obtain 

||P,(iryf/(r)P,trx)||L^(p,„) < 2^\KfUiT)PitTx\\^i^p^^^^ 

< 2i\\K\\L2^p^J\fU{T)PitTx\\LHP^^^) 

< 2^||ir|U.(p,„)||y^^(r)P,trx||i(p^^^)||yf/(r)P,trx||i(p^,^) 

< 2i||ir|U.(p,„)||ff/(r)P,trx||i(p^_„)||Wr)Pztrx||i(p^^„). 
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Together with (lF.49p . this yields 

||P,yf/(r)P,trx||L^(P,„) < 2-^-(l+ ||ir||^,(^^^^))(||yAf/(r)P/trx|U^(P,„) 

+2i||ir|U.(P,„)||Af/(r)P,trx||i(p^^„)||yf/(r)P,trx||i(p^_^) 
Interpolating with (IF.48p . we deduce 

||P,yt/(r)P,trx|U^(P,„) < 2-Hl + \\K\\i^p^jmiT)m^^^^^^ 

+2i||ir|U2(p,„)||fL^(r)P,trx||i(p,,^)||yf/(r)P,trx||^.(P^^„)^ 
Taking the L'fL'^ norm, we obtain 

||P,yf/(-)P/trx|L|i?L-(p,„) 

< 2-i\\fPitTx\\l^^. (\\^PitTx\\L^LHn.) + 2M\fPitrx\\lo.^. Il^ztrxllj.^. 

i x' \ i x' ^ x' > 

where we used in the last inequality the estimate ( I4.33P for K and a heat flow estimate 
for t/(r)trx. Together with the finite band property for Pj and the assumption / < j, we 
obtain 

||P,yf/(-)P,trx|U?L?L^(P,„) < 2-^(2^||P,trx|krL^,)- (F-50) 
Finally, (EM]), (EH]) for / > j and flRSOjl for / < j yield 



mkrY^xWLlLlL^^P.,^) < J22--^{2^\\PitTxhrLl,) < lltrxlU^, (F.51) 

j,i 

where the Besov space has been defined in f l5.5p . Now, in view of the estimate (15. 9p . 
and the estimates (12.691) (15. 7p for trx, we have 

\\trxh^<\\tTx\\L^Ll, + \\ftrx\\BO<e. 

Together with (]F.5ip . this implies ( IF.4ip . 

Next, we prove (IF. 40 p . Recall the Bochner identity for scalars on Pt^„ which is a 
2-surface. For any scalar / on P^ „, we have 

H\fm = nm ■ ff + mn' + \tf\'- 

Choosing / = f/(r)trx, multiplying by |xp and integrating over P^ „ yields 
\x\'mfU{r)tTx\') 

Pt,u 

\x\ym{T)trx) ■ fUir) + / K\xmUiT)tTx\' + I \x?\tU{r)iix\\ 

Pt.u JPt,u JPt,u 
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which imphes after integration by parts 
||xy'f/(r)trx||i.(p,,„) 

= ||xA?7(r)trx||i2(p^_„) - / K\x\''m {r)iix? + I X " fx^UiT)tTX ■ yU{r)tix 



Pt,u JPt,u 

X-fxf^U{T)tix-fUiT)tTx. 

'Pt,u 

We deduce 

||xyV(r)trx||i.(p,„) < ||xAf/(r)trx||i.(p,„) + ||l^(p,„) ||x|li^o.^4j|yt/(r)trx||io.(p,,„) 

+ ||xy'f/(r)trx||L2(p^^^)||yxl|L2(p,„)liyt^(r)trx|U-(P,„), 

which yields 

\\xtUiT)tTx\\LHP.,^) < \\x^UiT)tTx\\LHP,^) + ||i^|li(p,„)||yf/(r)trx|U^(P,„) 

+ \\fx\\LHpJ\fU{r)tTx\\L^iP,,^), 

where we used in the last inequality the estimates (I2.69p fl2.70p for x- Taking the LjL^ 
norm, we obtain 

\\xtU{T)tTxhiLlLHP..) (F-52) 

< ||xAf/(r)trx|UjL?L2(p,„) + \\K\\l^^,^^JfUiT)tTx\\L^L^^L^iP,,^) 

+ \\fx\\L^LHnu)\\fU{r)tTx\\^L^L^{Pt,^) 

< \\x^u{T)tix\\Lmmp,^) + ^, 

where we used in the last inequality the estimates f l2.69p f l2.70p for x, the estimate f l4.33p 
for K, and the estimate f lF.4ip for yf/(r)trx. Next, we estimate the right-hand side 
of flF.52p . We multiply the heat equation satisfied by f/(r)trx by |xp.j&f/(r)trx and we 
integrate over Pt^u- We obtain 



1 d 
2d^ 



\\xfUiT)tTx\\h^P^^) + \\x^U{T)trx\\h^p,^) = [ X-fx- fUiT)trxUiT)tTxdfit,u. 

JPt.u 



This yields 

\\x^U{r)tTx\\l2LHP,^^) 

< \\xftTx\\h(^p,^^) + ||yxl|L2(P,„)llxllLrL^llyf^(■)trxl|L?L4(P,„)||^7(■)trx|| 

< llxytrx||i.(p,„) + \\fx\\LHP,J\tU{-)tix\\i.^2^^^^^^^^ 

where we used in the last inequality the estimates fl2.69p f l2.70p for x, the Gagliardo- 
Nirenberg inequality (13. 3p and the fact that the heat flow U{t) is bounded on L°°{Pt^u) 
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(see for example [TU] for a proof). Using the the Bochner inequahty for scalars (I4.38P and 
heat flow estimates for U (r)trx, we obtain 

\\x^U{r)tix\\l2LHPt.^) 

< WxftixWh^p,^^) + \\fx\\LHP,J\ftTx\\LL2 lltrxlljo.^2 lltrxlU- 

< Ilxytrx||i2(p,_„) + ||yxl|L2(p,,„)£, 

where we used in the last inequality the estimate fl2.69p for tr^. Integrating in time, this 
yields 

\\xH^{T)tlx\\LlLlL\Pt,^) < llxytrx|U-L2(W„) + ||yxlU-L2CH„) 

< 

where we used in the last inequahty the estimates (I2.69P fl2.70p for x- Together with 
( IF.52p . we finally obtain 

||xyV(r)trx||LiL2L2(p,,„) < e. 
Taking the supremum in u yields (]F.40p . This concludes the proof of the proposition. 

F.5 Proof of Proposition 19.51 

The proof of the estimate (19. 7p being similar and slightly easier than the proof of (19. 6p . 
we focus on (19. 6p . In view of (IF.ip (IF.2p . we have: 

[6iV,P,]trx= / mj{T)V{T)dT, (F.53) 

where V{t) satisfies: 

{dr - ^)V{t) = [bN, f ]f/(r)trx, 1^(0) = 0. (F.54) 
Assume that V satisfies for all r 

\\ViT)\\L^n.)<er'^. (F.55) 

and 

fT 

/Ml 2 T / / ,2 



l|A^l^(r)||i.(^„)+ / mmr)\\Un.)dr'<e'. (F.56) 
Jo 

Then, first note in view of the interpolation inequality (I3.20p . that 

\\fV{r)h^iP,^^ < ||A^\/(r)||l,(^^^^)||yAi\/(r)||l,(^^^^) 
which together with (]F.56p implies 

\\fV{-)h.,.^n.) < l|A^V(-)||t.^.(^^)||yA^V(-)||I.^.(^„) <£. (F.57) 
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Then, in view of (IF.53p . (IF.55P and (lF.57p . we obtain 

2i II [bN, P^]tTx\\LHn^) + 2-5 \\f[bN, P.JtrxlU^ 



r"00 fOD 



< 24 / m,iT)\\ViT)U^n.)dr + 2'i I m,(r)||yV(r)|U.(«„)rfr 

Jo Jo 

< 2^e\ / mj(r)r^(ir )+ 2^2 £ ( / m]{r)dT 



/ 



< 



which after taking the supremum in u yields f l9.6p . Thus, it remains to prove (1F.55P and 
flF36|) . 

We start with the proof of (IF.SSp . The energy estimate fl3.12p imphes 



Jo Jo JPt.u 



Vir')[bN,^]Uir')tixd^it,u. (F.58) 



We need to estimate the commutator term [bN, /^]U. Recall from fIF.lQp and flF.20p that 
we have 

[bN, ^]U = Hf'^U + GfU (F.59) 
where the tensors H and G satisfy 

^^^{H) + \\G\\L^LHn^)<e. (F.60) 
In view of flF.59p . and integrating by parts the term y/'^U, we obtain: 

V{r')[bN,^]UiT')fdfit,udT' 
Jo 

+ r i\\fH\\L2^p,^^) + ||G|U.(P,„))||yt/(r')|U4(P,„)r(r')|U4(P,„)cir'. 

^0 

Together with (1F.58P and the Gagliardo-Nirenberg inequality fl3.3p . this yields 



JHu 



\\yir)\\Up,.)+ / \\fV{T')\\h^p^^^^dT' (F.61) 







< (\\H 



+ ||yi/||i.(p,„) + l|G||i.(p^,„)) ^V'f/(r')IU2(p...)liyf/(^')llL2(p..)rfr' 

< + iiy//iii.(p,„) + iiG|ii.(p^„)) riiAt^(r')iU2(p..)iiyf/(r')iU2(p..)^r', 

Jo 

where we used in the last inequality the estimate flF.601) and the Bochner inequality for 
scalars (14.381) . Now, the heat flow estimate (13. 9p yield: 

m{r)\\h^n,^) + \\mr')\\h^P,^)dr' < ||ytrx||ic»^., < e', (F.62) 
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where we used in the last inequahty the estimate (I2.69P for tr^. Together with (lF.6ip . we 
obtain 

II^MIIi^(p.„) + /V^(r')lli^(P,„)^^' < + liy//|li.(P,.„) + \\G\\i.^,,j. 

Jo 

Integrating in time, and using the estimate (1F.60P yields (IF.SSp . 
Next, we prove (lF.56p . The energy estimate fl3.28p implies: 

AV{r')[bN,^]U{r')tTxdfit,udT' 
A^^(^') II ([&iV, f ]f/(r')trx) |U^(P,„)rfr' 



JPt 



< 



< 







|yA^\/(r')||L^(P,„)||[&iV,A]f/(r')trx||^3^^^^^^dr', 



where we used f l3.26p in the last inequality. This yields 

l|A^V^(r)||i.(p,,„)+ /VA^V^(r')||i.(p,,„)rfr'< f || [6iV, A]f/(r')trx||% ^^^^^^rfr'. (F.63) 



'0 ^0 

In view of f lF.59p . we have 



< ll^llL6(p,„)||y'f/(r')trx||L2(P,„) + ||G|U2(p,^„)||y[/(r')trx||L6(p,^) 

< ll^llL6(A,„)||yV(r')trx|U^(P,„) + ||G|U.(p,„)||yV(r')trx||i(p^,„)|imr')trx||i(p^„) 

< ll^llL«(P,„)IIAf^(^')trxl|L2(A,„) + ||G'|U2(p,,„)||Af/(r')trx||i(p^„)||yf/(r')trx||i(p,^„), 

where we used the Gagliardo-Nirenberg inequality fl3.3p and the Bochner inequality for 
scalars (I4.38p . Taking the norm and using (1F.62P implies 

Now, taking the Lf norm and using flF.GOp yields 

||[6iV,A]f/(r')trxll^.^.^i(P^_^) (F.64) 

Finally, integrating (1F.63P in t, and injecting (IF.64p . we obtain (lF.56p . This concludes 
the proof of the proposition. 



F.6 Proof of Proposition 19.6 

We have: 



POO 

f,P,]tix= / m^{T)ViT)dT, (F.65) 

^0 
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where V{t) satisfies: 

{d^ - mir) = [f, A]f/(r)trx, V^(0) = 0. (F.66) 
Assume that V satisfies for all r 

||Aiv^(r)|U.(^„)<£. (F.67) 
Then, using the Bernstein inequality for Pj, we have 

■j 



< 



l|A^V^(r)|U.(«„) 



where we used in the last inequality (lF.67p . Together with ( IF.65p . we obtain 



/■oo 

||[y,P,]trx|U?L^< / m,(r)||l^(r)|U.^4,rfr<e, 



which is the desired estimate (19. 8p . Thus, it remains to prove (lF.67p . 
The energy estimate fl3.28p implies: 



l|A^nr)||i.(P,„)+ riiyAtv^(r')||i.(p,„)rfr' 
k^V{T')[f,/^]U{T')tTxd^^t,udT' 



JPt,u 



< r||A^^^^(r')IU^(P.„)l|A-^([y,A]f/(r')trx)l|L^(P,„)rfr' 

^0 



< 



|yAtv(r')|U^(P,,„)||[y,f]f/(r')trx||^|(^^^^^rfr', 



where we used fl3.26p in the last inequality. This yields 

\\^^yi^)\\lHP..) + [\\y^^V{r')^^^^^^^ (F.68) 
Now, in view of the commutator formula flB.861) . we have 

< ||/^||L^(P,„)||y'f/(r')trx||i(p^_^)||yf/(r')trx||i(p^_„) 

< ||ir|U.(p,,„)||Af/(r')trx||i(p,^)||yf/(r')trx||i(p^,^), 
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where we used the Gaghardo-Nirenberg inequahty fl3.3p and the Bochner inequahty for 
scalars fl4.38p . Taking the norm and using flF.62|) imphes 

Now, taking the norm and using the estimate (14.331) for K yields 

ll[y,f]f/(r')trxll,.,.,f(,^^^)<e. (F.69) 



Finally, integrating flF.68p in t, and injecting (IF.69p . we obtain (lF.67jl . This concludes 
the proof of the proposition. 



F.7 Proof of Lemma 19.7 

We have: 

[P^,,P^,{h)]F= / m^,{T)V{T)dT, (F.70) 
Jo 

where V{t) satisfies: 

{d, - A)\/(r) = ^P<,ih)UiT)F + fP<jih) ■ fU{T)F, ViO) = 0. (F.71) 
Assume that V satisfies for all r 

\\ViT)\\mP,..) < + +2¥rt)||y/.|U.(P,^)||F|U.(P,„). (F.72) 
Then, flRTOjl and f lR72|) imply 



POO 

|[P>,-,P<,-(/i)]F|U.(P,„) < / m>,(r)||V(r)|U.(p,„)dr 

^0 

' POO \ 

I m>,(r)(l + 2^-v/f + 2^rt)rfrJ \\mLHP.,J\F\\LHP.,.) 



< 

^ \\fHL2{Pt,u)\\F\\mPt,u) 



which is the desired estimate (19. lip . Thus, it remains to prove ( ]F.72p . 
The energy estimate fl3.12p implies 



II^WIli^(P..„)+ / \\mr')\\l.^p,,^^dr' 
Jo 

< r [ Vir') Up^,{h)U{r)F + fP^,{h) ■ yU{T)F)dti,,^ 

Jo JPt,u ^ ' 

< r\\^P<Ah)\\LHP^jmLHnJ\V\\LHn,.) + 
Jo 

l2(Pt,„) II A^<j(^)lll2(Pt„)liyf^lll2(p_„)||f^|ll2(p^_^) II V||l2(p^_^) 



+ /V'i^<.</^)ll!2(p,,0ll)^^<.<^)ll!2(P,„)liyf/||L2(P,„^ 
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where we used in the last inequahty the Gaghardo-Nirenberg inequahty ( 13. 3p . Together 
with the Bochner inequahty for scalars fl4.38p and the finite band property for Pj, we 
obtain 



< 2¥ 



< 2¥ 



Jo 

iy^iu^(p.„)iiy^iii(P,„)nii(P,,„)ii^iu^(p.„) 
+ ( \\^p<m\iHP,j\mUp,j\m\m^^^^ 

+25 /"V/^iu^(p.„)iiyf/iu^(p.„)iiyv^iii(p,„)riii(p,„) 

^0 

+ riiy/^llL^(P,„)liyf/||L^(A,„)liy^llL^(P.„) 

Jo 

This yields 

ll^(r)lli.(P,.) < liy/^ili.(P,„) /Vf/Ili^(p,„) 

+ /V^iiL^(p..)(2^iiyf/iii(p,,„)iif/iii(p,,„)+2^iiy[/iu.(P^^^^ 

which together with the heat fiow estimate fl3.8p and the fact that f/(0) = F implies 

l|v^Wlli.(P,„) < liy/^lli.(P,„)l|i^lli.(P,„) 

J 

Integrating this differential inequality, we obtain 

iiv^Miii^(P,„) < mfmp^jmw..^) (F.73) 

+2^^iiy/^iii^(p.„)( r (2^iiyf/iii(p^^^)iif/iii(p^^^)+iiyf/iu.(p,„)^ 



< liy/^ili^(P,„)lli^lli^(p,„) 



+2^^liy/^lli^(P,„)W / 2iyt/|u.(p,,„)||f/|U.(p,,„) + ||yt/||i.(p,,^ 
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Now, the heat flow estimate (13.81) and the fact that U{0) = F implies 
< 2^-v/7sup||^(r)|U2(p,„) (^Vf/|li^(P,.)) + \\F 



2 1 I II I7l|2 



< (l + 2^V^)||F||i.(p^^^ 



which together with flF.73p yields the desired estimate (IF .72 p . This concludes the proof 
of the lemma. 



F.8 Proof of Lemma 19.8 



Let V{t) defined in flF.7ip . Assume that V satisfies for all r 

liy^MIU^(P..) < 2^'((1 + 2'ri)||y/.|U.(p,„) + ||i^|U^(P,„)||/i|U^(P,„))||FlU.(P,,„). (F.74) 
Then, flRTOl) and flRTl) imply 
||y[P>,,P<,(/i)]FlU.(P,„) 

POO 

< / m>,(r)||yF(r)|U2(p,„)dr 
Jo 

< 2^ (^^"m>,(r)((l + 2ir3)||y/.|U.(p,„) + \\K\\ 

< 2^aiy/iiu2(p^„) + iiiriu2(p,„)ii/iiii2(p^^^))iiFiu2(p^,„) 



which is the desired estimate (19.121) . Thus, it remains to prove flF.74p . 
The energy estimate (13.111) implies 

Jo 

< r [ ^Vir') Up<,{h)Uir)F + fP<jih) ■ fUiT)F)df,t,udT. 

Jo JPt,u ^ ' 



This yields 

< r- 



< 



^P<AmlHP.jmr)F\\l^P^^^) + \\fP<^^^^^^ 

f^p<jmLHP,j\^p<AmLHHj\fu\\L^p,^^^^^^^ 
Hfp<m\i-iP.jmiT)F\\i,^p^^ 



where we used in the last inequality the Gagliardo-Nirenberg inequality (13. 3p . Together 
with the Bochner inequality for scalars (14.381) and the finite band property for Pj, we 
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obtain 

+liy^<,(/^)llio.(P,.)liyf/(r)i^lli.(P,,.)). 

Together with the heat flow estimate (13.81) and the fact that U{0) = F, this yields 

liy^Mlli^(P,„) < 2^iy/^irL^(p,„)V^sup||f/iU.(P,,„)(^y^V^lli^(P,„))' (F.75) 

Hfp<m\Up.j\F\\hiP,.) 

< (2^^-v^||y/^||i.(P,„)+ ||yP<,Wllioc(p,„))||F||i.(p^,„^ 
Now, using fl9.15p with the choice / = P<j{h) yields 

\\fp<Ah)\\i^iP.,.) < \\^p<m\LHP.^u) + \\fmAmUp,j\fp<AmUp,^) 

+ \mLHP.J\fP<Ah)\\LHP.,.) 



where we used in the last inequality the finite band property for Pj. Together with ( IF.TSp . 
this yields the desired estimate ( IF.74p . This concludes the proof of the lemma. 

F.9 Proof of Lemma 19.91 

We have: 

[f,P<j]h= / m<,{T)V{T)dT, (F.76) 
Jo 

where V{t) satisfies: 

{dr - mir) = [f, MUiT)h, V{0) = 0. (F.77) 
Assume that V satisfies for all r and for all a > 

\\V{t)\\lhp,^) < l|iflU2(p,„)(||ir|U.(p,,„)||/^|U.(P,,,„) + ||A'^/i|U.(p,,„)). (F.78) 



Then, in view of (IF. 761) . we obtain for all a > 



r" + 00 

\\[p<vfnLHP.,.) < I "^<.wrMiu^(p.„)rfr 







< 



rOO 



m<,(r)rfr l|ir|U.(p,„)(||ir|U2(p,„)||/.|U.(p,„) + ||A"/^|U^(p,„)) 



< ||A-|U^(p,„)(||i^|U^(P,„)l|/^llL^(P,„) + WA^Hl^p^J 
which is the desired estimate (19.131) . Thus, it remains to prove flF.78p . 
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< 



The energy estimate (I3.12p . together with the commutator formula (lB.86p . imphes 

Jo 

Integrating this differential inequality, we obtain 

ll^(T)||i.(P,„) + £||yV(r)||i.(P,„) < ll^lli.(P,.) (^Vf/(r')/^IU^(P..)^^')F.79) 

< ll^lli^(P,.) rr''-'\\fU{r')h\\l^^^^^^^dT', 
Jo 

where < 6 < 1 will be chosen later. In view of the estimate fl9.15p . we have 

rT"-'\\fU{T')h\\l^^P^^)dT' (F.80) 

^0 

+Wlli^(P,„)liyf/(r>||i.(P,.))cir' 
Jo 'Jo 

+(i + ll^lli^(P..)) rilWr')/^lli^(P..)rfr 

^0 

< ^^'^-lAf/(r')/.||i.(p,,„)C/r' + £r'^-^^||Atf/(r')/.||i.(p,,„)rfr' 

+ (l+ll^lli^(P,.))l|/^llW,.)' 

where we used in the last inequality the heat flow estimate (13 .80 . 

Next, we estimate the two first terms in the right-hand side of (IF.80I) . We have 



< 



< 



r"-'\\mr')h\\Up,^)dr' ^ 



i>0 



i>o 



< r^mU{r')h\\l^iP,^)dT'j ^ \mU{r')h\\lHP,.)dr' 



i>o 

where we used in the last inequality the heat flow estimates (13 .Qp and (I3.10p . Together 
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with the finite band property for P,-, we obtain 



( [\''-'\\mr')h\\l.^P,^)dr'y < ^2^^||P,/^|U.(p,,„) (F.81) 

\j>0 J 



< 



Also, we have 



1 



j>0 



where we used in the last inequality heat fiow estimates. Together with the finite band 
property for Pj, we obtain 

f rr'^-^'||Atf/(r')/^||i.(p,„)rfr'y < Y.^''mP,h\\LHP,^) (F.82) 



< |$^2-^M||A=^^/.|U.(p,,„) 



< ||A^^/i|U.(P,„). 
Finally, f lRMj) . f lRSTjl and (1^82]) imply for all < 5 < 1 

r''-'\\fU{T')h\\l^^P^^^^dT' < \\A''h\\l,^p,^^^ + ||i^||i.(p,,„)||/.||i.(p,,„). (F.83) 

Injecting (iRSSj) in f lR79|) . we obtain 

II^MIIl^(p,„) < II^IU^(P.„)(II^IU^(P,„)I|/^IU^(P.„) + \\A''h\\L.^p,J. (F.84) 

Choosing 5 = | in (IF .840 yields the desired estimate ( IF.78p . This concludes the proof of 
the lemma. 
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F.IO Proof of Lemma [930] 

We have: 

/■oo 

[f.P,]h= / m,{r)V{r)dT, (F.85) 
Jo 

where V{t) satisfies: 

{d,-f)V{r) = [y,m{r)h, \/(0) = 0. 

Assume that V satisfies for all a > 

1 

"+00 



\fy{r)\\l.^P,^^)dr^ < ||i^|U^(P,„)(||ir|U^(P,„)||/i|U^(P,„) + l|A"/^||L^(P,„)). (F.86) 
Then, in view of (IF.SSp . we obtain for all a > 

r+oo 

||)^[P„y]/i|U.(P,,„) < / m,(r)||yy(r)|U.(p,„)cir 

Jo 

"+00 \ \ 

m^irfdr] ||ir|U.(p,„)(||i^|U2(p,„) ||/.|U.(p,,,„) + ||A^/i|U^(p,, 



< 



< 



2^||ir|U.(P,,„)(||ir|U.(P,_„)||/.|U.(P,,„) + ||A'^/i|U.(p,,„)) 



which is the desired estimate (19.141) . Thus, it remains to prove (lF.86p . 
Injecting (iRSSl) in ( lR79|) . we obtain 



iy^Wlli.(P,.)rfr < ||i^||i.(p,„)(||i^||i.(p,„)||/.||i.(P,„) + \\^''h\\l.(P,J. (F.87) 



Choosing 5 = | in (IF. 870 yields the desired estimate (IF.86p . This concludes the proof of 
the lemma. 



F.ll Proof of Lemma 19JJJ 



We have in view of (13.36 



liy/IU^(p..) < liyVll!.(p,„)liy/ll!.(p,,„) + \\tf\\LHP,.y (F.88) 
Now, using the Bochner inequality for tensors (13. 7p . we have 

iiy'/iu^(p,„) < iiAy/iu^(P,,„) + \\K\\L^iPuu)\\t nWiPuu) + ii^iii^(P,„)iiy/iu^(p.„) 

+ \\K\\l.(P.J\yf\\LHP..^y 
In view of the commutator formula (]B.86p . we obtain 

\\tf\W(P...) < II W||l^(P,.) + II W|U2(p,,„) + ||ir||L^(P,.)||yVl|L^(P,.) 

+ll^lli^(p,„)ll)^/IU^(p..) 

< wfmLHP,,.) + ii^iu^(p,.)iiy/iiL^(p..) + ii^iil^(pmoII)^Viil^(p,„) 

+ll^lli^(p,„)liy/IU^(p...) 
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which together with (1F.88P yields 



mh^iPu.) < II Wlll.(P,„)liy/lll.(P,„) + ll^ll!.(P,„)ll)^/ll!oc(P,„)liy/lll.(P,„) 

+iiyViU2(p,„) + ii^iU2(p,„)iiy/iU2(p,„)- 

We deduce 

iiy/iu^(p.„) < II wiii(p,„)iiy/iii(p,,„) + iiyviiL^(p,„) + ii^iiL^(p,„)iiy/iu^(p,„), 

which together with the Bochner inequahty for scalars fl4.38p yields fl9.15p . This concludes 
the proof of the lemma. 
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